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(Received January 20, 1936) 

In a previous paper* we described the resolution into optically active 
components of the spiro- 5: 5-dihydantoin 

7 6 12 

NH—CO\ NH CO 

I -C- | 

to NH' -CO NH 

8 9 4 3 

prepared .by Biltz, Heyn, and Bergius; these compounds are probably 
the simplest optically active spiranes which can be obtained and may 
therefore be regarded as the type case of optical activity associated with 
one particular kind of molecular configuration. We also adduced evi¬ 
dence, based on the different rotatory dispersions shown by the optically 
active dihydantoins in absence and presence of alkali, indicating that 
these substances could assume three tautomeric forms. 

This work has now been extended to the study of the optically active 
3: 7-dimethyl-.vp/>0-5: 5-dihydantoins and their acidyl derivatives and 
tetramethyl-.y/?/>0-5: 5-dihydantoins. Tetramethyldihydantoin, which can 
only exist in the ketonic state, gives, in methyl alcohol, a rotatory dis¬ 
persion curve of the simple form, with X 0 ----- 2478 A, nearly congruent 
with that of the unsubstituted dihydantoin in alcoholic solution with 
X 0 -- 2453 A. This is a further indication that in neutral solvents and 
pyridine the dihydantoin has the ketonic form. The 3:7-dimethyl- 
dihydantoin also shows normal rotatory dispersion in methyl alcohol 
and the curve, with X 0 = 2381 A, is nearly congruent with those just 
quoted; it should therefore be of the ketonic form in neutral solvents. 
The initial rotatory power of this compound in dilute soda solution is 
only about one-seventh of that in alcohol; passage to a tautomeric 
enolic form is thus indicated. The specific rotatory power in soda 
solution rapidly falls, however, to —1-6° for X = 5461, a value which 

* ‘ Proc. Roy. Soc.,’ A, vol. 134, p, 357 (+932). 
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persists for some time; the falling off in rotatory power is due to hydro- 
lysis with formation of 3: 8-dimethylallantoin, 


CH, . NH . CO . NH . CH( 


,NH. CO 

I 

'CO . N . CH« 


Although this compound was only isolated from the soda solution in an 
optically inactive form, it would seem to exist in the optically active form 
in the cold soda solution. This result is of interest in connexion with 
recent work on the optical activity of allantoin itself.* 

The acidyl-.sp/>o-dihydantoins are conveniently methylated by diazo¬ 
methane prepared from nitrosomethylurethane and it is not necessary to 
use alcohol-free diazomethane as advocated by Biltz.f It is noteworthy 
that the diacetyl- and dibenzoyl-derivatives of the 3:7-dimethyldihy- 
dantoin undergo hydrolysis in methyl alcoholic solution at ordinary 
temperatures. The diacetyW-dimethyldihydantoin is laevo-rotatory 
although the corresponding dibenzoyl-derivative is dextro-rotatory. 

No racemization occurs during the introduction of the methyl or 
acidyl radicals into, or the removal of the acidyl groups from, the spiro- 
5: 5-dihydantoin molecule; this latter is therefore configurationally very 
stable in spite of changes in constitution arising from tautomerism. 


Experimental 

3: l-Dimethyl-l-sp\w-5: 5-dihydantoin 

N(CH S )—COv /NH—CO 

I | 

CO-NH X X CO—N (CH a ) 

To an ice-cooled solution of anhydrous l-spiro-5 :5-dihydantoin 
(0-7 gm) in dry acetone (30 cc) a slight excess of an ice-cold, ethereal 
solution of diazomethane (14 cc, containing about 0-4 gm) is slowly 
added, with shaking, when evolution of nitrogen occurs and the colour 
of the diazomethane is gradually destroyed. The solution soon becomes 
turbid and crystals of the dimethyl derivative begin to separate; these 
are collected after standing overnight (0-33 gm) and a further quantity 
(0 -25 gm) is obtained on evaporation of the mother-liquor. 

On recrystallization from alcohol the pure 3:7-dimethyl-/-jp/ro- 
dihydantoin (0-4 gm) is obtained in small, colourless plates, which on 

• Fosse, Thomas, and Graeve, ' C.R. Acad. Sci. Paris,’ vol. 198, pp. 689, 1374 
(1934). 

t ‘ Ber. deuts. chem. Ges.,’ vol. 64, p. 1146 (1931). 
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rapid heating, soften at 300° and melt at 307-308° with decomposition. 
(Found: C = 39-7; H - 3 9%. C 7 H 8 0 4 N 4 requires C-3^6; 

H - 3-8%,) 

The substance is sparingly soluble in ethyl alcohol, acetone, or water, 
somewhat more soluble in methyl alcohol, and practically insoluble in 
ether, benzene, chloroform, or ethyl acetate. 

It has [a]*®* - - 88-3°, [a]f° 8l - - 100-7°, [*]&, - - 186° in 
absolute methyl alcohol (7—4; c — 0-464 gm/100 cc), [a]f? 80 = — 89°, 
[*]lm — — 101° in absolute ethyl alcohol (/ — 4; c — 0-2837 gm/100 
cc), [*]s 78 o — — 95-5°, [a]!®,! — — 108-5°, [a]^ 58 = — 196-7° in water 
(/ — 4; c = 0-1728 gm/100 cc), the rotations of each remaining un¬ 
changed after standing for some days. 

Table 1 

Rotatory dispersion of 3: 7-dimethyl-/-s/H'ro-5 : 5-dihydantoin in methyl 
alcohol at 20°. 

0-4094 gm/100 cc; / ■- 6 dcm; [«]|J 61 = — 100 1°; a 4388 /* 4 ««, — 1 -81. 
« = 0-594/(A 2 - 0-05670). A 0 ™ 2381 A. 


X 

A 

a obs 

a calc 

Differ¬ 

ence 

X 

A 

a obs 

a calc 

Differ¬ 

ence 

Li 

6708 

— 1 * 55 

o 

- I *51 

— 0*04 

Ag 

5209 

o 

-2*73 

0 

-2*77 

+0*04 

Cd 

6438 

- 1 61 

— 1 * 66 

-10*05 

Cu 

5153 

-2*82 

2*84 

+ 0 02 

Zn 

6362 

-■ 1 *69 

—1*71 

+ 0*02 

Cu 

5105 

-2*92 

-2*9! 

-001 

Li 

6104 

-1-91 

— i * 88 

-0*03 

Cd 

5086 

-2*97 

-2*94 

-003 

Na 

5893 

— 1*99 

-2*04 

+0*05 

Zn 

4810 

-3-39 

-3*40 

+0*01 

Cu 

5782 

- 2 14 

- 2* 14 

±0 

Cd 

4800 

-3*40 

-3*42 

40*02 

Hg 

5780 

—2* 15 

— 2 * 14 

-0*01 

Zn 

4722 

-3*57 

-3*57 

4:0 

Cu 

5700 

-2*20 

— 2*21 

+0*01 

Zn 

4680 

-3*70 

-3*66 

-0*04 

Hg 

5461 

— 2*46 

-2*46 

±0 

Cd 

4678 

**“3*69 

- 3*66 

“0*03 

Cu 

5219 

-2*69 

-2*75 

+0*06 

Li 

4602 

-3*90 

-3*83 

0*07 






Hg 

4358 

-4*46 

— 4*46 

±0 


That the substance obtained in this way is the 3: 7-diraethyl derivative 
is shown by the fact that it is identical with the dimethyl compound 
obtained by hydrolysis of the optically active 3:7-dimethyl-1:9-dibenzoyl- 
dihydantoin. 


Action of Sodium Hydroxide on 3: 7-Dimethyl-l-Dihydantoin 

It was intended to measure the rotatory dispersion of the dimethyl-/- 
dihydantoin in aqueous sodium hydroxide solution, but it was found that 
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the rotation of the solution diminished fairly rapidly on standing, owing 
to hydrolysis of the dimethyl derivative with formation of 3: 8-dimethyl- 
allantoin. 

A solution of the dimethyl-/-dihydantoin in aqueous sodium hydroxide 
(1 equivalent) gave, shortly after being made up, — --0-70°, 
Wm#! — — 11-2°, the rotation becoming ag^, = — 0-61° after 5 hours, 
— 0-36° after 19 hours, — 0-30° after 25 hours, and — 0-10° after 68 
hours, at which value it remained unchanged for several days. (/ — 6; 
c = l -0444 gm/100 ce.) Extrapolation indicates that in the soda solution 
the substance has an initial specific rotatory power of about — 15-0°, a 
value far removed from that of — 108° in aqueous solution; it is thus 
suggested, following the argument used in our earlier paper, that 3:7- 
dimethyl-s/vro-S: 5-dihydantoin passes to a tautomeric enolic form in 
soda solution. The final specific rotatory power observed in the soda 
solution is [a]|J 61 = — 16°, and attempts were made to isolate the 
optically active substance to which this rotatory power is due. When 
the optically active solution in question was acidified with hydrochloric 
acid and evaporated somewhat on the water-bath, a colourless, crystalline 
product was obtained, which separated from alcohol, in which it was 
sparingly soluble, in clusters of thin, short needles (0 • 25 gm; theoretical 
0-46 gm). The material had a neutral reaction and was optically inactive 
in aqueous solution; on rapid heating it melted at 222-223°, with de¬ 
composition, to a pale yellow liquid, and on continued heating this 
darkened in colour and finally resolidified at 230-240° to a reddish 
crystalline material, which did not remelt on heating to 330°. The 
substance is evidently the 3: 8-dimethylallantoin described by Biltz and 
his colleagues.* (Found: C = 38-4; H = 5-6%. C 8 H 10 O 8 N 4 requires 
C — 38-7; H — 5-4%.) 

On warming a solution of the dimethyW-dihydantoin in one equivalent 
of aqueous caustic soda on the water-bath for a short time it becomes 
optically inactive and, after acidification and treatment as just above 
described, yields the same optically inactive 3:8-dimethylallantoin. 

It is thus shown that dimethyl-/-dihydantoin is hydrolysed by dilute 
caustic soda solution yielding 3:8-dimethylallantoin; hydrolysis in the 
cold seems to leave the product in an optically active form in the solution 
but, on separation in the ordinary way or on warming the soda solution, 
racemization occurs. It was observed by Biltz and his co-workers! 
that the racemic dimethyldihydantoin undergoes hydrolysis in this way, 

* ‘ Liebig’s Ann,,’ vol. 413, p. 83 (1916); ‘ Ber. deuts. chem. Ges.,’ vol. 54, p. 2469 
(1921). 

t ‘ Liebig’s Ann.,’ vol. 413, p. 83 (1916). 
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1: 9- Dibenzoyl-d-spho- 5: 5 -Dihydantoin 
NH—CO x / N(CO. C„H 5 )—CO 



CO N (CO . C„H S ) co - NH 

This compound is prepared from anhydrous d-spiro-S : S-dihydantoin 
(1 gm) in the manner previously described* in connexion with its laevo- 
and externally compensated isomerides; it is convenient to warm the 
pyridine solution gently on the water-bath for 1 to 2 hours. The dibenzoyl 
derivative (1 -6 gm) separates from aqueous acetone in short, thin, colour¬ 
less needles, which on rapid heating, darken at 280° and melt with decom¬ 
position at 307-308°. It has [a]^ g0 = -f 210°, [*]„„, = + 246°, 
MIIL — + 486° in ethyl alcohol (/ = 2; c - 0-6096 gm/100 cc). Com¬ 
parison of these figures with those given for the laevo-isomeride shows 
that both compounds have been obtained in a state of optical purity. 

3: l-Dimethyl-\ : 9-/)<7’£ , «zo>’/-d-spiro-5: 5-Dihydantoin 
N (CH*)—CO. , N (CO . C„H 8 )—CO 

>< 

CO.-N (CO. C.H^CO-N(CH,) 

The methylation of 1: 9-dibenzoyl-</-dihydantoin is effected by treating 
an ice-cooled solution of the substance (1 gm) in dry ether (250 cc) with 
an ioe-cold, ethereal solution of diazomethane (12 cc, containing about 
0-3 gm), until the pale yellow colour persists. After standing for some 
hours, the ether is removed by distillation and finally by evaporation in a 
vacuum desiccator, when a clear gum remains which solidifies to a colour¬ 
less, flaky mass (1-24 gm; m.p. 95-100° C). The product so obtained 
was readily soluble in most organic solvents except petrol ether, 
cyclohexane, or dekalin and insoluble in water. Some difficulty was 
experienced in obtaining it in a crystalline condition; it separated 
from solution in dilute aqueous methyl or ethyl alcohol as a pasty solid 
which melted to a gum at 90-100° C, while from dilute aqueous acetone 
it separated as an oil which only slowly solidified. The corresponding 
derivative of the /-dihydantoin, made by benzoylation of the 3:7- 
dimethyM-dihydantoin in pyridine solution and treatment of the resulting 

* Pope and Whitworth, ‘ Proc. Roy. Soc.,* A, vol. 134, pp. 362, 370 (1932), 
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gum with aqueous alcohol, formed a similar pasty material and on mixing 
alcoholic solutions of the d- and /-compounds the crystalline ^/-compound 
was precipitated. 

Eventually a crystalline specimen of the ^-material was obtained from 
an alcoholic solution after inoculating with the crystalline racemic com¬ 
pound and the remainder of the crude material was then readily crystal¬ 
lized from alcohol, from which it separated in small, colourless prisms, 
m.p. 168-169°. (Found: C = 601; H = 3-8%. C M H 18 0 6 N 4 requires 
C = 60 • 1; H = 3 • 8%.) 

3: 7-Dimethyl-l: 9-dibenzoyl-d-.y/>u-o-dihydantoin is very readily soluble 
in acetone, benzene, ethyl acetate, Or chloroform, moderately soluble in 
ether, and rather sparingly soluble in ethyl or methyl alcohol; it is in¬ 
soluble in water. 

It has [<x]» 0 = + 160°, [«]&, = + 187-1°, [a]>? 68 = + 376° in acetone 
(/ = 4; c - 1-790 gm/100 cc), - + 235-1°, [«]&» = + 274-4°, 

[*]1»68 — + 546 -4° in dry chloroform (/ — 2; c — 1 -2590 gm/100 cc). 

In methyl alcohol solution it gave [a]J? 80 = + 171°, [a]Jf 81 — + 198° 
(/— 4; c -- 0 -1740 gm/100 cc), but the rotation slowly diminished on 
standing, owing to hydrolysis of the benzoyl groups, and eventually (after 
about 14 weeks) reached the value corresponding to the dimethyW- 
dihydantoin produced (a^ a , — +0-37°; calc. af° al — -f 0-35°). On 
evaporation of the solution (50 cc) dimethyl-J-dihydantoin (0-037 gm; 
theoretical 0-044 gm) was isolated in minute, colourless crystals, melting 
alone or mixed with a known specimen of the substance at 307-308° 
(decomp.) with softening at 300°. (Found: N — 26-5%. C 7 H 8 0 4 N 4 

requires N == 26-4%.) This hydrolysis was brought about more readily 
by boiling the solution of the substance in methyl alcohol, the reaction 
being followed by measuring the rotation of the solution at various 
intervals; it was then completed after 25 days and from the solution 
dimethyl-tf-dihydantoin was isolated as before. 

The crude dimethyl-dibenzoyW-dihydantoin was readily hydrolysed by 
warming for a short time with alcoholic-aqueous ammonium hydroxide 
on the water-bath. On acidification of the resulting solution, the 3:7- 
dimethyl-d-dihydantoin separated in small, colourless plates, which were 
recrystallized from alcohol. On rapid heating it softened at 300° and 
melted at 307-308° with decomposition, and a mixture with the product 
obtained by direct methylation of the d-dihydantoin had the same melting 
point. It gave - + 88-5°, [ocj&i - + 100-9°, [*]&„ == + 181° 
in absolute methyl alcohol (7 = 4; c = 0-4237 gm/100 cc). 
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3: 1-Dimethyl -]: 9-Z)/fowzo.y/-dl-spiro-5: 5-Dihydantoin 

An ice-cooled solution of 1:9-dibenzoyl-<7/-dihydantoin (1 gm) in 
dry ether (160 cc) is treated with an ice-cold, ethereal solution of diazo¬ 
methane (14 cc, containing about 0-28 gm; made from nitrosomethyl- 
urethane) in small excess. After standing overnight, the solution remains 
yellow, and some crystals of the dimethyl derivative are deposited. The 
greater part of the ether is removed and the almost pure dimethyl- 
dibenzoyl-<//-dihydantoin recrystallized from alcohol and obtained in 
small, colourless, flat prisms (0-7 gm), m.p. 196-197°. (Found: C = 
59-9; H - 4 0%. C ai H 16 O tf N 4 requires C = 60• 1; H = 3-8%.) 

The substance is readily soluble in acetone, chloroform, or ethyl 
acetate, moderately soluble in ether or benzene, rather sparingly soluble 
in ethyl or methyl alcohol and insoluble in water. 

Methylation of the dibenzoyldihydantoin in absolute methyl alcohol 
solution yielded the same product. 

3: 7-Dwne//»>7-dl-spiro-5: 5-Dihydantoin 

The crude dimethyl-dibenzoyl-J/-dihydantoin (1-5 gm) is hydrolysed 
by warming with aqueous-alcoholic ammonium hydroxide on the water- 
bath for about half an hour. The resulting solution is acidified with 
hydrochloric acid and the crystalline product which is precipitated, 
recrystallized from alcohol, when the 3: 7-dimethyl-<//-dihydantoin 
(0-3 gm) is obtained in minute, colourless prisms, m.p. 297-298°. (Found: 
C * 39-5; H - 3-6%. C v H 8 0 4 N 4 requires C = 39-6; H = 3-8%.) 

The identity of our product with that obtained by Biltz* proves the 
constitution assigned above to its optically active isomeride. 

1: 9-£>/ac'e7>7-d-spiro-5: 5-Dihydantoin 

This compound is obtained by the acetylation of the anhydrous d- 
dihydantoin with acetic anhydride in pyridine solution (10%) as pre¬ 
viously described for the laevo-isomeride, but it is now found that the 
acetylation proceeds satisfactorily when the mixture is allowed to stand 
for some time at room temperature. After removal of the solvents by 
distillation in vacuo, the product is isolated as previously described. It 
melted at 262-263° and gave [a]&o •- + 30 9°, — 4- 36-3° in 

water (1 = 2; c= 1-0180 gm/100cc). The rotatory power slowly 
increases on standing, owing to hydrolysis of the acetyl groups, an initial 

* ‘ Liebig's Ann.,’ vol. 413, p. 82 (1916); ‘ Ber. deuts. chem. Ges.,' vol. 64, p. 1149 
(193t). 
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value of a M6 , = +0*74° becoming +0-88° after several days, and 
+ 1 • 38° after some months. 

On evaporation of the solution (20 cc) crystals of the </-dihydantoin 
(0-13 gm; calculated 0-15 gm) are obtained, which on heating, darken, 
but do not melt at 320°. (Found C — 29 • 8; H = 2 -9%. C 6 H«0 4 N 4 .H 2 0 
requires C = 29-7; H = 3 0%.) 

In absolute ethyl alcohol it gave [«]5 ? 80 = 4- 11°, — + 13° 

(1=2; c= l 0450 gm/100 cc), the rotation being unchanged after 
standing for several weeks. 


3: l-Dimethyl -\: 9-Z)/acrf>7-d-spiro-5: 5-Dihydantoin 
N (CH J— CO x (CO . CH a )—CO 

> c < 

CO-N (CO. CH,) CO-< CH .) N 

The methylation of the 1:9-diacetyl-*/-dihydantoin is effected by adding 
an ice-cold, dry ethereal solution of diazomethane (made from nitroso. 
methylurethane) to an ice-cooled solution of the d-diacetyl derivative 
(O'2 gm) in dry ether (5 cc) until the yellow colour persists. Crystals of 
the dimethyl derivative are deposited and after allowing to stand for a 
short time, the ether is removed and the product recrystallized from ethyl 
alcohol, from which the dimethyIdiacetyl-*/-dihydantoin (0-21 gm) 
separates in clusters of short, colourless prisms, m.p. 183-184°. (Found: 
C * 44-8; H = 4 2; N = 18-6%. C u H ia O # N 4 requires C = 44-6, 
H = 40;N= 18-9%) 

3:7-dimethyl-l: 9-diacetyW-s J p/r0-5: 5-dihydantoin is sparingly soluble 
in water, ether or ethyl alcohol, rather more soluble in methyl alcohol 
and readily soluble in acetone, chloroform, or benzene. It gave 
M&o = - 14-2°, [«]&, - - 15-7°, [a]J| 6g - - 24-7° in dry acetone 
(l~2; c= 1-9060 gm/lOOcc), (a]“ 0 - - 10-6°, [a]U« - - 12-1°, 
[*]is 58 = — 19-3° in dry chloroform (/ = 2; c = 2-4420 gm/100 cc). 

In absolute methyl alcohol it gave [a]J? 80 = — 8-0°, [*KJ« — — 9-3° 
(1 = 4; c = 0-5940 gm/lOOcc), but the rotation slowly changed on 
standing owing to hydrolysis of the acetyl groups, and after several 
months the value reached that corresponding to the rf-dimethyl-dihy- 
dantoin produced (o$ go = + 1 -47°, = + 1-71°. Calculated 

«S?M “ + 1-50°, = + 1-71°). On evaporation of the solution 

(30 cc), rf-dimethyl-dihydantoin (0-11 gm, calculated 0-128 gm) was 
obtained, m.p. and mixed m.p. with an authentic specimen, 308-309° C 




Optically Active Dihydantoins. 9 

(with decomposition). (Found: N = 26-2%. requires 

N - 26-4%.) 

The hydrolysis of the dimethyldiacetyl compound is readily effected by 
warming for a short time with aqueous-alcoholic ammonia on the water- 
bath ; on acidification of the resulting solution the </-dimethyldihydantoin 
(m.p. 307- 309° C) separates. 

The 3: 7-dimethyl-l: 9-diacetyW-dihydantoin is also readily obtained 
by the acetylation of </-dimethyldihydantoin (O '24 gm) by warming with 
10% acetic anhydride-pyridine (5 cc) at 100° C for an hour. On evapora¬ 
tion of the solution in vacuo, a crystalline residue remains, which on 
recrystallization from alcohol yields the pure diacetyl derivative (0-24 gm), 
m.p. 183-184°. 

3: l-Dimethyl -\: 9-diacetyl-d\-sp\ro-5: 5-Dihydantoin 

An ice-cooled solution of anhydrous 1: 9-diacety 1 -dl-di hydantoin 
(0 -59 gm) in dry ether is treated with an ethereal solution of diazomethane 
(from nitrosomethylurethane) until the yellow colour remains. Crystals 
of the dimethyl derivative begin to separate and, after allowing to stand 
for 2-3 hours, the ether is removed and the product recrystallized from 
alcohol, from which the dimethyldiacetyWZ-dihydantoin (0-5 gm) 
separates in small, colourless plates, m.p. 175-176°. The substance is 
thus identical with that first prepared by Biltz* and the constitution of 
the optically active isomeride described above is thus established. 

Tetramethyl-\-spiro-5: 5-Dihydantoin 

N(CH s }-CO x N (CH a )—CO 

> c < 

CO-N (CH S ) N co - N (CHs) 

To an ice-cooled solution of anhydrous /-sp/ro-dihydantoin (1 gm) in 
dry acetone (70 cc) a small excess of an ice-cold, dry ethereal solution of 
diazomethane (50 cc, containing about 1 gm) is added fairly rapidly, when 
some evolution of nitrogen is observed and the solution remains deep 
yellow,. After standing for at least 24 hours, the pale yellow solution is 
evaporated almost completely, and the crystalline residue (0*7 gm) re- 
crystallized from water or alcohol, when the tetramethyl-/-dihydantoin 

* ‘ Liebig’s Ann.,’ vol. 448, p. 153 (1926); ‘ Ber. deuts. chem. Ges.,’ vol. 64, p. 1149 
(1931). 
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(0 • 4 gm) is obtained in small, colourless prisms, m.p. 188-189°. (Found: 
C = 45 • 1; H-5-1; N = 23-6%. C 9 Hi, 0 4 N4 requires C-45 0; 

H - 5-0; N= 23-3%.) 

Tetramethyl-/-5p/>o-dihydantoin is very readily soluble in acetone, 
benzene, or chloroform, less readily soluble in methyl alcohol or ether, 
and moderately soluble in ethyl alcohol and water. It has [a]^ — 
— 32-5°, [*]U„ = - 37 -4°, [«]&»= - 69-4° in absolute methyl 

alcohol (1—4; c = 1 -023 gm/100 cc), [ot]|? a o — — 39• 1°, [ot]J2 ni — 
-44-6°, [«]1| 68 = - 85-4° in water (/ = 4; c = 0-6004 gm/100 cc), 
- ~ 23-4°, [*]£!„ = - 26-9°, [«]&,= -48-9° in acetone 
(l — 4; c — 1-739 gm/100 cc), [*]“„ - - 32-5°, [«]*>„ = - 36-6°, 
W«58=“67° in ethyl alcohol (/- 4; c = 0-6152 gm/100 cc), the 
rotation in each case remaining unchanged on standing for some days. 

Table II 

Rotatory dispersion of tetramethyl-/-sp/ro-5: 5-dihydantoin in methyl 
alcohol at 20° C. 


1* 

0230 gm/100 cc 

; / — 6 

dcm; [«] 

120 -. 
15401 

: - 37' 

1°; <*4Sm/*5«*1 

= 1 -84. 

a — 

0-5399/(X 2 — 0- 

0614). 

X 0 == 2478 A. 









Differ- 





Differ- 

X 

A 

a obs 

a calc 

ence 

X 

A 

a obs 

at calc 

ence 

Li 

6708 

L40 

- r* 39 

-0°01 

Ag 

5209 

-2° 58 

o 

-2*57 

—0*01 

Cd 

6438 

161 

— 1 * 53 

—0*08 

Cu 

5153 

-2-63 

-2-64 

40*01 

Zn 

6362 

-1*63 

— 1 • 57 

-0*06 

Cu 

5105 

-2*72 

-2-71 

-0-01 

Li 

6104 

-1-73 

-1-74 

4*0-01 

Cd 

5086 

-2-78 

-2-74 

-0-04 

Na 

5893 

— 1 -93 

— 1 -89 

-004 

Zn 

4810 

-3-14 

-3*18 

+0-04 

Cu 

5782 

-1-96 

— 1 98 

+0-02 

Cd 

4800 

-3-23 

— 3-19 

-004 

Hg 

5780 

-1-98 

- 1 98 

±0 

Zn 

4722 

-3-32 

-3-34 

+0-02 

Cu 

5700 

-2-03 

-2-05 

+0-02 

Zn 

4680 

-3-45 

-3-43 

-002 

Hg 

5461 

-2-28 

-2-28 

±0 

Cd 

4678 

-3-52 

-3-43 

-009 

Cu 

5219 

-2-52 

-2-56 

+0-04 

Li 

4602 

—3-61 

-3-59 

-0-02 






Hg 

4358 

-4-20 

-4-20 

±0 


Tetramethyl-di-spiio-5:5-Dihydantoin 

On repeating the preceding preparation upon externally compensated 
3: 7-dimethyl-d/-spiro-5: 5-dihydantoin (0 -42 gm) the optically inactive 
tetramethyldihydantoin (0*26 gm) first described by Biltz and his co- 
workers* was obtained in clusters of small, thin, colourless prisms, m.p. 
225-226° C. (Found: C = 44*8; H = 5*2; N = 23*4%. 

* ‘ Liebig's Ann.,’ vol. 413, pp. 85, 205 (1916); vol. 423, p. 281 (1921); vol. 448, 
p. 152 (1926); ‘ Ber. deuts. chem. Ges.,’ vol. 64, p. 1147 (1931). 
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requires C--45-0; H ~ 5 0; N — 23-3%.) It is readily soluble in 
acetone and chloroform, moderately soluble in benzene, rather sparingly 
soluble in methyl or ethyl alcohol or water, and insoluble in ether. It is 
thus shown that the previously described isomeride is the laevo-rotatory 
component of this tetramethyldihydantoin. 

We desire to express our thanks to Imperial Chemical Industries, 
Limited, for a grant defraying the cost of materials used in the above 
investigation. 

Summary 

The enantiomorphously related 3: 7-dimethyl-^/- and l-spiro- 5: 5-di- 
hydantoins have been prepared, and it is shown that the /-isomeride 
has very different rotatory powers in alcoholic and dilute soda solution; 
this difference is attributed to tautomeric change from the ketonic to an 
enolic form of constitution. In the soda solution hydrolysis occurs 
yielding the 3: 8-dimethylallantoin; this compound seems to be present in 
the solution in an optically active form, but becomes racemic during the 
process of isolation. The optically active tetramethyl-sp/ro-5:5-di- 
hydantoins have also been prepared. 

The rotatory dispersions of the optically active spiro- 5: 5-dihydantoins, 
their 3: 7-dimethyl derivative, and the tetramethyl derivative in neutral 
solvents are normal and nearly congruent; it is concluded that these 
substances have the ketonic constitution in such solvents. 

The non-occurrence of racemization during the introduction of methyl 
radicals into the optically active dihydantoin, and the insertion of acidyl 
radicals into and subsequent removal from the optically active spiro- 
dihydantoin ring, is indicative of great configurational stability. 
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The Tidal Oscillations in an Elliptic Basin of 
Variable Depth—II 

By G. R. Goldsbrough, F.R.S. 

{Received February 12, 1936) 

1—Introduction 

The problem of the long waves in an elliptic lake with a paraboloidal 
law of depth was solved in a previous paper.* It appeared that the 
solutions could be expressed in terms of certain algebraic polynomials, 
from whose general properties the character of the motions could be 
readily derived. The subject of the present paper is the more important 
problem of the same basin subjected to rotation. The analogous 
problem of a rotating elliptic lake of uniform depth has been solved by 
Goldsteinf who used infinite series of elliptic cylinder functions. The 
law of depth used in the present paper, however, enables the solutions to 
be expressed in terms of finite sets of polynomials. The earlier modes can 
be completely determined without recourse to long arithmetical calcula¬ 
tions, and the interpretation of the analysis is easier. 

In the course of the work many properties of the polynomials are 
investigated. 

2—The Equations for Wave Motion in a Rotating Elliptic 

Basin 

The appropriate elliptic coordinates are obtained by the transformation 

x — c cosh 5 cos t), 
y ~ c sinh 5 sin 7). 

Let the law of depth for the basin be 

h — h 0 (a — cosh* 5) (a — cos* tq), 

where 

a — cosh* 5o and K < 5 0 - 

The lake then has an elliptic contour defined by 5 = 5o> the axes being 
2c cosh 2c sinh £ 0 , and the bed is an elliptic paraboloid. 

* ‘ Proc. Roy. Soc.,* A, vol. 130, p. 157 (1930). This paper will be referred to as 1. 

t ‘ Mon. Not. R. Astr. Soc.,’ Geophys. Suppl., vol. 5, p. 213 (1929). 
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If u, v are the velocity components in the new system, w the angular 
velocity of rotation about a vertical axis, and £ the displacement of the 
free surface at the point (R, tj), the equations for simple harmonic vibra¬ 
tions of period 2nj X are 


/Xu — 2 tor = 


7Xp -f 2w« = 


i.E 
H dV 

g_K 

H^’ 


\ 


(1) 


4 (hWu) f ~ (hHv) + H 2 /XR = 0, 

<% 07) 

where 


H 2 - c' 2 (cosh 2 R -- cos 2 7)). 
The elimination of a, r from these equations gives 


/ 


a 

as; 






h •=£) + — (h ) T 

SR' f 7) 07)/ 


2 w:?)hjK 

x '^aR 


$|S) + 

a? cV 



4o> 2 ) C = 0. 

( 2 ) 


The boundary condition requires that R is finite when R = Re¬ 
consider an analogous equation* 


(a — cos 2 7)) (a — cosh 2 R) || -f (a — cosh 2 R ) -^ (a — cos 2 tj) 

-f k 2 (cosh 2 R — cos 2 7)) R = 0. (3) 
The variables are separable by taking R ~ M (R) N (tj), where 

S(a~ cosh 2 R) + k 2 M — &M (a - cosh 2 R) - 0, j 

. _ (4) 

4-(a- cos 2 tj) ^2 -- « 2 N + kN (a ~ cos 2 7)) = 0, 
df\ di\ ) 

k being an undetermined constant. 

Take 

k = 4a (a — 1), 

k 2 = 4<t (<t — 1) (a — #), 


and equations (4) reduce to 


4(0 ~ cosh 2 R)_ 4®(O - 1 )(q - cosh*R)M = 0 

£-{a ~ cos 2 y])^ + 4c(o - 1 ){q- cos 2 t))N = 0. 
•I, p. 159. 
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On putting cosh* \ — v, the first of equations (5) becomes 


df dv \ v T 




a (°- D( v ~-y> M-0 

v ( v I) (v — a) 


( 6 ) 


The substitution cos* kj — (i. in the second of equations (5) reduces 
that equation to the same form as (6). 

The equation (6) has four types of solution appropriate to the 
problem in hand. These may be expressed in terms of the solution 
F (a, q; a, (3; p r , p t , p % \ z) of the standard equation 


^ + */L-£i + l-£i + ijl&) + 

dz 2 dz\ z 7—1 z — a ' 


gftQ: — q) w 

7 (7 -• 1) (7 — a) 


~ 0. (7) 


Type I: K = F (a, q\ a, 1 ~ a; b 0; z) - F t ( 7 ). 

Type II: L = z*F (a, q ; a + § - a; — i, i, 0; 7 ) - zSF 2 ( 7 ). 

Type III: M = (7 — 1)* F (a, q\ a + i» | — a; 0; z) 

= (7 - 1)1 F 3 ( 7 ). 

Type IV: N * z‘ (7 - 1)1 F(a, q; <r + 1, 2 - <r; - ±, ~ h 0; 7 ) 

— 7 I (7 1)1 F 4 ( 7 ). 

Each of the functions K, L, M, N satisfies the conditions of the problem 
when the corresponding F is a polynomial. This occurs for certain par¬ 
ticular values of a. 

The functions are made definite by putting the term independent of z 
in F unity. In the cases of types III and IV when 0 < 7 < 1, the solutions 
will be taken as M = (1 — 7 )* F a (z), N = 7 * (1 — 7 )* F 4 ( 7 ). 

The following results are summarized, partly from the previous paper:— 


Type I —The equation is 

(V1) (,-*) {J5 + (1 + ^ + J-) J5} 


~ (g. — a) v (v - 1) ( v — a) + 

+ (<*— 1) (q — a) (v — n) w = 0. 



Solutions, for a — m, an integer, 


h- - K m <»> ({*) K m <”> (v), (n - 1,2,... m), 
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where 

z(z-l)(z-a)£ t K(z) + (2z* - $z - az + fr) £k (z) 

+ o(a~ l)(?-z)K(z) = 0. (9) 


The recurrence formula for the coefficients in K ( z ), = 2 c„z n , is 

c »+1 a (n + 1) (n + \) + c n {a (a — 1) q - n % (1 + a) — \n) 

+ c„_i {« (n - 1) - a (a — 1)} -= 0. (10) 

Type //-—The equation is 

i 


(v — a) niy. — l)(n — a) jf^- -f (l 4- 

l?H- (x (x 


1 


•f 


1 \ 9h> ) 

(x -- a> 9jxl 


± 


(fx - a) v (v — 1) (v — a) 4 - 4 -r 4 - — 

\ \v v — J v — a! cv ) 

{g (fj 1 ) (r/ - a) + }a - ij ( v - fx) w - 0. (11) 


Solutions for g~ m + i. 


w = F a (|x) F a (v) = (x L m (M> (fx) L J»> (v), (« - 1 , 2, 3, ... m), 

where 

z (z - 1) (z - a) ^ F a (z) + (3z* - Sz - 2az f ia) jf- F 2 (z) 

4- (£z - i - la 4- a - 1) (9 - z)) F a (z) = 0. (12) 

The recurrence formula for the coefficients in F 2 (z), = 2 c„z n , is 

c B+l fl (« 4- 1) (n 4- |) + {<i (<r - 1) q - (« 4- i) 2 (l 4- a)- i (« + i)} 

+ c fl „ a {«*-i-a(a-l)}-0. (13) 

Type ///—The equation is 

( ._^ |l(ll _ 1)(l ._ <o {0 + (l + _J n + _J_)j5} 

4- (o (<r — 1) (q — a) + ia} (v — jx) w — 0. (14) 

Solutions for a = m 4- i. 

h'“F 8 (|x)F,(v) = ((x- 1)“*(v - 1)-*M m <"> ((x)M m '*> (v), 

(n — 1, 2, 3, . m). 
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where 

z(z- 1) (z - a) F 3 (z) + (3z* - 2az - fz + \a) ^ F s (z) 


+ (iz — io + a (w — 1) (q — z) ) F, (z) = 0. (15) 

The recurrence formula for the coefficients of F 3 (z), = Sc n z", is 

c n+1 a (n + 1 ) (n + J) H- c„ {a(a - 1 ) <7 - « 2 (a + 1 ) — n (a + £) - ia) 

+ c n ..*{«•-i-a(o ~ 1)} = 0. (16) 

Type / F—The differential equation is 


(v ~ a) (X ((i - 1) ((i - a) + (2 + 


+ 


1 \ dw) 


(|X — a) V (v — 1) (v - a) 


/ 

I r)v 2 


(x — 1 |i — a dz ) 

+ (*+ -1— H--— 

\ v v 1 v —■ a 1 vz I 


+ {<r(a-l)(< 7 -a) + 3a-i}(v- (x) w = 0. (17) 

Solutions for <r — m, 

w = F 4 (|x) F 4 (v) = v"i(v — 1)”1 |x-i((i — l)' 1 N M ( ">((i)N m (n) ( v )» 

(/» = 1, 2, 3, m — 1), 


where 

z (z - 1) (z - a) F 4 (z) + (4z 2 - 3az - $z + $a) £ F 4 (z) 

+ (2z-~}-a+ *(<*- 1) (q — z)) F 4 (z) = 0. (18) 
The recurrence formula for the coefficients in F 4 (z), = Ec»z", is 


c n+l a(n + \)(n + §) + c n {o(a - \)q - a (n + 1)* 

~ (n +!)(« + £)} + c„_j {n(n + 1) — a (a — 1)} = 0. (19) 

From equation (10) it is evident that F t (z) is a polynomial when 
a — an integer m. We have then characteristic solutions each associated 
with a corresponding characteristic value of q.* Since the characteristic 
q satisfies an algebraic equation of degree m, there is a set of m linearly 
distinct characteristic solutions each associated with a distinct character¬ 
istic q. For the integer m, the polynomial F 4 is of order (m — 1). It 
is known that the characteristics q are all real, and that each polynomial 
of order (m — 1) has (m ~ 1) real zeros lying between 0 and a, a > 1. 

* Cf. 1, pp. 161,162. 



The Tidal Oscillations 


17 


The function F 4 becomes a polynomial in a similar manner when 
a — an integer m. For this integer m the set contains only (m — 1) 
characteristic solutions, and the order of each is (m — 2). 

The functions F 2 and F 3 become polynomials when a — m + h m 
being integral. The number of characteristic solutions in each set is m, 
and each is of order (m — 1). 


3—Further Properties of the Solutions of Equation (3) 

In the limiting case when a — 1, the subsidiary equation (6) takes a 
very simple form. On putting a = 1, y — z — 1, it reduces to 

v 2 (1 + y) p? + v (2 y + ft) P ~ o (<j - 1) (v + 1 - q) w = 0. (20) 
flr ay ' 

On forming the solution corresponding to type I, by putting 


we find 


w — > ,c y n . 


° B -i {(^ + n) (c + n— 1) — a (a — 1)} 

+ a n {(c -f n) (c + n + £) — a (a — 1) (1 - q )} = 0. (21) 


For a an integer m, the series will be finite whenever c + n — m. 
Hence the index c = m — 1, m — 2.0. The indicial equation is 


Whence 


(0 — 


c (c 1 j- i) ~ rn (m — 1) (1 — q) — 0. 

_ (m - r) (m - r + i) . __ . 9 
m (m — 1) 


m), 


and the sequence relation (21) becomes 

fl n . x {(m + n — r) (m + n — r — 1) — m (m + 1)} 

+ a n {(m + n - r) (m + n - r -f-1) — (m ~r)(m — r+ $)} = 0. (22) 

The fact that the characteristic q m (r) can be written down explicitly in 
the limiting case is useful as a check upon the solutions for the more general 
problem. The corresponding solutions and characteristics for the other 
types may be determined in the same way. 

The solutions of equation (3) may also be shown to be orthogonal. 
Write the equation in the form 



VOL. clv.—a. 


c 
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Let Z, k, and Z', k' be corresponding solutions and characteristics of 
(25), so that 

«(*f ) + U hd £) +m ' z ‘ a ’ (26) 

|(*f.)+#,(*^)+«' wz '" a < 27 > 


Multiply (26) by Z' and (27) by Z and, after subtracting, integrate in 
the usual way over one-half of the area of the surface ellipse. Then 



+ (* 2 - k' 2 ) r d-n (“ dl WZZ! = 0. (28) 

Jo Jo 

Since h = 0 when £ — a, it readily follows that 

(k 2 - *' 2 ) dri f </$ H 2 ZZ' - 0, 

Jo Jo 

provided that Z, Z' are of the same type. Hence if j 6 - *' 2 , 

P <*j (“ H 2 ZZ' = 0, (29) 

J 0 J 0 

provided Z, Z' are of the same type. 


4—The Rotational Terms 

The difference between the equation governing the rotational problem 
and the non-rotational problem lies mainly in the term 

__ ^ 

071 0? 05 0KJ ’ 

(1 - (i)5 v* (v - l)i |(fl - v)|^ - (o - n)~] = E- 


or 



The Tidal Oscillations 


19 


(i) Let X, — K (tx) K (v), then 

* n* (1 - (x)* vi (v - 1)3 {(a - v) K ((a) K' (v) 

** — (a — (i) K' (fx) K (v)} (v - (x) 1 - (30) 

The expression in curled brackets is easily seen to be divisible by (v — jx). 
Hence, in this case,- — |x3 (1 — p.)* v*(v — 1)* x polynomial in 

V [X 

(X, V. 

(ii) Let £ — L (fx) L (v) = (i» vJ F 2 (|x) F 2 (v), then 

~'““d “ l)*{a|xv(F 2 ( l x)F' 2 (v)-F' 2 ( t x)F a (v)) 

- V» (vF 2 (tx) F' 2 (v) - {xF 2 (tx) F 2 (v) ) 

- (v - tx) F 2 (tx) F 2 (v)} (v - tx)' 1 . (31) 

The expression in curled brackets is seen to be divisible by (v — (x). 
Hence 

E 

--• (1 — fx)3 (v — 1) J x polynomial in (x, v. 

V - (X ' 


(iii) Let K - M (tx) M (v) - (1 - tx)* (V - 1)3 F 3 (tx) F 3 (v), then 

~^ * fxM {&(v - tx) F 3 (tx) F s (v) - i (V - (X) F s (|X) Fa (v) 

+ 0(1 - (X) (V - 1) (Fa (tx) F'a(v) - F' 3 ((x) F 3 (v) ) 

_ ( 1 — (x) (v — 1 )(vF 3 ([x)F 3 (v) 

- |xF 3 (tx)F 3 (v))}(v- tx)' 1 . (32) 

Whence, again, 

E 

- == tx* v J x polynomial in tx, v. 

V — (X 

(iv) Let £ = N (tx) N (v) = ^(1 - tx)* vi (v - 1)3 F 4 (tx) F 4 (v), then 


F 4 ([x) F 4 (v) (2 (xv - (X - v + 1) (v - (i) 

+ iF 4 (ix)F 4 (v)(tx - v) 

+ (XV (1 - [X) (v - 1) {(a - v) F s (tx) F'a (v) 

— (a - (x) F 3 ' (tx) F 3 (v)}1 (v — (x)- 1 (33) 


— polynomial in (x, v. 


It will now be shown that when X, is of the first type corresponding to 


an assigned value of a, the function 



can be expressed as the sum of 


the set of functions of the fourth type corresponding to the same value 
of e, with appropriate numerical coefficients. 
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Consider 


E _ (a - v) K GO K' (v) — (a — tx) K' (tx) K (v) 


V - (i 


V - (X 


bearing in mind that the functions K satisfy equation (9). Then by 
direct differentiation and reduction by means of (9) we find that 


v (v — 1 ) (v — a) 


?v 2 \ v — [i 


+ (4v 2 — 3 flV — jrV -f Y°) 


\v — |X 


{ 2 V(X - av - atx - q (V + |X - 2a)} K (fx) K (v) 

(v - tx) 2 


X { - 2 + 


+ fcu;„(l - o)(v - ,) + v(v-l)(»-rt(--ri 

L.V — [X (v — {x) s 

7 (v — (x) , 4 (v — jx) , V— Ja\ I v> if , 


? V - r/ _J_ j,_r 

v — 1 v — a 


K'f^Ktv) 


+ {2txv - (X - v} K' ((X) K' (v) 

(v - |X) 2 


(v „ a )2(y _ j.) V (v — 1) (v — a) (v + t* — 2a) 

(v — (X ) 2 (v ~ (i ) 3 

(v - a) (a - [X)(2v — 1) 

(v - (X) 2 


+ {4v - f - a + or (1 - a) (v - q)) | K (|x)K'(v). (34) 

v [x 

Similarly, _ _ 

li (l* — 1) (!•-«) ^ (■+ (V - 3»n - In + 


c(e — 1) 


{2(xv - av - a(x - q (v + H - 2a)} K ((*) K (v) 

_L f_ (tx - a) 2 (fx - 1) , (tx — a)(v — a) (2[x — 1) 

(V - (X) 2 ^ (V - (X) 2 

I t*([* — l)(jx — fl)(tx + v — 2a) 

(v - tx) 3 

+ ( ^-^{4pL-f-a + e(l -<r)(|x-<jr)}]K'(,x)K(v) 


+ (t 1 ~ a) (a — v)(2jxv 

(V - (X) 2 


■K'(ti)K'(v) 


+ .(1 - a)(» - rt + 

+ l)<„- a )(i + -1-j + 
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Whence, by subtraction of (34) and (35), 

V (v - 1) (v - a) (-JL ) + (4v 2 - 3av - »v + 4a) L ( 

dv* \v — [x dv \v — (i/ 

~ (m- — 1)(h- — a) — j — i—) — (4[X 2 — 3a[A — 5t* + ga) ) 

C[L a \V — fX dfJL \v — jx/ 

= {a (1 a) + 2} {(a — (a) K' (|a) K (v) — (a v) K (|a) K' (v)} 

= — (<T (1 — <r) + 2} —1— (v — (a). (36) 

V — (A 

On putting _ 

we have 

v (v — 1) (v — a ) g" + (4V 2 — 3 av — 5 v + 4^) g' 

+ {<r (1 — a) v + 2v + p}g = 0, 

|x(jx — 1 )(m- — a).f" + (4 (A 2 — 3a |a — |[a + 4a)/' 

4- {<t (1 — a) (A 4 - 2(a + p}f— 0, 

where p is as yet an undetermined constant. 

If p = a (a — 1) q ~ \ — a, it follows from (18) that 

/(l a)- (a-Hia- 1 ) *N/*>(iA), 

and 

g (v) v~* (v — 1)~4 N„ ,n) (v), 

for the appropriate value of q. 

Since any solution of (36) for a given value of <r can be expressed in 
terms of the fundamental solutions corresponding to a, we have 

_J§— = v-i (v - 1)-1 (A-i ((A - l)~i 2 e' B, N„ (n) (tt) (v), 

V — [X ft 

(n = 1, 2, ..., <t — 1), 

the e (n) being undetermined constants. 

Hence for appropriate values of the constants t, and for each r of the 
set of functions K„ <r) 

(i* (1 - |i)i v* (v - l)i {(a - v) K» ,r) (fA) K.w (v) 

-.(a - {a) K ((a) (v)} (v - (a)" 2 = S c r <B) N, , " ) ((a) N,<"> (v). 

n 

(n = 1, 2, 3,.... a - 1). (37) 
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The coefficients e can be determined by use of the integral (29). For 
we have 

«/»> r* dr, f“ dl H 2 (N„<"> (cos 2 r ; ) N„ (n) (cosh 2 l)f 

Jo Jo 

= \ ‘ dr t [° dE, [sin 2r\ sinh 2? {(a — cosh 2 ;) K a <r> (cos 2 yj) KJ ry (cosh 2 £) 

JO J» 

- (a - cos 2 7]) K/^cos 2 7]) K„<'> (cosh 2 l)j NJ- N> (cos 2 *)) N„<"> (cosh 2 £)]. 

(38) 

In the same way it can be shown that if N„ (n ( jx) is any member of order 
o of the functions of type IV, 

(1 — (x)4 v* (v-1)51(a— v)| - (a- (x) A} N„ (,) ((x) N/>(v) 4- (v- 

= L 0 r <“> K„<"> (fx) K,<"> (v), (n = 1, 2, 3, ..., <r). (39) 

O 

The coefficients 0 can be determined by integration as in (38). 

Likewise, 

fx 3 (1 — (x) 3 vi ( v — l) 3 j(a — v) ~ — (a — |x) L„ (r) (fx)L ir <r) (v) 

-r (v - (x) =-- S« r <»> M/»> (|x) (v), (n = 1, 2, 3, ..., <r - }), (40) 

and 

It* (1 ~ (x) 3 v* (v - 1 )* {(a - v)i--(a- |x) i-1 M„ (,) (|x) M„<'> (v) 

-x- (v - n) = £(*/"> L,<"> (|x) L.<"> (v), (it = I, 2, 3, ..., a - i). (41) 

n 

The types of solution are therefore linked together in pairs: I and IV, 
II and III, such that the operator 

n* (1 - |X>» v» (v - 1)* | (a - v) A - (a - (x) , 

acting on a member of I of a given order transforms it into the sum of 
members of the set of IV of the same order with appropriate coefficients, 
and conversely; and the same operator acting upon a member of II of a 
given order transforms it into the sum of the members of the set of the 
same order in III with appropriate coefficients, and conversely. 



The Tidal Oscillations 


23 


5—The General Solution of the Problem 

The equation which governs the motion in the case of rotation is (2) 
which may be written 

(a — n) vt (v — l)i A | v t (v — l) 4 (a — v) 

+ (« ~ V ) (1 ~ P 4 ) I ^ ^ (° ~ P) f" } 

+ ~ P* (1 - I*) 4 v 4 (v - 1)1 j(a — v) — (a — fi) 

+ i ~ ( x2 - 4w2 ) ( v P) z = 0. (42) 

g«o 

Consider a solution made up of all the members of each set of types I 
and IV which are of order cr — nt, an integer. That is, let 

m m -1 

2 A„ K m (w) (fx) K m ( ’° (v) -f- £ B n N m (n) (n) N m <n > (v). (43) 

n =» 1 n^l 

On substituting in (42) and making use of (37) and (39) we have 
js A„ (jx) K m "° (v) (v - ,x) j m (m - 1) (q n - a) + (X* - 4co»)} 

+ "s B„ N m (B) (?) N m (n> (v) (v - (x) [m (m - 1) (q' n - a) 

n-1 * 

+ ~ f 2 A„ V Z n (,) N m < f > ({X) N.w (v) 

A n*-1 r-l 

wi—I m 

+ 2 B n S O/* K m (,) (fx) K m <'> (v) (v - ,*) - 0. (44) 
r^l J 

On equating coefficients of N TO (,) ((x)N m ( ’' ) (v) and K m <r) (fx) K m (r) (v) 
respectively to zero, and putting 

m(m- 1) (q n - a) + (X J - 4a> 1 ) = {?, /*>, 

m{m- 1) (?„' - a) + (X s - 4to») = [q\ «], 

we have 

A f {?, /•} + — ”s 6 n < r > B n = 0, (r — 1,2, 3,.... m), 

X noa l 
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and 


B r fo', r] + ^ S s n (r) A n = 0. (r = 1, 2, .... m - 1). (45) 

A nra ) 


When <o = 0, these equations are independent and give 


and 


{#, r) — 0, A r arbitrary, 
[q', r] — 0, B r arbitrary. 


These are the normal modes of the different types previously found, 
and are (4 m — 2) in number. When the modes are given by the 

determinant 


{<7,1}, 

0 , 

0 , .. 

5 » 

2 «/ A (I) 

x 1 ' 

2 < 0 / A ( 1 ) 

x 2 ’ 

— O' 1 *, . 
X 3 

2m c, 

... — e> 

(1) 

1 

0 , 

{<7, 2} , 

0 , .. 

» ♦ . . 9 

A 1 

x * ’ 

2 tOl (») 
— 0.3 , • 

2(01 

X m 

(2) 

1 

0 , 

0 , 

{<7,3}, .. 

.9 ... 9 

2 to/ a , 3 ) 

X 1 • 

2 to/ A (3) 

T" 8 ’ 


2«/ 0 
‘ ’ X M 

i 

2*>i a) 

~T 1 ’ 

2 w/ ,i, 

T 2 ’ 

2to/ in 

T 3 ’ " 

2 <o/ Hi. 
•’ X m ’ 

[<?', 1] , 

o , 

0 , . 

.. 9 


2w/_ (2) 
T 1 ’ 

2tiu , 2) 

T 2 ’ 

2<>J (2) 

— e 3 , .. 

2^* (2) . 
•’ T m ’ 

0 , 

[</', 2] , 

o , . 

* < 1 • • * 


2to/ (3) 

X 1 ’ 

2<o/ £ ( 3 ) 
~ E2 ’ 

2 to/ ,3. 

T 3 ’ ” 

(8) . 

■, T m ’ 

0 , 

0 , 

W, 3] , . 

•* » * * * 



— 0. (46) 


This equation is of order (6 m — 4) in X. When to — 0, it reduces to 
the order (4 m — 2) in agreement with the previous result. The additional 
(2 m — 2) values of X give modes that tend to steady motions with diminish¬ 
ing values of to. These are analogous to the free oscillations of the 
second class found by Hough* and others in similar problems. 

The equation is ultimately one in X®. The pairs of values with opposite 
signs can be seen from (45) to give the same motion. Hence the equation 
(46) gives (3m — 2) distinct types of motion only. 

Consider next a solution made up of all the terms of each set of types It 


* Cf. Lamb, “ Hydrodynamics," p. 350. 
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and III which are characterized by a — m + m being an integer. That 
is, let 

C = S A„L m < B > (y.) L m (B) (v) + S B„ M ra <» (|x) M m <“> (v). (47) 

n »1 n«1 

In the same manner as before we have on substituting in (42) 
l A„ L m (n| (ji) L m <"> (v) (v - y) W - *) (q n - a) + X “ 4 *> 2 )] 

+ s B„M m W((i)M m ,n) (v)(v— (x) |(w 2 -i)(^'„ — o) + 2 rr( x2 — 4o> 2 )} 
+ ~ £A, i a B <r) M m (,) (|x) M„, (r) (v) 

A r~l 

mm 

+ £ B„ 2 p.«') L m <n) (fx) L m IB) (v) (v - (x) = 0. (48) 

f<T. 1 

Whence, with the temporary notation 

(m 2 - i) (q„ - a) + — (X 2 - 4to 2 ) « {q, n), 

(m 2 - J) ( q' n - a) + ~ (X 2 - 4to 2 ) = [q\ n], 

A r {q, r} + ^ £ |3 n <'> B„ = 0, (r - 1, 3, 2, m) 

B r [q\ r] + £ a„ lr) A„ ---• 0. (49) 

A n^l 

The period equation is a determinant similar to (46) of the order 6m, 
giving 3m types of motion only. 

6—The Motions of Lowest Period 

As examples, certain types of motion of low period will be Completely 
worked out. In these cases an alternative method to that of the last 
section will be used because of its simplicity, and because it affords 
a verification to some extent of the general method. 

(i) The simplest case is that of the first member of each of types II 
and III. 

Let 

? - ALi a) (ix) L, 11 * (v) + BM/ 11 (|x) Mi* 1 ’ (v) 

=S A|xM + B (1 — (x) 5 (v — 1)*. 
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The first function satisfies the standard equation of type II with a = f, 
m~ 1, # = i + ia; and the second function satisfies the standard 
equation of type III with or = §, m — 1 , q' ~ia. 

Substitution in equation (42) gives 

A • f. + (i — $a) (v - £x) v*jx 4 + B I. i (ia — a) (v - (x) (v — 1)* (1 — fx)* 

+ — [A }a(n— v) (I — fi)* (v — 1)* + B i (a — 1) (v — jx) ixM] 

X 

-f i (X 2 — 4to 2 ) (v — (x) {AfiM + B(l - (x) 4 (v — 1)*} — 0. 

8"o 

On reducing and equating to zero the coefficients of fx*v* and 
(1 — (x) 4 (v — l) 4 we have 


A {* (1 - a) + JL ( a 2 - 4to 2 )j + ~ . i (a ~ J) B — 0, 


Put 


A {* 

(1 — d) 4" 

- A 

2 coi i 

•—•*“ 

C 2 W 2 

s . X 

gh o 

. 2w 


+ B {- }a 


+ 




(X 2 -4 


O) 


')} - 0.) 


(50) 




The period equation is then 

W*+f*{-2 p+ P(i-«)}+/»{P + £(a-i) + ia(a- 1)} 

— \a {a — 1) — 0; 


or, dropping the extraneous factor/ 2 -- 1, 

P 2 / 4 ~P (P 2 + P (fl - *)} + ia (a ~ 1) = 0, 


with 


ri = [p + o ~ i ± V{P® + i + 2P« - P)]~ 


(51) 

(52) 


Before reducing this result to numbers it is interesting to compare it 
with Lamb’s solution for the analogous circular basin. 

Taking the circular basin of radius r 0 as the limiting case of the elliptical 
basin for large we have 

r Q — ice 4, ; a — ie 24 *. 

Since a is now large, equation (51) becomes 

P 2 / 4 “/ 2 (P s +pn) + ^ 2 -0, 

wp-w- p 2 / 2 . 


or 
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Therefore 

/ 2 ±/=^, 

or X 2 ± 2wX = 

r 0 

where h' 0 — Aon 2 . 

This is Lamb’s result* for the case .? — 1. 

As a numerical illustration take the case of a = 1 • 12, which gives the 

£.2 ^2 

ratio of the minor to the major axis as J, and P — , — 0-5. 

We then find from (52) and (50) 

/= ± 1-4759 or ±0-2484 

B/A = ± 13*013/ or ±2-1901/. 

Since the change in the sign of/ is accompanied by a change in the sign 
of B/A, it follows that only one solution appears in each case and not 
two. 

Hence the two solutions are: 

S = A (cosh 5 cos t] cos 0-497 «r ± 2-190 sinh i sin yj sin 0-497 tor); 

C ~ A (cosh 5 cos y] cos 2-952 wr-~ 13-013 sinh 5 sin yj sin 2-952 tor). 

It is to be noticed that these may be written 

C — A (jc cos0-497 tor ± 2-190 >> sin 0-497 tor); 

K -■ A (a-co^ 2-952 tor — 13-013 >>sin 2-952 tor). 

The first gives a wave travelling in the positive direction, /.<?., in the 
direction of rotation, and the second a faster wave in the opposite 
direction. In each case the co-tidal lines are straight lines through the 
centre, the origin being the only amphidromic point. Thi# result may 
be compared with that obtained by Goldstein for the elliptic basin of 
uniform depth.f 

(ii) Form the solution made up of the members of the first set of types 
I and IV. Let 

K - AK^Kli) K 2 (1) (v) ± B K 2 < 2 > ((i) K 2 (2> (v) + C Nj (1) (pu) N/’> (v) 

• +C{iM(l - ^(v-1)1, 

* “ Hydrodynamics,” 6th Ed. (1932), p. 327 (8). 
t Ibid., pp. 217, 219. 
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where 

?i> + I ± iV (° 2 ~ a + i)» 

and 

q' = — i, for the member of type IV. 153) 

By direct differentiation 

—5— - |xM (1 - (i)i (v - l)i (A. ^1(1 - 4 q r ) + B . ^2(1 - 4 qj\ 
v — ji, la a j 

+ {a (1 — |X — V + 2(xv) — (xv). 


The last term can readily be reduced to the sum of two terms of type I 
and order one. 

Let 

a(l -- (x — v -f 2 fxv) — (xv = P^l — v)( 1 — jj.j 


Then 


+ <*(»-*■# 

P + Q = a, \ 

?0i + Qq 2 ~ W ,. 

+ Q^ 2 2 = iW (2a - l) J 



(54) 


The three equations (53) determining the two coefficients P, Q, are 
readily seen to be consistent since q u q 2 satisfy the quadratic 


4 q* — 2q (a + f) -f- a — 0, 


which follows from the relation (10). 
Hence 

p » ac >* ~ |g? 

02 - 0i ’ 


Q ~ 


It follows that 


ac h - i° 2 
$2 ■“ ^1 


~x = {a (1 - 4 ?1 ) + B.to(i-4*)} N< 1 > ((X) N x a) (v) 

+ *C Kg' 11 ((x) K # “» (v) - a fe-^ K«'(riK a m (v)|. 

*■02 ~ 01 02 — 01 I 

(55) 
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On substituting the assumed value of K given by (53), using (55), and 
dropping the non-zero factor v — ;x, we have 

A . 2.1 ( gi — a) K 2 "> (|x) K 2 <» (v) + B . 2.1 (q t - a) K e <*> (t*) V (v) 

+ C . 2.1 ( 9 ' - a) Nj (1> (|x) N x n » (v) 

+ ["{a (1 - 4 9l ) + B^-» (1 - 4^ 2 )} Nj 11 ((x) N/ 1 ’ (v) 

X L l a a J 

+ }C !^_i £. 2 K t «» ((X) K* 1 ’ (v) - K,»(|i) K 2 <*>(v)}1 

1 <7a — 42 — <h ! -* 

+ 4<o*) {AK 2 '» ((x) K.« (v) + B K ® (jx) K.- (v) 

i,, ° +CN, lll (p 1 ll, (v)} = 0. 

Whence by equating coefficients, we find 

A j-£l-(X 8 -4co*) + 2 (q x - «)) + ^. $. gga-=ig? c = 0, | 

Ug /* 0 I X — 4i 

B i (X 2 ~ 4o>2) + 2 (^ 2 — «)) - ~ . 1. ggmig? C ^ 0, 

Ug /? 0 IX q t - 9 X I 

.l2l(l — 4 9l ) A + ^’.^(1 - 49 2 ) B 
X a x a 

+ (* 2 - 4w*) + 2 ( 9 ' - a)} C - 0. 

The period equation is 

^.(X.-4»*) + 2(, 1 - 0 ), 0 , 

0 ,,^<**-4o,) + 2 Wl -»>. 

2«/.4 2l(1 _ 4 ) > ^.^*(1 - 49 2 ) , -£l (x* - 4 o,») + 2 ( 9 ' - «) 

X a x a 4 g /» 0 

= 0. (56) 

Equation (56) is the particular form of (46) and can be verified by 
working out the 6 and e. 

Taking as before a —- 1-12, p = 0-5, and putting X/2<o = /, equation 
(56) reduces to 

i/ 8 - 0-658, 0 , L 0-0082 

0 , i/* - 2 - 202 , + ^..0-555 = 0 , 

-j. 11-7, -^.0-0733, i/* — 2-12 
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or 

P - 9-952 p + 30-024 f* - 25-072 p + 1 -902 » 0. (57) 


From this we have the following results: 


p 

= 4-55, 

f— 2-13, 

A/C - 

- i. 0-0024, 

B/C ?= - 

-1.3-58. 

p 

= 4-11, 

/= 2-03, 

A/C - 

- / .0-0029, 

B/C = 

/. 1 - 86 . 

p 

« 1 * 21 , 

/= MO, 

A/C = 

j.0-141, 

B/C = 

/.0-315. 

p 

= 0-0846, 

/= 0-291, 

A/C = 

/. 0-0459, 

B/C - 

i. 0-884. 


The four types of motion are: 

(i) 5 = C {IV (|i) IV (v) cos 4-26 co t + (0-0024 K 2 m (|a) K*' 11 (v) 

+ 3-58 Kp ((a) K P (v) ) sin 4-26 cot}. 

(ii) C « C {IV ((a) NP (v) cos 4-06 cot + (0-0029 K a a > ((a) K,' 1 ' (v) 

-1-86 K.,< 2 > ((a) (v) ) sin 4 06 cot}. 

(iii) ? - C {N,"’ ( (a) Nj a> (v) cos 2• 20 cot - (0• 141 K a n) ((a) Kp (v) 

+ 0-315 K 2 ,2 > ( (a) KP (v)) sin 2 • 20 cot}. 

(iv) Z**C {N, (1) ((a) rV (v) cos 0• 582 cot - (0 0459 K 2 ( » ((a) K 2 m (v) 

+ 0-884 K 2 (2 > ((a) K./ j> (v)) sin0-582 cot}. 



The character of the motions given by these expressions is best inter¬ 
preted by reference to the diagrams. Drawings are given for the cases 
(i), (ii), and (iii). One-quarter of the basin is shown in each case, the 
rest of the figure being completed by reflexions in the major and minor 
axes. The co-tidal lines are drawn at intervals of 1/16 of the period. 

(i) Fig. 1 . This wave has the shortest period of the group. There 
are two amphidromic points defined by v = 1 -04, (a — 0. The co-tidal 
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lines are retrograde, i.e., they move in the direction opposite to that of 
the rotation. At one stage the upper part of the minor axis is a co-tidal 
line, and half a period later the lower part of the semi-axis minor together 
with the semi-axis major form the co-tidal line. 

(ii) Fig. 2. This wave has a slightly longer period than that of (i). 
There are four amphidromic points, two on each axis, defined by v = 1-05, 



t*. ~ 0, and v = 1 , (i. = 0-80. The wave systems rotate in opposite 
directions about the two amphidromic points in each quadrant. 

(iii) Fig. 3. This wave has two amphidromic points on the major axis 
defined by v — 1, (i = 0-263. The rotation of the wave systems is 
positive. 



(iv) This is a long period wave having two amphidromic points on the 
major axis defined by v = 1, jj. ~ 0-21. In general character the motion 
is similar to that of (iii). 

I wish to thank Mr, John L. Scott for assistance in preparing the 
diagrams. 
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Summary 

This paper is a continuation of a previous investigation under the same 
title. In the first paper the basin was non-rotating, but in this paper the 
inclusion of the earth’s rotation is considered. 

It was shown in the first paper that the equations of the non-rotational 
case had polynomial solutions of a relatively simple form. The poly¬ 
nomials can be classed into four types, distinguished by irrational 
coefficients. Certain properties of these functions are discussed. Corre¬ 
sponding to each given type and algebraic order, there is a finite set of 
polynomials each associated with a distinct characteristic. It is found that 
the solutions of the rotational problem are composed of all the members 
of each set of the same order belonging to types I and IV or to types II 
and III with appropriate coefficients. 

Since the number of terms is finite it is easy (at any rate for the earlier 
modes) to work out the complete solutions. The lowest modes for each 
of the combinations are completed, the basin taken having axes in the 
ratio ■$. The cotidal lines also are drawn in certain cases. 

An interesting result is that in the two lowest modes of the ordinary 
kind, the co-tidal lines are straight lines through the centre of the basin, 
one set moving in the direction of the rotation and the other moving in 
the opposite direction. 

There also appear types of motion of long period of the “ second 
class ” which reduce to steady motions when the rotation vanishes. 
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The Change in the Absorption Spectrum of Cobalt 
Chloride in Aqueous Hydrochloric Acid Solution with 
Change of Temperature 

By Owen Rhys Howell and Albert Jackson, The College of 
Technology, Manchester 

(Communicated by Eric K. Rideal, F.R.S.—Received November 14, 1935) 

Introduction 

The change in the absorption spectrum of cobalt chloride in aqueous 
solution with increasing concentration of hydrochloric acid at constant 
temperature (20° C) has already been investigated.* 

It was shown that with increasing concentration of acid up to 5N HC1, 
no blue constituent was formed. The cobalt atom, therefore, retains its 
six grouping over this range. The effect of increasing acid concentration 
is to replace two molecules of water by two atoms of chlorine: 

[Co(H 2 0) B r ► [Co(H 2 0) 4 Cl a ]. 

With further increasing concentration of acid, the blue constituent is 
rapidly produced. The relation becomes linear at 7-IN and is complete 
at 9N. The transition from red to blue, i.e., from six grouping to four 
grouping, therefore occurs in two stages:— 

[Co(H 2 0) 4 C1 2 ] - [Co(H 2 0)C1 3 ]' -> [CoClJ". 

The relative numbers of chlorine atoms to water molecules at these 
three critical concentrations of acid are in the same ratio as the numbers 
of chlorine atoms in the corresponding complexes, viz., 2:3:4. 

A phase-rule study of the system CoCl 2 —HC1—H a O shows the exis¬ 
tence of only two hydrates,f CoCl a 6H a O and CoCI a 2H 2 0, but the 
composition of the solid phase separating from solution is not necessarily 
any indication of the groupings actually present in solution. There is 
strong evidence for the existence of the complexes postulated.^ 

* Howell and Jackson, ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 587 (1933). Some 
similar measurements were made at about the same time by Job, * C.R. Acad. Sci. 
Paris,’ vol. 196, p. 181 (1933). This paper appeared after our work was completed 
and we were not aware of it until after our paper had been published. 

t Foote, ’ J. Amer. Chem. Soc.,’ vol. 45, p. 663 (1923); repeated and confirmed by 
Bassett and Croucher, * J. Chem. Soc.,’ p. 1784 (1930). 

t See also Rona, * Z. phys. Chem.,’ vol. 95, p. 62 (1920); Yajnik and Uberoy, * J. 
Amer. Chem. Soc.,’ vol. 46, p. 802 (1924). 
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The change of colour of cobalt solutions from red to blue on heating is 
well known and many observations have been made on the transformation. 
The conclusions, based on observation of the colour change by the 
unaided eye, are often entirely erroneous since, as we have shown, the 
blue constituent is over ninety times as intense as the red, so that a 
solution which appears quite blue may, in fact, be composed chiefly of the 
red constituent. Thus it will be seen from the present investigation that, 
although the transformation appears complete to the eye, it is impossible 
by change of temperature alone to convert even a fairly strongly acid 
solution of cobalt chloride from the wholly red to the wholly blue. 

The absorption spectra of four solutions containing the same con¬ 
centration of cobalt but different concentrations of hydrochloric acid 
have been measured over a wide range of temperature. Although the 
change in each solution is only partial, the four together cover the whole 
range of transformation giving a complete picture of the total change and 
confirming in remarkable detail the mechanism suggested in the previous 
investigation. 


Experimental 

Solutions —The concentration of cobalt was the same as in the previous 
investigation, viz., 12 gm per litre of CoCl 2 6H s O. Kahlbaum's pure 
salt, free from iron and nickel, was used. 

The cobalt chloride was made up with pure hydrochloric acid solution 
so that, for the first series, the whole was 4-ON with respect to HC1 thus 
yielding a solution which is known from the previous investigation to 
contain no blue constituent at 20° C. For the second series, the solution 
was 6 ON where, it is similarly known, the conversion to blue by intro¬ 
duction of the third chlorine atom into the complex has begun. For the 
third series, the solution was 6 • 5N where this conversion is more advanced. 
For the fourth series, the solution was 8 -5N where the final stage (intro¬ 
duction of the fourth atom of chlorine into the complex) is already well 
advanced at 20° C. 

Four similar solutions containing hydrochloric acid only were prepared 
for use as compensating blanks in the other beam. 

The concentrations of all the solutions were estimated by titration 
against standard sodium carbonate solution and standard silver nitrate 
solution. A check on the accuracy of all the measurements is obtained 
from the fact that the absorption spectra of these solutions at 20° C are 
identical with those of corresponding solutions in the previous investiga¬ 
tion. 
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Apparatus —Measurements of the absorption spectra were made with 
the same Hilger-Nutting spectrophotometer and readings taken every 
5 as in the previous investigation. 

The same accurately ground glass cells were also employed. They were 
first warmed in an air-oven to the working temperature, quickly filled 
with the solution which had also been attaining the same temperature 
in the thermostat, and then coated along the edges with cellulose acetate, 
which effectively prevented diffusion when the cells were subsequently 
placed in the thermostat. 

A large thermostat provided at opposite ends with windows was used 
and at each working temperature the variation was less than ±0-01°. 


Discussion 

The Principal Maxima —Typical curves showing the Bunsen extinction 
coefficient plotted against the wave-length have already been given.* 
For the wholly blue solution the curve exhibits maxima at 695 my., 
666 mu, 626 mu, and 610 mp; for the wholly red solution the maxima 
are at 520 m\x and 465 m(x; for the solutions containing both constituents 
the curves are composite showing distinctly the characteristics of the blue 
and red. 

Since the intensity of the blue form is so great compared with that of 
the red.f its absorption even at the maxima of the red form is appreciable 
even in the almost wholly red solutions. Correction for this cannot be 
applied with certainty; moreover, with increasing concentration of the 
blue form, the correction soon becomes excessively great compared with 
the total absorption of the red form. For this reason attention is con¬ 
fined to the absorption of the blue form. 

The extinction coefficient for each maximum was read from the curve. 
The values at each temperature for the two principal maxima 695 mu 
and 666 mu are given in Tables 1 to IV for the four solutions containing 
respectively 4-ON, 6-ON, 6-5N, and 8 -5N HCI. 

The values must be corrected for temperature. Apart from the change 
in constitution of the solution (with which this investigation is concerned) 
the expansion with increasing temperature results in a decreasing amount 
of cobalt in the fixed thickness of layer examined. The observed values 
must therefore be multiplied by a factor accounting foT the increase in 
volume of the solution. For this purpose the density of the solution was 

* Howell and Jackson, ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 587 (1933). 
t Howell and Jackson, loc. cit. 
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Table I— 4 ON HC1 


Extinction coefficient 


Density ^~- 

Temp. correction 695 666 


°c 

factor 

Obs 

Corr 

Obs 

Corr 

20 

1000 

0*030 

0*030 

0*028 

0*028 

30 

1 004 

0 050 

0*050 

0*050 

0*050 

40 

I 008 

0*065 

0*065 

0*065 

0*065 

50 

1012 

0*109 

0*110 

0*105 

0 106 

60 

1016 

0*243 

0*247 

0*230 

0*234 

70 

1020 

0*401 

0*409 

0*386 

0*394 

80 

1024 

0*56 

0*57 

0*55 

0*56 



Table 11—6 ON HC1 






Extinction coefficient 



Density 






✓"* 



.“""""V* 

Temp. 

correction 


695 m\L 

666 

W|A 

C 

factor 





^Obs 

Corr 

Obs 

Corr 

20 

1*000 

0*59 

0*59 

0*58 

0*58 

30 

1004 

0 71 

0-71 

0*70 

0*70 

40 

1*007 

1 *22 

1 -23 

1*20 

1 21 

50 

1*012 

2*00 

2*02 

1*98 

2*00 

60 

1 017 

3 10 

3*15 

3*05 

3*10 

65 

1*019 

3*80 

3*87 

3*75 

3*82 

70 

1*022 

4*95 

5*06 

4*82 

4*93 


Table III—6-50N HC1 


Extinction coefficient 


Temp. 

o Q 

Density 

correction 

factor 

695 mil 


666 m\i 

v 


/*”. 






Obs 

Corr 

Obs 

Corr 

15 

0*998 

1*30 

1*30 

1*30 

1*30 

20 

1*000 

1*57 

1*57 

1*50 

1 -50 

25 

1*003 

2*06 

2*07 

I *98 

1*99 

30 

1*005 

2*37 

2*38 

2*27 

2*28 

35 

1*006 

2*84 

2*86 

2*74 

2*76 

40 

1*009 

3*91 

3*93 

3*84 

3*87 

45 

1*010 

5*04 

5*09 

4*94 

4*99 

50 

1 *013 

6* 10 

6*18 

6*00 

6*08 

55 

1*016 

7*25 

7*37 

7*15 

7*26 

60 

1*018 

8*25 

8*40 

8*15 

8*30 

65 

1*021 

9*15 

9*34 

9*05 

9*24 

70 

1*024 

10*20 

10*44 

10*10 

10*34 

75 

1*027 

11*40 

11*71 

11*30 

11*61 
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Table IV—8-50N HCI 


Temp. Density 
0 C correction 

factor 


Extinction coefficient 





Obs 

Corr 

Obs 

Cor\ 

20 

1000 

16*9 

16 9 

16*0 

16*0 

30 

1*004 

19*0 

19*1 

18*2 

18*3 

40 

1010 

21*0 

21 *2 

20*2 

20*4 

45 

1*012 

21*95 

22*15 

21 *4 

21*6 

47*5 

1 *013 

21*9 

22*2 

21 *7 

22*0 

50 

I 015 

21*9 

22*2 

21*8 

22*1 

60 

1*020 

21 *9 

22*3 

21*7 

22*1 

70 

1 025 

22*0 

22*5 

21*7 

22*2 


determined at each working temperature and the correction factor is ex¬ 
pressed with that for 20° C as unity. 

The corrected values are also given in the tables and are plotted in 
fig. 1. 

It is seen that the curves for the two maxima are exactly similar in 
form, running practically parallel, exactly as they do with increasing 
concentration of hydrochloric acid at constant temperature. 

It is readily seen from the curves that, for a given concentration of acid, 
the change from red to blue is limited even for a large increase in tempera¬ 
ture. Thus with 4 ON acid even at 80° C the amount of blue constituent 
is less than one-thirtieth the possible; with 6 ON acid it is less than one- 
quarter even at 70° C and with 6 • 5N acid less than one-half at the same 
temperature. 

The four curves together cover the whole range of the transformation 
which is seen to be precisely similar to that found in the previous investi¬ 
gation with increasing concentration of hydrochloric acid at constant 
temperature. 

Thus the initial portion of the 4 ON acid curve shows the first stage— 
replacement of two molecules of water by two atoms of chlorine, the 
cobalt atom retaining its six grouping and the complex remaining red. 
The final portion of the curve shows the beginning of the second stage— 
introduction of the third atom of chlorine, the cobalt atom thus acquiring 
a four grouping and the complex becoming blue. The relative amount of 
blue constituent present even at 80° C is very small, although the solution 
appears quite blue to the eye. The previous observation of Howell* 
that with this concentration of acid the physical properties (density, 
• Howell, • J. Chem. Soc.,’ p. 162 (1929). 
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viscosity, and electrical conductivity) of the solution exhibit no dis¬ 
continuity with change of temperature is therefore fully substantiated. 

The initial portion of the 6-ON acid curve shows the continuance of the 
second stage over a wide range of temperature and the latter portion 
shows the beginning of the third stage—introduction of the fourth atom 
of chlorine into the complex. 



0 20 40 60 60 

Temperature ° C 

Fio. 1—i, 695 my. 8-5N; ii, 666 my. 8-5N; iii, 626 8-5N; iv, 610mu 8-5N; 

v, 695 mji and 666mu 6• 5N; vi, 695 m^and 666my. 6 ON; vii, 695 mpand666mp 
4-ON. 

Similarly, the curve for 6-5N acid shows the progression of these two 
stages. In the presence of a greater concentration of hydrochloric acid, 
the third stage begins at a lower temperature and the conversion proceeds 
further. It is to be noted that with a sufficient concentration of acid, 
the amount of the blue constituent is a linear function of the temperature 
at constant concentration of acid just as it is of the concentration of acid 
at constant temperature. 
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Finally, the curves for 8 -5N acid show the continuation and completion 
of the third stage. The linear portions of the curves for the 6*5N and 
8 • 5N acid solutions are parallel within the limits of experimental error, 
showing that the change proceeding is the same in both. 

As with increasing concentration of acid at constant temperature, so 
also here, the linear relation ceases abruptly and the absorption remains 
almost constant. The constant maximum value is practically the same 
as that found with increasing concentration of hydrochloric acid at con¬ 
stant temperature. This is strong indication that in both instances the final 
complex produced is the same, viz., [CoCI 4 ]". It is unlikely that another 
four grouping would have an almost identical'absorption coefficient. 

There are two very interesting facts that can be explained on the 
assumption that the absorption of the [CoClJ” complex increases 
slightly with increasing temperature. The extinction coefficient at the 
completion of the last stage by addition of acid at 20° C was 22*0; now 
by increase of temperature the change is complete at 45° C and the 
extinction coefficient is 22-2, an increase of 0-2 for an increase of 25° C. 
Similarly, at constant temperature after the completion of the linear 
portion the curve becomes parallel to the axis of acid concentration, but 
in the present instance it shows a slight rise with increasing temperature. 
The value is 22-2 at 45° C and 22 -4 at 70° C, also an increase of 0-2 for a 
further rise of 25° C. 


Table V—8-50N HC1 

Extinction coefficient 


Temp. 

Density 

^ - 

-^— 


\ 

°C 

correction 

factor 


626 m\x 


610 w[x 


<■ — 

x 

** 




Obs 

Corr 

Obs 

Corr 

20 

1*000 

100 

10*0 

6*55 

6*55 

30 

1*004 

11*6 

11*6 

7*7 

7*7 

40 

1*010 

12 9 

13*0 

8*4 

8*5 

45 

1012 

140 

14*2 

9 0 

9*1 

47-5 

1*013 

14*2 

14*4 

9*0 

9*1 

50 

1*015 

14*5 

14*7 

9*2 

9*3 

60 

1*020 

14*6 

14*9 

9*4 

9*6 

70 

1*025 

14*9 

15*3 

9*6 

9*8 


The Subsidiary Maxima —Further interesting information is obtained 
from a consideration of the other two maxima. The values of the 
extinction coefficient for the 8 5N acid solution at 626 my. and 610 my. 
are given in Table V and plotted (with the curves for all the principal 
maxima) in fig. 1. 
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It was found previously that, with increasing concentration of acid at 
constant temperature (20° C), these two curves unlike those for 695 m |x 
and 666 mu did not end abruptly in a limiting value. All four curves 
were linear up to about the same concentration of acid (9-ON), but 
whereas the 695 my and 666 W|x curves thereafter became parallel to the 
axis of acid concentration, the 626 my and 610 my curves continued to 
ascend though no longer linearly. This led to the suggestion that the 
695 my and 666 my maxima were due to the two principal valences of 
the cobalt atom and the 626 my. and 610 my. maxima to the two auxiliary 
valences, which were further influenced by continued addition of acid 
owing to depression of ionization. 

With increasing temperature and a fixed concentration of acid, how¬ 
ever, there should be no such effect. All the curves should be similar 
beyond the point where the formation of the [CoCl 4 ]" complex is com¬ 
plete. It is seen that the 626 my. and 610 my curves are linear up to the 
same temperature as the 695 my and 666 my curves, and that thereafter 
there is no further increase (apart from the temperature effect on the 
absorption also shown by the other curves). The final portions of all 
four curves are practically parallel. 

This is strong confirmatory evidence for the correctness of the view 
previously suggested. 

Summary 

The absorption spectra of four solutions containing a fixed amount of 
cobalt (12 gm of CoC1 s 6H 2 0 per litre) in 4-ON, 6-ON, 6-5N, and 8-5N 
aqueous hydrochloric acid solution, respectively, have been measured at 
a series of temperatures. 

The extinction coefficients at the maxima of the two principal bands, 
695 m y and 666 m [x, have been plotted against the temperature. 

For any given concentration of hydrochloric acid, the extent of the 
transformation from red to blue, even over a wide range of temperature, 
is small compared with the total change previously investigated by 
increasing the concentration of hydrochloric acid at constant temperature. 

The four curves together cover the whole range of the transformation 
and they are fully explained in terms of the theory previously advanced. 

The extinction coefficients at the maxima of the two auxiliary bands, 
626 my and 610 my, have been plotted against the temperature for the 
8 -5N hydrochloric acid solution in which the transformation reaches 
completion. 

It has previously been shown that with increasing concentration of 
hydrochloric acid at constant temperature, the curves for these two bands 
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continue to rise beyond the concentration at which those for the two 
principal bands have reached constancy, and this was attributed to the 
effect of depression of ionization on the two auxiliary valences. With 
a given concentration of acid the curves for the two auxiliary bands reach 
constancy at the same temperature as those for the two principal bands, 
since the degree of ionization is not greatly affected by change of tempera¬ 
ture. 


Calcium Sulphate Hemihydrate and the Anhydrites 
I—Crystallography 

By W. A. Caspari 

{Communicated by F. A. Freeth, F.R.S.—Received November 16, 1935) 

[Plate 1] 

Introduction 

An extensive literature has grown around the subject of calcium 
sulphate, embracing work, prompted not only by the technical importance 
of plaster of Paris but also by the peculiar inter-relations between the 
several forms of calcium sulphate. The dihydrated salt (gypsum, 
selenite) and the orthorhombic anhydrous salt (anhydrite) have long 
been known as common minerals and their chemical and crystallographic 
characters are well established. About the hemihydrate (plaster of Paris) 
and the active, hard-setting anhydrous modification (soluble anhydrite), 
which do not occur in nature, there is less certainty. Agreement has 
so far not been reached upon these substances as crystal species, nor yet 
upon the nature of the changes by which they pass one into another and 
into the stabler modifications. Conflicting statements are, moreover, to 
be found in the literature as to whether there are polymorphs of each 
of the above-named substances, and if so, how many. 

The Hemihydrate Crystal 

Since the substance was first isolated* in the form of prismatic crystals, 
not exhaustively examined, various authors have prepared and described 

* Johnston, ‘ Phil. Mag.,’ vol. 13, p. 325 (1838). 
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crystalline hemihydrate. This latter may be obtained either by protracted 
contact of the solid dihydrate with hot acid or saline solutions, or by 
crystallization, at temperatures well above the ordinary, out of solutions 
of calcium sulphate in moderately concentrated hydrochloric or nitric 
acid. The crystal has variously been assigned to all the known systems 
except the cubic and the tetragonal; but there is unanimity to the effect 
that it is of acicular habit and consists of six-sided prisms. The crystals 
observed appear for the most part to have been of microscopic size. 
Recently, however, Onorato* and Gallitellif have dealt with crystals 
large enough for goniometric and X-ray investigations, and to the latter, 
especially, we owe a thorough study of the crystal and its structure. 
Both authors consider the crystal to be monoclinic, the former finding 
a = 12-07 A, c — 6-40, (S = 92°, 2 = 6; the latter a = 11-94, b = 6-83, 
c — 12-70, (J = 89° 24', z -- 12. Now for the monoclinic system the 
number of molecules Z per unit cell is normally 2, 4, or 8, and such Z 
numbers as 6 and 12 could only be accounted for by somewhat improbable 
hypotheses. A re-examination of the crystal has therefore seemed 
desirable. 

For the preparation of sizable crystals the following method was found 
useful. Of aqueous nitric acid (50-60% HNO,), 300 cc are warmed on a 
water-bath, and 8-9 gr of precipitated CaSO< . 2H a O are stirred in little 
by little. When all is dissolved, the clear liquid, preferably in a conical 
flask with a loose stopper of glass wool, is kept at 80°-90° in an air-bath 
or other heating contrivance. Crystals soon form spontaneously, and 
are allowed to grow during 1-2 weeks. In addition to visible crystals, 
there is usually a crop of microcrystalline crusts, from which the former 
can be picked out after washing with alcohol and drying. 

The crystals were readily grown to diameters of 1 mm and lengths of 
5-6 mm; this ratio of length to breadth was adhered to with fair con¬ 
stancy irrespective of size. They have the forms of hexagonal prism 1010 
and obtuse rhombohedron 1012. In rare instances small developments of 
the base 0001 and of the negative primary rhombohedron 1011 were 
detected at the corners. No faces, or arrangement of faces, indicating 
hemimorphic or enantiomorphic structure were noted in a large number 
of crystals examined^ Cleavage is all but absent; a slight tendency to 
cleave along both 1010 and 1012 was, however, observed. Frequent and 
well-marked etch-figures occur on the rhombohedron faces, in the form 
of parallel striae along the shorter diagonal of the rhombohedron. Since 

* ‘ Period. Miner.,’ vol. 3, p. 135 (1933). 

t Ibid., vol. 4, p. 132 (1933). 
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these striae were commonly found on all three faces, they afford direct 
evidence of trigonal symmetry. 

Smaller crystals are readily obtained by cooling acid solutions from 
boiling to temperatures of 60° or 70°. These are from 0-01 to 0-05 mm 
thick and their length is relatively greater, namely, 20 or even 30 times the 
thickness. Among them many are found with the primary rhombo- 
hedron 1011 well developed. 

Hemihydrate crystals are stable in closed receptacles; after long ex¬ 
posure in the open, however, they become spotted with centres from which 
minute needles of CaS0 4 .2H 2 0 radiate. They showed water contents, 
by analysis, which fluctuated between 5 ■ 5 and 6 • 5%. 


X-Ray Examination 

The first step was to make sure of the symmetry class. To this end 
rotation spectrograms were first taken about the a axis of one and the same 
crystal, rotation being carried out about each of the three axes in turn. 
The resulting spectrograms were identical in every detail. Incidentally, 
the reflexion spots were in all three gathered into clear-cut layer lines 
corresponding to a definite cell dimension of 6 -82 A, so that the crystal 
cannot be an orthorhombic pseudohexagonal twin, as surmised by Linck 
and Jung,* and others. In the second place, Laue spectrograms were 
photographed through the 0001 plane, ca r e being taken to set the crystal 
truly parallel to the beam. The result is reproduced in fig. 1, Plate 1, 
where the inset hexagon shows the setting of the a axis. It will be per¬ 
ceived that the symmetry of the Laue diagram is plainly trigonal. There 
are thus three lines of evidence, inclusive of the striations upon 1012, 
for placing the hemihydrate in the trigonal symmetry system. Laue 
spectrograms through the prism’s sides showed a plane of symmetry normal 
to 1010 and a dyad axis normal to 1120. 

Rotation spectrograms were taken about the a and c axes and the aV3 
axis normal to the prism face, with the results given below. 

There are no systematic abnormal spacings (halvings). 

If the substance were a true hydrate 0aSO 4 iH 2 0, the density of the 
crystal would be calculated from the values of a and c as 2*87, which is 
not far removed from that of orthorhombic anhydrite and is conse¬ 
quently an impracticable figure. 

The true density is best arrived at by calculation from that of soluble 


* ' Z. anorg. Chem.,’ vol. 137, p. 413 (1924). 



44 



W. A. Caspari 



a =■ 6*82 A; C-6-24A 



Reflexions observed 


Rotation axis a 

Rotation axis a v 3 

Rotation axis c 

OllOm 

1120 s 

1010 m 

0220 s 

2020 w 

1120 m 

0112 m 

1122 vw 

2020 s 

0222 w . 

3030 w 

1230 w 

0331 vw 

1010 m 

1340 m 

1010 m 

1012 m 

4040 m 

1120 m 

1230 w 

1121 w 

1012 m 

1120 s 

2021 w 

1231 vw 

1121 w 

1231 m 

1232 w 

1122 vw 

3031 w 

2021 s 

2021 m 

1012 s 

2131 w 

1231 w 

1122 w 

2132 w 


1232 s 

2240 vw 


3032 m 

3030 m 


2024 m 

3031 w 




m, moderate; s, strong; w, weak; vw, very weak. 


anhydrite, namely, 2 • 70 (see below), assuming that of adsorbed water to 
be unity, thus; 

rf _ (136-1 x 2-70) + 9 _ ? ,^ 

145 I 

Densities given in the literature fluctuate considerably above and below 
this value. Each (hexagonal) unit cell contains three molecules of CaSO*, 
or six lattice units. 

To determine the space-group, it was necessary to decide whether the 
lattice is hexagonal or rhombohedral. In crystals of marked acicular 
habit, a rhombohedral lattice is improbable. Applying Wyckoff’s* cri¬ 
terion to the indices of planes appearing in the above list, we further 
note that most of them are such that k — h 4- / is not divisible by 3. 
The lattice may therefore be taken as hexagonal. The general symmetry 
of the crystal being that of the calcite class (rhombohedral holohedry) and 
halvings in the pyramid zones being absent, the space-group will then be 
either D|„ or DjJ d . 

For a hexagonal unit cell of 3 molecules of CaS0 4 , the arrangement 
of the Ca ++ and S0 4 ions follows from the known dimensions of these 
ions. By analogy with mineral anhydrite, of which the structure is 
known,t Ca may be placed in equidistant alternation with SO* along the 

* ‘ Z. Kristallog.,’ vol. 63, p. 507 (1926). 
t Dickson and Binks, * Phil. Mag.,’ vol. 2, p. 992 (1926). 
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c axis. The cell cannot be face-centred, for in that case two S0 4 ions 
would have to stand in identical orientation upon lOlO at a distance of 
6-82 x \ — 3-4 A. With the accepted configuration of S0 4 ~ as a 
tetrahedron with atoms of 2 • 5 A diameter around a S atom of approxi- 




Fio. 2— (a) Projection upon 0001; (b) projection upon 0001 (i); (c) projection upon 

0001 (i). 

mately 0 6 A diameter, the minimum distance between ion centres would 
be 2-5(1 -f J tan 34° 44') = 4-26 A. 

In view of the large space taken up by S0 4 ~ the only possible packing 
scheme is found to be that shown in fig. 2, a, b, and c, according to which 
like ions in the body of the cell are stepped up along the c axis at distances 
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of 1/3 c. and 2/3 c. In the figures, the atomic domains are shown pro¬ 
jected upon these several heights of the 0001 plane; the large circles 
represent sulphate oxygen atoms, of which groups of four are packed 
tetrahedrally around sulphur atoms not shown. Calcium ions are drawn 
as shaded circles; for their diameter the rounded value of 2 -1 A has been 
taken. The structure here proposed provides the requisite axial sym¬ 
metry of the cell and gives a high reticular density to the important 10l2 
rhombohedron, on which alternate rows of Ca and S0 4 are arranged in 
nearly equilateral triangles, distance between like ions 4-47 A, between 
unlike 4 08 A. This arrangement agrees with the observed etch-figures 
upon that face. 

There remains the disposal of the combined water. A unit cell con¬ 
taining three CaS0 4 molecules will not suit a definite hydrate of the com¬ 
position CaS0 4 iH 2 0. In recent years, however, evidence has been 
accumulating* that the water contained in hemihydrate is held by ad¬ 
sorption, in the same way as that of the crystalline zeolites; no definite 
positions for H 2 0 molecules need therefore be expected in the lattice. 
If in the unit cell of fig. 2 the various atomic domains be regarded as 
approximately spherical, It becomes evident that empty spaces lie around 
the Ca ++ ions, even though the structure is well braced together by con¬ 
tacts between O atoms, and these spaces form continuous channels of 
uneven width and tortuous course. Assuming spherical atomic domains 
throughout, the lacunae would hardly be wide enough to admit water 
molecules of 2 • 8 A diameter; but this assumption is certainly no more than 
an approximation. Thus the channels in question provide a kind of 
micro-porosity similar to that of hydrated gels, whereby the adsorption 
equilibria of hemihydrate with water vapour may be explained. 


Soluble Anhydrite 

Under this name the product of the dehydration of calcium sulphate 
hemihydrate by heat or by exsiccation in vacuo has been distinguished 
from orthorhombic natural anhydrite, from which it differs in reacting 
promptly with water or water vapour with regeneration of the hemi¬ 
hydrate. The substance has hitherto been known only in finely divided 
form. It is never quite anhydrous, f 

• Linck and Jung, ‘ Z. anorg. Chem.,’ vol. 137, p. 413 (1924); Gibson and Holt, 
‘ J. Chem. Soc.,’ p.618 (1933). 

t Linck and Jung, ‘ Z. anorg. Chem.,’ vol. 137, p. 413 (1924); Balarew, * Kolloid 
Z.,’ vol. 48, p. 62 (1929). 
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When transparent crystals of hemihydrate, prepared as above, are 
placed in an exsiccator over concentrated sulphuric acid, or when they 
are heated to 130°, they yield pseudomorphs consisting of almost an¬ 
hydrous CaS0 4 . The larger crystals become white and opaque, without 
much loss of mechanical strength; loss of transparency only sets in 
when about 2% of water have gone out and about 4% remain. Small 
crystals, especially those of 0 05 mm thickness and under, remain per¬ 
fectly transparent, but show slight fissures here and there along 1012 and 
1010 . The appearance of crystals before and after dehydration is shown 
in figs. 3 and 4, Plate 1. On exposure to moist air, these pseudomorphs 
adsorb water up to hemihydrate composition within a few hours; the 
small ones remain transparent as before, the larger ones, however, do not 
regain transparency, but have the same appearance as when anhydrous. 
Microscopic examination of these larger crystals shows that their opacity 
is caused by innumerable fissures along 1010 and 1012; for this reason 
the crystal cannot regain transparency when rehydrated. 

X-ray rotation spectrograms of the opaque anhydrous pseudomorph 
were taken about the a and c axes with precautions against rehydration. 
The resulting spectrograms were in every way identical with those of the 
original hemihydrate. If there are any differences between the spacings 
of the hydrated and dehydrated crystal planes, they fall within the limit 
of error of the X-ray method employed, namely, about 0-5%. This 
result agrees with the observations on the powder-spectrograms of the 
respective substances made by Feitknecht* and others. It is noteworthy 
that no sign of rings appeared in the rotation photographs; hence the 
opacity of the pseudomorph is not caused by any disorientation of frag¬ 
ments within the crystal. 

The conclusion is that there is no difference between hemihydrate and 
soluble anhydrite, regarded as crystal species. The passage of adsorbed 
water from the former (about 6-0% H a O) to the latter (0-4% of water 
and under) and vice versa proceeds without any change in the lattice. 
Soluble anhydrite is a crystal of the trigonal (rhombohedral) system, 
a =s 6 • 82 A, c — 6 • 24 A. By calculation, the density of soluble anhydrite 
is found to be 2*70, 

Attempts were made to produce the crystal directly from hot saturated 
solutions of CaS0 4 in concentrated sulphuric acid, with appropriate 
seeding. Although the bisulphate CaS0 4 . H 8 S0 4 is the stable solid 
phase, soluble anhydrite might conceivably separate out metastably. 
No crystal other than the bisulphate was, however, obtained. 

* ‘ Helv. Chim. Acta,' vol. 14, p. 85 (1931). 
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It has been claimed* that two forms of soluble anhydrite exist, pro¬ 
duced by the dehydration of hemihydrate and dihydrate respectively. 
Differences in behaviour towards water and water vapour may un¬ 
doubtedly be shown by essentially one and the same modification of 
calcium sulphate when it is present in different forms of subdivision; 
but there remains the question whether these anhydrites are distinct 
crystal species. X-ray powder spectrograms were therefore taken of 
anhydrites prepared as follows: 

(1) by dehydration of microcrystalline hemihydrate in vacuo over 
phosphorus pentoxide; (2) by dehydration of the same in dry 
air at 150°; (3) by dehydration of precipitated microcrystalline 
CaS0 4 .2H 2 0 over phosphorus pentoxide; (4) by dehydration of 
fully hydrated plaster of Paris in dry air at 120°. 

The spectra so obtained were all alike and all identical with that of 
hemihydrate. Moreover, since the lines of this spectrum are easily 
distinguishable in spacing and intensity from that of orthorhombic an¬ 
hydrite, it could be observed that none of the latter, or not enough to 
affect the spectrogram, had been formed during dehydration. 

It appears, therefore, that the crystalline substance constituting soluble 
anhydrite is always the same, regardless of the method of preparation. 

The author wishes to thank Imperial Chemical Industries, Ltd., for 
permission to publish the results of this work, which was carried out at 
University College, London. 

Summary 

The preparation, properties, and morphology of single crystals of 
calcium sulphate hemihydrate are described. X-ray analysis of the crystal 
gives the probable (trigonal) space-group and arrangement of ions in 
the lattice. The structure so formed leaves channels between Ca ++ and 
C0 3 ~ ions, along which H 2 0 molecules can circulate. 

Dehydration of calcium sulphate hemihydrate under conditions short 
of conversion into anhydrite causes slight mechanical changes in the crystal 
but leaves the lattice unaltered. It is shown by X-ray spectrography that 
the dihydrate (gypsum) and hemihydrate yield the same substance under 
the above conditions, and it is concluded that there is only one crystal 
species intermediate between anhydrite and dihydrate. 

* Chassevent, ‘ C.R. Acad. Sci. Paris,’ vol. 194, p. 786 (1932); Balarew, ‘Kolloid 
Z.,’ vol. 48, p. 65 (1928). 



Caspari 


Proc. Roy. Soc., A, vol. 155 , Plate 1 



l Ui. ILaue diagram through 01)01. 



^ IG * 3—Hemihydratc by transmitted light. Fig. 4 -Soluble anhydrite by transmitted light. 


{Fnein<j p. -is ) 







49 


On Magnetic and Electrostatic Energy 

By E. A. Guggenheim, M.A. 

{Communicated by C. G. Darwin, F.R.S.—Received November 25, 1935) 

1—Introduction 

The present paper is preliminary to another dealing with the thermo* 
dynamics of magnetization. The treatment of magnetic energy in most 
of the standard text-books is unsatisfactory, because the relations de- 
ducible directly from Maxwell’s equations are inextricably mixed up 
with the assumption that the ratio of the magnetic induction B to the 
magnetic field intensity H is a constant. In order to extend the dynamical 
treatment of magnetic energy to a thermodynamic treatment which 
takes account of temperature and pressure variations it is essential not 
to assume that the ratio B/H is a constant. For even supposing that 
B/H may be assumed constant in the electrodynamic treatment, this 
merely means that its value is independent of B and H, but it will usually 
not be independent of temperature and pressure. Suppose, for instance, 
that for isothermal variations the ratio B/H remains constant, then for 
adiabatic variations it will usually not remain constant. Similarly if 
B/H is constant at constant pressure, it will not be constant at constant 
volume. In order to deduce the accurate thermodynamic relations, it is 
therefore essential to be clear about the electrodynamic formulae for 
magnetic energy for the general case that B is any single valued continuous 
function of H. Such formulae will be applicable not only to diamagnetic 
and paramagnetic substances but also to ferromagnetic substances and 
even permanent magnets provided we exclude hysteresis. The treat¬ 
ment presented here is an elaboration of that of Cohn.* Some of the 
errors made by other authors are discussed in a later section. 

2—Notation 

Our notation agrees, so far as possible, with that of the S.U.N. Com- 
mitteef and with that of Cohn. * In particular we leave open the question 
whether e 0 and |x 0 are identically equal to unity. The most important 
symbols used are the following :■— 

E, intensity of electric field; 

B, magnetic induction; 

* “ Das Elektromagnetische Feld ” (1927); “ Handb. der Physik,” Hertz, 
t Reports on “ Symbols, Units, and Nomenclature,” * Phys. Soc.’ (1935). 
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D, electric displacement; 

H, intensity of magnetic field; 
e, dielectric coefficient; 
e 0 , dielectric coefficient of empty space; 
jx, magnetic permeability; 

[a 0 , magnetic permeability of empty space; 

р, electric charge density; 

<(/, electric potential; 

I, electric current density; 

A, magnetic vector potential; 

Q, electric charge on conductor; 
i, electric current in linear circuit; 

M, intensity of permanent magnetization; 

4>, total magnetic flux threading circuit; 

e, electric charge that has flowed through circuit since zero time; 
t, time; 

с, universal electromagnetic constant, (velocity of light in empty space 

is c-Vh (x 0 ); 

x, generalized coordinate; 
p x , generalized momentum; 

X, generalized force; 

W, energy; 

Hamiltonian function; 

//, Lagrangian function; 
dW, element of volume. 

We use the same symbols such as E, D, B, H, to denote vectors and the 
magnitudes of vectors. When two of these symbols are in juxtaposition 
the scalar product is denoted. Usually the two vectors in question are 
parallel, so that the scalar product is equal to the product of the magnitudes 
of the two vectors. 

3—Fundamental Electromagnetic Formulae 
We shall commence by assuming Maxwell’s equations in the form 

(3.1) 

(3.2) 
(3 3) 

(3.4) 


div D 
div B 


4rep 

0 


ap 

Bt 


+ 4tcI — c curl H 


SB 

Bt 


c curl E. 
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The electric potential and the magnetic vector potential obey the relations 

E - - grad <|« - A (3.5) 

B — curl A. (3.6) 

The dielectric coefficient e of an isotropic medium is defined by 

D — eE. (3.7) 

We shall assume that c is a single-valued continuous function of E, but 
we shall not assume that its value is independent of E. We therefore 
prefer not to call it a dielectric constant. We define the permeability of 
an isotropic medium by the relation 

B = 4*M + |xH, (3.8) 

and make no assumption as to how jx may depend on B or H. This 

includes as special cases 


(1) M = 0, (x — f^o 

(2) M — 0, |x |x 0 , (x independent 

of H 

(3) M = 0, |x > (x 0 , (x independent 

of H 

(4) M — 0, (x > (x 0 , {x dependent 
on H 

(5) M > 0 

(6) M > 0, g — jx 0 


Empty space. 

Diamagnetic substance at ordinary 
field strengths. 

Paramagnetic substance. 

Ferromagnetic substance without 
permanent magnetism. 

Permanently magnetized substance. 

Rigid magnet with no induced 
magnetism. 


In general e and |x will be tensors, but for isotropic substances they may 
be treated as scalars. 


4—System of Fixed Configuration 

We commence by considering a system of fixed configuration. We 
multiply (3.3) by E/4n. d\ and (3.4) by H/4n. dV, add and integrate 
over the whole volume of the system. Assuming that the field vanishes 
at the boundary of the system, we obtain 

if" E ® + J WE,+ cf' VH "-«■ 


e a 


(4.1) 
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or multiplying throughout by St 

i- j dW E 8D + j d\ El St + £ pV H SB - 0. (4.2) 

Now consider a cylindrical element of volume of length 81 parallel to 
the current density and so also to the electric field and of cross-section 
8A perpendicular to the electric field. Then, according to the definition 
of the current density I, the quantity of electricity flowing through this 
cylinder in the time S t is I SA . 8t. But the force acting on unit electric 
charge in the direction of its motion is the component of E in this direction, 
since the magnetic force is always at right angles to its motion. More¬ 
over the difference of electric potential between the two ends of the 
elementary cylinder is E 81. Hence the work done in the time S t on the 
electricity while it is actually passing through this cylinder is I SA . St. E 81 
or El SV . 8/, where SV is the volume of the element. 

It follows that the work done by the whole system in the time 8t is 

just equal to the second term | dS El 8t in (4.2). By the principle of the 

conservation of energy this work must be done at the expense of the 
energy of the system. We may therefore regard the variation 8W of 
the energy of a system of fixed configuration as being of the form 

SW - SW f + 8W m , (4.3) 

where 

m e = -L j dV E SD (4.4) 

SWm-^frfVHSB. (4.5) 

Now for each portion of the system, whether matter or empty space, 
as long as hysteresis is excluded E and D are each single valued functions 
of the other. The value of SW, is therefore completely determined by 
the value and variation of E (or alternatively of D) at each point and is 
thus purely electric. We therefore refer to SW,. as the increase of the 
electric energy of the system. Similarly, if we exclude hysteresis, B and 
H are single valued functions of each other. The value of SW OT is there¬ 
fore completely determined by the value and variation of B (or alter¬ 
natively H) at each point and is thus purely magnetic. We accordingly 
refer to 8W m as the increase of the magnetic energy of the system. 

These formulae are of course familiar. We wish, however, to emphasize 
that the only assumption made concerning the relationship between H 
and B is that each should be a single valued continuous function of the 
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other. A similar remark applies to D and E. Numerous other formulae 
are known which are equivalent to those given here under the special 
conditions that D/E and B/H are constants. These formulae may not 
be used when these conditions are not fulfilled and it is therefore important 
to select formulae that are independent of these restrictions. 

In the expression j dV El for the rate at which work is done by the 

system the integrand El will differ from zero only in parts of the system 
where both E and I differ from zero, that is in conductors through which 
currents are flowing. Let us first consider the case that in a certain 
element of volume dV the current density I has a steady value. Then the 

contribution El dV of this element to the expression j dV El for the total 

work done by the system is exactly equal to the Joule heat generated in 
this element. We may therefore consider the whole of the work done by 
this element as being used to generate its own Joule heat. Now, in each 
element of volume, when E has a steady value, E is a single valued function 
of I. If we define the specific resistance a for each portion of matter by 
the relation 

E — crl for steady value of I, (4.6) 

then the rate of production of Joule heat per unit volume is crl 2 . Let 
us now consider the case that 1 is varying. The rate of production of 

Joule heat is still <rl 2 per unit volume or j" d\ crl 2 for the whole system. 
The rate at which useful work (such as charging a battery) is done by the 
whole system is equal to j dV (E — <rl) I. We thus have the following 
energy balance for the time interval Sr: 

increase of electric energy SW t — ^ j dW E 8D, 

increase of magnetic energy 8W m = ^ j dV H SB, 

Joule heat j d\ aP Sr, 

useful work done by the system j d\ (E — <il) I Sr. 

According to formula (4.2) we see that the sum of these four quantities 
is zero. 

It might be supposed that in discussing the magnetic energy due to 
electric currents it would be a simplification to imagine all the conductors 
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to have negligibly small resistance, since the Joule effect would then be 
negligible. But this is not the case because of the difficulty of producing 
variations of current at constant configuration in a system without elec¬ 
trical resistance. This difficulty can be overcome by the following 
device. We suppose the circuits of the system to be fed by batteries 
connected to the system by pairs of thin wires running close together, 
so that the two wires of each pair carry the cufrent in opposite directions. 
The contribution of the currents in these connecting wires to the magnetic 
energy will then be negligible. If the specific resistance of each pair of 
connecting wires is very low at some one point effectively outside the 
magnetic field, then the boundary of the system can be placed so as to 
cut the wires at these points and so the condition that E and B vanish at the 
boundary will be effectively satisfied. If moreover other parts of the 
connecting wires also outside the system are of high resistance, then these 
parts can be used as variable resistances by altering the length of wire 
through which the current flows. In a steady state the battery supplies 
just enough energy for the Joule heat. When the resistance in series with 
a battery is altered the currents in the system become altered and so does 
the Joule heat. The rate of flow of energy into the system from the 
battery is altered to correspond exactly to the change in the rate of pro¬ 
duction of Joule heat. Superposed on this there will be a flow of energy 
during the time the currents are being altered. It is this energy which is 
represented by the variation 8W ra of the magnetic energy of the system. 
To sum up, we require a Joule effect in order to provide a convenient 
mechanism for varying the currents, but the energy changes of the Joule 
effect simply superpose on the magnetic energy changes. We therefore 
obtain formulae for magnetic energy which are independent of the 
specific resistance. In particular they are applicable in the limiting case 
of zero resistance throughout all the conductors inside the system. At a 
later stage we shall apply our formulae to such a system. 


5—System of Variable Configuration 

If we now allow variations in the configuration of the system, we shall 
prove that the total energy W of the system can be regarded as the sum 
of three terms 

W » W 0 + W, + W m . (5.1) 

The first term W 0 depends only on the configuration and state of motion 
of the various parts of the system, but is independent of its electric and 
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magnetic state. The second term W, represents the electric energy of 
the system and is given by 

W, = ~ j* d\ [”e dD, (5.2) 

the first integration being over the whole volume of the system and the 
second being evaluated for varying electric field at constant configuration 
of the system. In the standard state corresponding to zero value of W, 
there is no electric field, E and D vanishing everywhere. The third 
term W m represents the magnetic energy of the system and is given 
similarly by 

W w = 1 f dW (“h</B, (5.3) 

the first integration being over the whole volume of the system, and 
the second being evaluated for varying magnetic induction at constant 
configuration of the system. In the absence of permanent magnets the 
standard state corresponding to zero value of W m is a state in which B 
and H vanish everywhere. If there are permanent magnets present then 
it is not possible for B and H simultaneously to vanish everywhere. If, 
however, each permanent magnet is surrounded by suitable circuits it is 
theoretically possible for currents to flow in these circuits such that 
magnetic induction due to them is everywhere equal and opposite to the 
magnetic induction due to the permanent magnetization. If these are 
the only currents flowing, then B will be zero everywhere and this state 
will be the standard state of zero value of W m . In this standard state H 
will not be zero everywhere, but will be given by 

B *= 4itM + uH - 0 (5.4) 

or 

H = — 47tM,>. (5.5) 

But H will indeed be zero everywhere except inside the permanent magnets 
and so in the standard state corresponding to 

W„ = 0 B - 0 H « - 4»M/m (5.6) 

there will be no work of magnetic origin done in moving any of the 
circuits or magnetic matter, provided only that the current circuits used 
to neutralize the induction due to the several permanent magnets are 
rigidly attached to their respective permanent magnets. The one weak¬ 
ness of Cohn’s treatment is his inadequate discussion of this state of 
zero W m . 
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Consider now any variations of the system including variations of con¬ 
figuration as well as variations of charge and current. Then by the 
principle of conservation of energy the change of energy must be equal 
to the sum of the changes of energy in the following three processes : 

(1) At constant configuration reduce D and B everywhere to zero. 

(2) Perform the required variations of configuration. 

(3) Increase D and B from zero to the desired final values. 

We use the superscript 1 to denote the initial state and 11 to denote the 
final state and we use the operator A to denote the increase of a function 
in a finite process. Then according to the formulae of §4 we have: 

for step 1 AW — — W,i - W mt , (5.7) 

for step 3 AW — W » + W„n (5.8) 

According to the definitions and discussion just given of the standard 
state, AW for step 2 will be of the form 

AW - W 0 » - W 0 i, (5.9) 

where W 0 i and W n n are completely determined by the configurations of 
states I and II respectively. 

Hence for the whole variation, we obtain by summation 

W« - Wi = (W 0 n + W n + W.«) - (W 0 i + W,i + W m i), (5.10) 

and as this relation must hold for the most general variation we have 
justified formula (5.1). 

By choosing the states 1 and 11 differing only infinitesimally from each 
other we obtain the following proposition. For any infinitesimal varia¬ 
tion of the system, including variations of configuration, the increase 
8W of the energy is of the form 

8W = 8W 0 + <$W, + m„, (5.11) 

where W, and W m are defined by (5.2) and (5.3) respectively. To avoid 
any confusion we would emphasize that the integrals in (5.2) and (5.3) 
are each to be evaluated at constant configuration, but (5.11) is applicable 
for varying configuration. 

It is, of course, permissible to add any arbitrary constants to the values 
of W f and W ffl , since it is only variations of W e and W m that are important. 
In other words, the choice of states of zero W, and W m is arbitrary. 
According to our choice, variations of configuration in states of zero W e 
and W w will involve no work of electromagnetic origin. According to 
any other convention this would not be true. 
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6—Energy of Electrostatic System 

By an electrostatic system is meant one in which B, H and I are every¬ 
where negligibly small. They cannot be absolutely zero if we admit varia¬ 
tions of position of charged conductors. But by restricting all such 
displacements to be very slow we can satisfy the required conditions. 
Maxwell’s equations then reduce to, 

div D = 4-rcp, (6.1) 

curl E == 0, (6.2) 

and it follows that 

E = - grad <J». (6.3) 


If we now substitute (6.3) into (5.2), integrate by parts and use (6.1) 
we obtain 

W, = - J- j>V j” grad ^ dD 


dD 


- — [d\ f 4/div, 

4tcJ Jo 

i r rdiv l) 

= J_jr/vj 4* d div D 

=---- f dV I" dp. 

J Jo 


(6.4) 


If the free electric charges are all on the surfaces of conductors p is zero 
except at these surfaces where p becomes infinite, but in such a manner 

that (p d\ remains finite. We can then write (6.4) in the alternative 


form 



(6.5) 


where denotes the electrostatic potential of the conductor r. All the 
integrals are to be evaluated at constant configuration. 

These formulae are, of course, all familiar, but we wish to emphasize 
that they are independent of any assumed relation between D and E. If 
e is not a constant, as might well happen for very intense fields (saturation 
effect) or for varying temperatures, it is no longer true that the. <Jv can 
be expressed as linear functions of the Q r and then 

2*4vQ,- 

r 

Formula (6.5) is however always valid. 


( 6 . 6 ) 
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7—Equations of Motion of Electrostatic System 

We suppose the configuration of a system of conductors and dielectric 
matter to be definable by a number of generalized coordinates x. We 
denote the corresponding generalized forces by X and conjugate momenta 
by p m . Since in an electrostatic system all the charges are at rest the 
electrostatic energy W, is potential and so the Lagrangian function !£' is 
of the form 


!£ = </ 0 ~ W„ 


(7.1) 


where denotes the value of '■£ for the same configuration and velocities 
but at zero electric charges. Substituting the value of W, from (6.5), 
we have r «, 

V' ~ U’o (x, x) - S (Q, x) dQ„ (7.2) 

r Jo 

where is a function of all the Q and all the x and the integral is to be 
evaluated at constant x. The momentum p x is defined by 


dx 


d£" 

f'x 


(7.3) 


The Lagrangian equations of motion become 


dPx 

dt 


d£ 

dx 

ox 


^sf% r (Q t x)dQ r (7.4) 


The generalized force X is therefore of the form 

_a_ 

?x 


X = X,-lj:j%,(Q,x)</Q r , 


(7.5) 


where X 0 is the value of X for the uncharged system in the same con¬ 
figuration. 

The corresponding formula for the Hamiltonian function M is 
JT = JT 0 (x, pj + S () r (Q, x) dQ r> 

r Jo 

where JT 0 7 = 2 xp x — £«,. 

The Hamiltonian equations of motion are 

0 (7.8) 


(7.6) 

(7.7) 


dx 

dt 


dt 


dx 


gJT 0 

dQ, 

d Pm 

dt 

dm* 

— £ 

dx 

SX r 
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The latter is equivalent to (7.4) and leads to (7.5) for the generalized 
force X. 

There is nothing new in these equations. They are quoted for com¬ 
parison and contrast with the analogous equations for a magnetic system. 
All these formulae are valid even when D/E is not a constant for each 
portion of dielectric. 


8—Energy of Stationary Magnetic System 

If p and cDlvt are effectively zero everywhere we have a stationary 
magnetic system and Maxwell’s equations reduce to 


div B = 0 (8.1) 

4wl = c curl H (8.2) 

— - — c curl E. (8.3) 


If we now substitute (3.6) into (5.3), integrate by parts and use (8.2), 
we obtain 


1 r rtuirl A 

w - = s;W„ HrfcurlA 

- i- j dW j A H curl dA 
= —1 dV j* curl H dA 


(8.4) 


If the currents all flow in linear conductors I is zero except in these 

conductors where I becomes infinite in such a manner that j I d\ remains 

finite. Denoting by i, the current flowing in the conductor s and by /, 
an element of length in the circuit we can then write (8.4) in the form 


W m --= j</A, (8.5) 

where <£ denotes integration round the circuit. According to Stokes’s 
theorem 


<f> A . d\, «= <I>„ 


( 8 . 6 ) 
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where O, denotes the total magnetic flux threading the circuit s. Using 
(8.6) and the fact that /, is a constant over the circuit we can transform 
(8.5) to 

W m — E f' (• d<t>„ (8.7) 

where denotes the total magnetic flux threading the circuit s the 
integral to be evaluated at constant configuration of all circuits and all 
magnetic matter. 

We wish to emphasize that these formulae are independent of any 
assumed relation between H and B. They are valid in the presence of 
ferromagnetic matter and even permanent magnets. Under such con¬ 
ditions the d> 4 will not be linear functions of the i, and then 

( 8 . 8 ) 

* c 

Formula (8.7) is, however, always valid. 


9—Equations of Motion of Closed Magnetic System 

We shall consider a system of linear conductors and magnetic matter 
including ferromagnetic substances and permanent magnets but excluding 
hysteresis. Denoting by e, the quantity of electricity that has flowed 
through a circuit s since the time zero, we have 


or 




(9.1) 

(9.2) 


We may treat e, as a generalized coordinate and i, as the corresponding 
generalized velocity. The conjugate generalized momentum is <b,/c; we 
shall assume this and verify that the assumption leads to correct results. 
We further denote geometrical generalized coordinates by x, the corre¬ 
sponding generalized forces by X, and the conjugate momenta by p € . 

For the sake of simplicity we shall from now onwards treat the con¬ 
ductors as having zero resistance. No batteries are then required to 
maintain the currents and each circuit can be insulated and at constant 
electric potential. The middle term in (4.1) is then zero. There is then 
no energy exchange between the system and the.surroundings. Such a 
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system may be described as a “ closed system without resistance The 
Hamiltonian function .W will then be of the form 

X - (x, pj + £ f* d 0>,, (9.3) 

• Jo C 


where Jf 0 denotes the value of JJ?, for the given geometrical configuration 
and motion the only currents being just those required to neutralize 
the magnetic induction due to the permanent magnets. Each i, is to 
be regarded as a function of all the 4> and x. Each integral is to be 
evaluated at constant configuration. The Hamiltonian equations give 


dx _ 9.y 0 
dt ~~ dp , 


dP« 

dt 


0 _ JL £ P* i — d <!>, 

dx dx • Jo c 8 


de, _ dX • 
dt d<t>, ' ‘ 

d<&, _dX Q 
dt ” de. ~ ’ 


(9.4) 

(9.5) 

(9.6) 

(9.7) 


Of these (9.4) is the usual relation between velocity and momentum for a 
mechanical system. (9.6) is an identity confirming the correctness of 
our assumption that <D,/c is the conjugate momentum of <?,. (9.7) gives 

the general law of induction in linear currents for any displacement of 
either circuits or permanent magnets or magnetic matter in a closed 
system without resistance. Finally (9.5) tells us that the generalized 
force X is of the form 


X-X 0 - 


d_ s p« l,(Q, x) 
dx $ Ju c 


dO., 


(9.8) 


where X 0 is the value of X for the given configuration when the magnetic 
induction is everywhere zero and the integral is evaluated at constant x. 
The Lagrangian Zt’ is defined by 

Zxp x + X. (9.9) 

« c 

By comparison with (9.3) we obtain 

se « <£o (x, x) + L f* Mil di ,, (9.10) 

where JS? # is the value of !£ for the given configuration and motion when 
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d>, is zero for every circuit. In the absence of any permanent magnets, 
this state is also one of zero /, in each circuit; but, if there are permanent 
magnets in the system, then the state described by zero requires the 
presence of such currents as will neutralize exactly the induction due to 
the permanent magnets. From (9.10) we see that 

(9.11) 

K c 

which again verifies that 0,/c is the generalized momentum conjugate 
to e, and corresponding to the generalized velocity i,. The Lagrangian 
equations of motion are 


dt dx dx * , 


di 


(9.12) 


(9.13) 


The latter formula is the same as (9.7) and gives the general law of induc¬ 
tion for a closed system without resistance. The former tells us that the 
generalized force X is of the form 


X = X 0 ~f-*Sp ^LUdi,, 

OX ii J (ji^ „« (i t 


(9-14) 


where the integral is to be evaluated at constant x. The equivalence of 
(9.14) and (9.8) may be demonstrated as follows. Remembering that the 
integrations are to be performed at constant x, we have: 

i- s Md3a. = s [" I s, 

ox , c . °x 

_ 2 r*i ^.(u) 

» Jo C dx 
tt Jo C CX 

= — J-S P -) d 4>, 

ox, J,, c 


thus establishing the equivalence of (9.14) and (9.8). 
If we write symbolically 

M « 

# = + S£ m 


(9.16) 

(9.17) 
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the magnetic terms M" m and U m are given by 


i! 

S 

j 

J d<t>, 

(9.18) 

* J 

io C 

= S 

r f di *' 

(9.19) 

a , 



By using Stokes’s theorem as in § 8 we can obtain the equations 



(9.20) 

=■• ~ f dv r B <m. 

4ttJ J ~ 4 rrM /m 

(9.21) 


These should be contrasted with the corresponding formulae for an electro¬ 
static system 

- - W, = JL f dS (" E dD. (9.22) 

4it J J o 

The lack of complete analogy is a natural consequence of the fact that 
magnetic energy is kinetic whereas electrostatic energy is potential. 

The law of induction (9.7) or (9.13) can be obtained only by using the 
correct formulae for jfif t and If, however, it is required to derive 
only the mechanical law (9.8) or (9.14) this can be obtained by fictitiously 
treating the magnetic energy as potential if we replace U ' m by <£’ m where 

•tf'm “ - Wm = - ^ f d\ [' H dB. (9.23) 

We wish to emphasize that in general 

% <r m * - (9.24) 

contrary to the statement of Livens.* 


10—Equilibrium Condition of Electric Charges 

It is stated in numerous text-books that in a system of fixed electric 
conductors the charges distribute themselves over the conductors in such 
a manner that the electrostatic energy becomes a minimum if the con¬ 
ductors are insulated and a maximum if the conductors are kept at 
constant potentials. We shall investigate this paradoxical statement and 


* ‘ Proc. Roy. Soc.,’ A, vol. 93, p. 26 (1917). 
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shall find that it is not entirely accurate. According to the principle of 
virtual work the general condition for the stable equilibrium of any 
isolated system is that its potential energy should be a minimum. The 
corresponding condition for the stable equilibrium of a system that is 
not isolated is that the sum of the potential energy of the system and 
the work done on the system by external agencies should be a mini¬ 
mum. If this principle be applied to a system of fixed insulated conductors 
we obtain the condition that for constant Q r the value of the electro¬ 
static energy must be a minimum. For a system of fixed conductors 
kept at constant potentials the principle of virtual work leads to the 
condition that for constant it is W, — S Q r that must be a minimum, 

f 

where W, is the electrostatic energy of the conductors. Alternatively 
we may state the condition in the form that for constant 4v the value of 
S 4v Q r - W, must be a maximum. For brevity let us write 

W*ES * r Qr-W e . (10.1) 

f 

According to (5.2) and (6.5) we have 

w e = s ( Qr MQ, 

r Jo 

< 10 - 2 > 

By substituting (10.2) into (10.1) and integrating by parts we obtain the 
corresponding formulae for W + : 

W* — 2 f r Q r d <J/ r 
r Jo 

It is to be noted that in general 

W* * W,. (10.4). 

In fact, by comparison of (10.2) and (10.3) we find 

w . - w, = JL j d\ f ‘ (E dD - D dE) 

-if«r i) 

J Je«o,d-o 
J -'e-O, D-0 


( 10 . 6 ). 
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which shows that is not generally equal to W, but only in the special 
case that c is independent of E. The fact that in practice e usually is 
independent of E has led to the name electrostatic energy being assigned 
to both W, and W*. Strictly this name should be reserved for W f . 


11—Energy of Magnets in Absence of Currents 

We shall now show that our general formula (5.3) for magnetic energy 
agrees with certain more familiar, but more specialized formulae for 
magnets in the absence of currents. We shall now restrict ourselves to 
the case that (i. is constant, that is to say independent of B, in each piece 
of matter. We then have according to (5.3) and (3.8) 

w -^J‘ /v .C h ' ,b 

1 r p4rrM +/ull 

, — MV h</b 

4k J Jo 

^Ifrfvr H</((xH) 

J J - 4wM 

- 1 f d\ j IfxH* - J j . (11.1) 

4 k J 1 p. 1 

The integrations from a lower limit corresponding to B = O imply vari¬ 
ations of such currents as in the state of zero W„ exactly neutralize the 
induction due to any permanent magnets. There is however no require¬ 
ment that there should be any currents present in the final state of the 
system. Hence even for a system of magnets with no currents, provided 


fj. is independent of B, we may write 

W m = 1 j dV ( - i } . (11.2) 

Hence for a variation in configuration, since M 2 /(x is constant in each 
portion of a magnet, we have 

SW m -i-8j</V±(xH a . (11.3) 

But in the absence of any currents we have 

curl H = 0 (11.4) 

div B = 0, (11.5) 

VOL. CLV. — A. F 
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and so by a well-known theorem on vectors 


f dV HB = 0 

( 11 . 6 ) 

V 

or according to (3.8) 


| dV (4tcMH + |xH 2 ) == 0. 

(11.7) 

If we divide (11.7) by 87 : and subtract from (11.2) we obtain 


W M = -L f d\ { - *4ttMH - } ( 4?rM > 2 j . 

4:r J l (x / 

(H. 8 ) 

Hence for a variation in configuration we have 


8 W m - 8 f dV iMH, 

(11.9) 

since M 2 /n is constant for each portion of every magnet. 

It is to be 


especially noted that M is the intensity of permanent magnetization and 
does not include any induced magnetization. 

The formulae obtained so far arc valid for permanent magnets with 
superposed induced magnetism, provided that n- is independent of B. 
We shall now restrict ourselves further by supposing that the system 
contains no induced magnetization but only rigid permanent magnets. 
Then evidently H at each point is determined by the distribution of the 
density of magnetism — div M by exactly the same law as E is determined 
by the distribution of electric charge density p in an electrostatic system 
without any dielectrics. The magnetic field intensity H,, at a point P 
is given by 

H,. = grad,, f - d V„ (11.10) 

f x 0 j 

where dV Q is the element of volume where the permanent magnetization 
M is situated, and r py is the magnitude of the distance between this 
element of volume and the point P for which the value of H is being com¬ 
puted. Hence, at each point, H is the resultant of several components due 
to each of the several permanent magnets. Suppose now that we divide 
the permanent magnets into two classes denoted by i and e respectively. 
Then according to' ( 11 .9), we have 

*W m - - | d\ i (M 4 8 H, + M, SH, + M t SH, + M, 8 H,}, ( 11 . 11 ) 

where and H„ denote the contributions to H of the /' and e magnets 
respectively. Now suppose that all the i magnets move relatively to the 
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e magnets without any change in the mutual configuration of the i magnets 
or in the mutual configuration of the e magnets. Then the first two terms 
in the integrand of (11.11) vanish and this formula simplifies to 

SW m - - ( dN * {M, 8H„ + M, 8H,}. (11.12) 

Moreover by the same reasoning that led to (11.10) we have 


H a . « - J- grad,, f- dV„ (11.13) 

Ho J r Vf 

where d\ c is the element of volume where the magnetization is M e and 
r Pe is the magnitude of the distance of this element from the point P where 
H„ is being computed. We deduce, using integration by parts, that 

- ( dV M,H, - - — f dV, M, grad, [ d\, 

J Ho J J r ir 

= — f dV f f </V, d| v M^iv , M :> (U.14) 

Ho J J r it 

where r it is the distance between the element of volume <7V, where the 
magnetization is M, and the element of volume d\, where the magnetiza¬ 
tion is M,. Consequently for a variation of the position of the rigid 
system of e magnets relative to that of the i magnets 


d\ m e - j -1 d\ t j d\, div M, div M, 8 (1 /r t> ) 

= -j</ViM,8 H ( (11.15) 


by symmetry. Substituting from (11.15) into (11.12) we obtain finally 


8 W m = - J dV M, SH„ (11.16) 

the well-known formula for the work of moving a permanent magnet in 
an inhomogeneous “ external field ” H,. 

Incidentally it can be shown that if an element of magnetic matter of 
magnetic moment m is moved in an “ external field ” H f due entirely to 
fixed rigid permanent magnets the work required is 

8 W m --w8 H„, (11.17) 

whether the magnetism of the element be permanent or induced. We wish 
however to emphasize that formula (11.17) is not valid if there is any 
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induced magnetism other than that in the one element being moved. Nor 
is a formula of the type (11.16) or (11.17) valid for the displacement of a 
finite piece of magnetic matter with induced magnetism because it ignores 
the change in the magnetization of one part of the matter moved induced 
by the change in magnetization of the other parts. 


12— Criticism of other Treatments 


As already mentioned our treatment is an elaboration of that of Cohn.* 
The chief point on which we differ from Cohn is that in our formula for 

V 

tn 


BrfH, 


( 12 . 1 ) 


we choose as lower limit of H the value — 4 tcM /(x. This corresponds to 
a state in which B is everywhere zero and so one in which no work is done 
by the magnetic forces when any of the circuits or magnetic matter are 
moved, provided only that the circuits which neutralize the induction due 
to the permanent magnets are rigidly attached to these. Cohn on the 


other hand uses the integral 

1 


471 



( 12 . 2 ) 


with a lower limit H zero everywhere. We do not see how in the presence 
of permanent magnets it is possible for H to be everywhere zero. In the 
absence of permanent magnets our formulae would become identical 
with Cohn’s, apart from the fact that he uses rational units with un¬ 
necessary 47t factors omitted. 

Jeanst gives a formula which in our notation becomes 



(12.3) 


His deduction involves the assumptions: 

1 . Permanent magnets have zero permeability; 

2. Fields of several permanent magnets superpose. 

Assumption 2 is, of course, true in the absence of induced magnetization, 
but if there is other magnetic matter present besides permanent magnets 
it is not true unless n is independent of H. Jeans’s formula is therefore 
restricted to systems containing only rigid (unpolarizable) permanent 

* “ Das Elektromagnetische Feld ” (1927); 4 Handb. der Physik’, Hertz, 
t “ Electricity and Magnetism ” (1911). 




On Magnetic and Electrostatic Energy 69 

magnets, diamagnetic and paramagnetic matter but no ferromagnetic 
matter. 

L. Bloch* wherever he gives formulae for magnetic energy assumes 
that B/H is a constant. 

F. Blocht obtains formulae, such as those of §11, by considering 
interaction between two rigid (unpolarizable) permanent magnets in the 
absence of other magnetic matter and then, without any comment, 
applies these formulae to induced magnetism. He also ignores the 
distinction between the total magnetic field and the external magnetic 
field under conditions where according to his own criterion such a 
procedure is not justifiable. 

LivensJ gives a treatment of magnetic energy treating it as potential 
energy. He then states: “ If it is desired as usual to treat it as kinetic 
energy all signs must be reversed ”. As already mentioned we disagree 
with this statement. We find on the contrary that the magnetic term in 
the Hamiltonian and in the Lagrangian functions are as follows: 

1 C f" 

,/V’ — — c/V Hi/B kinetic or potential energy (12.4) 
4tt J Jo 

j- f dV [ B</H kinetic energy (12.5) 

47T J J - IrrM/u 

- — j- j dV H^/B potential energy. (12.6) 

It gives me great pleasure to acknowledge my indebtedness to Professor 
C. G. Darwin for the interest he has taken in this paper and more 
especially for his constructive criticism and invaluable advice. I have 
also had the advantage of discussing certain points with Dr. H. N. Bond 
and Dr. P. White of the Physics Department of Reading University, and 
desire to express my obligation to them. Finally I wish to thank Dr. 
E. C. Stoner for friendly criticism, from which the paper has benefited. 


Summary 

The usual well-known formulae for magnetic and electrostatic energy 
involve the assumption that the permeability and the dielectric coefficient 
are independent of the field strength. Supposing this assumption to be 

* “ Electricity Thtorique ” (1919). 

t ‘ Handb. Radiol.,’ vol. 6, p. 2 (1934). 

t * Proc. Roy. Soc.,’ A, vol. 93, p. 26 (1917). 
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valid under isothermal conditions, it will usually not be valid under 
adiabatic conditions. Similarly it will usually not be simultaneously 
valid for variations at constant volume and variations at constant pres¬ 
sure. For an exact development of the thermodynamics of magnetic 
and electrostatic systems it is important to have formulae independent of 
this assumption. Proceeding from Maxwell’s equations, formulae for 
the Lagrangian and Hamiltonian functions are derived which are inde¬ 
pendent of the relationship between the magnetic field and the magnetic 
induction and of that between the electric field and the electric displace¬ 
ment. The relationship between these formulae of general validity and 
other better known formulae of restricted validity is discussed. 


The Thermodynamics of Magnetization 

By E. A. Guggenheim, M.A. 

(Communicated by C. G. Darwin , F.R.S.—Received November 25, 1935) 

1—Introduction 

An accurate analysis of the thermodynamics of magnetic systems has to 
our knowledge never been made. The accounts givep in the usual sources 
of reference are slight. Quite recently Stonerf has tried to remedy 
this deficiency by a paper full of interest, but there are several points 
in his treatment which seem to us not altogether free from objection. 
We are therefore attempting in the present paper to give an accurate and 
fairly comprehensive treatment of the subject, in which the method of 
approach is somewhat different. This treatment seems to clarify the 
situation considerably. In particular we give a much more thorough 
analysis of pressure-volume effects than has previously been attempted. 
At the end of our paper we consider the relation between some of Stoner’s 
formulae and our own. 

The thermodynamics of magnetic systems may be regarded as an 
extension of the electrodynamics of such systems to take account of 
thermal changes and volume changes of the magnetic matter. The chief 
difficulty encountered was that of finding a logically consistent treatment 
of magnetic energy from a purely electrodynamic aspect. In most of the 

t ‘ Phil. Mag.,’ vol. 19, p. 565 (1935). 
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recognized text-books either the treatment is not self-consistent or else 
it is assumed that the ratio of the magnetic induction to the magnetic 
field intensity is a constant. In a thermodynamic treatment this assump¬ 
tion may not be made even for diamagnetic and paramagnetic substances, 
because even supposing it to be valid at constant temperature it will not 
be valid when the temperature varies. Nor can it generally be accurate 
both for variations at constant volume and for variations at constant 
pressure. It is therefore essential to start with a formula for magnetic 
energy which is independent of any assumed relation between the magnetic 
induction and the magnetic field intensity other than that each is a single 
valued continuous function of the other. This subject has been dis¬ 
cussed in another pa pert where a formula of general validity for magnetic 
energy was obtained. We shall make this the basis of the present treat¬ 
ment. 

2—Symbols and Definitions 

We shall, so far as possible, use the symbols recommended by the 
International Union of Pure and Applied Physics! both for thermody¬ 
namic and magnetic quantities. The most important symbols used are 
the following: 

B, magnetic induction. 

H, intensity of magnetic field. 

M, intensity of permanent magnetization. 

[x, permeability. 

|x 0 , permeability of empty space. 

I, intensity of induced magnetization. 

k , susceptibility. 

T, temperature (absolute). 

P, pressure. 

S, entropy. 

V, volume. 

E, internal energy (thermodynamic potential for S, V, B). 

F, free energy (thermodynamic potential for T, V, B). 

G, Gibbs function (thermodynamic potential for T, P, B). 

H, thermodynamic potential for S, V, H. 

J, thermodynamic potential for T, V, H. 

D, thermodynamic potential for T, P, H. 

s, contribution of unit volume to entropy. 

t Guggenheim, p. 49. 

$ “ Reports on Symbols, Units, and Nomenclature ” (1935). 
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E, contribution of unit volume to internal energy. 
f, contribution of unit volume to the free energy. 

3, contribution of unit volume to 3- 
• 4 , partial potential. 
v , volume per unit mass. 

c, c B , c a , heat capacities per unit volume, 
a, a', coefficients of thermal expansion. 

(3, (3', compressibilities. 

Y, y', magnetostriction coefficients. 

As we wish to confine ourselves entirely to reversible changes, hysteresis 
is expressly excluded. This means that the magnetic induction B and the 
intensity of the magnetic field H are each a single valued function of the 
other for each portion of matter as well as for empty space. By the 
intensity of permanent magnetization we mean the value of B when H 
is zero. When H increases from zero the value of B also changes. Inside 
magnetic matter the magnetization will usually also, change, but M is by 
definition a constant for each portion of matter, the intensity of induced 
magnetization being denoted by i. These quantities are related to one 
another and to the permeability p and the susceptibility * by the formulae 

B — 4tcM 4 p 0 H + 4 t:1 
= 4:rM 4 p 0 H 4 AtzkH 
= 4ttM + ptH (2.1) 

1 = *H (2.2) 

Atzk = p — p 0 , (2.3) 

(x and k may vary with T, P, and H, but M is a constant for each portion 
of a permanent magnet. The relations (2.1), (2.2), (2.3) are applicable 
to any kind of magnetic matter, excluding only hysteresis, and to empty 
space. 

The following formulae apply to special cases: 

Empty space: 

V- — x ~ 0 B = |a 0 H. (2.4) 

Absence of permanent magnetism: 

M = 0 B = {a 0 H + 4tcI = ( (Aq + 4ttk) H = pH. (2.5) 
Absence of induced magnetism: 


« = 0 


fA = Po B = 4*M 4- PoH. 


( 2 . 6 ) 
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We shall refer to a substance with the magnetic properties corresponding 
to (2.6) as a “ rigid permanent magnet ”. 

3—Thermodynamic Functions for Magnetic System of Fixed 

Configuration 

In our previous paper we showed that in a magnetic system of given 
configuration the total energy W is of the form 

W ~ W° +J-f</V (3.1) 

4 71 J Jo 

where W u is the value of the energy when B is zero everywhere. The first 
integration is over the whole volume of the system and the second integra¬ 
tion is at constant configuration of the system. It was shown that this 
formula is of general validity for a system containing electric currents, 
magnetic matter, and permanent magnets provided only that hysteresis 
be excluded. We therefore define the magnetic energy W m by 

w - = ^f dv C HrfB ’ (3,2) 

and the volume density w m of magnetic energy by 

M"" h I,',' H dK (3 - 3) 

As already mentioned this integration from 0 to B is to be performed at 
constant configuration and from an electromagnetic standpoint this 
completely defines the integral. From a thermodynamic standpoint we 
need to specify further the thermal conditions holding during the integra¬ 
tion. If the temperature is kept constant during the integration then we 
obtain the contribution of the magnetic field to the free energy. If on 
the other hand we keep the entropy constant during the integration we 
obtain the contribution of the magnetic fields to the total energy. We 
therefore have the formulae 


F = 

F» + i- 

4n j 

I‘ ,V J 

rB 

HdB 

'o 

(3.4) 



(T.V) 


E ® 

E° + l 
47T . 

pv 

1 HtfB, 

'o 

(3.5) 


(S.V) 

where F°, E° are independent of the magnetic field. The symbols in 
brackets below the integration sign denote that the quantities represented 
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by them are to be kept constant during the integration. In both formulae 
since the integration from 0 to B is to be performed at constant con¬ 
figuration there will have to be pressure changes to counterbalance the 
effects of thermal expansion and of magnetostriction. We shall later 
obtain formulae applicable to variations at constant pressure. These 
correspond more closely with usual practical conditions but, as we shall 
find, they are considerably less simple. 

We might take either (3.4) or (3.5) as a basis for the thermodynamic 
discussion of magnetization. Both would lead to the same results. As 
the most useful formulae contain T rather than S, as an independent 
variable, we find it more convenient to use (3.4). Regarding T and B 
as independent variables we obtain for the most general variation at 
constant configuration 

$F = — S° ST + ~ f dV f" 45 dB 8T + ~ f dV H SB , (3.6) 
4tc J I o 4tc J 

(T, V) 

where S° denotes the value of the entropy at the given configuration and 
temperature when B is everywhere zero: S° is thus a function of T and the 
configuration but is independent of B. From (3.6) we deduce 

_ S - - S rt -j- i- | dW f — dB, (3.7) 

?T 4«J Jo 3T 

(T. V) 

or if we denote the entropy per unit volume by s 

(T, V) 

where j° is the value of s for the given temperature and configuration in 
the absence of the field. Since s° is by definition independent of B, we 
can write (3.8) in the differentiated form 


— ill) — JL f l H \ 

'• ?B r, v 4n \ ST /b, v* 


(3.9) 


The total energy E and the free energy F of any system are by definition 
related by 

E = F + TS. (3.10) 

Hence by substituting (3.4) and (3.7) into (3.10) we obtain for the total 
energy the formula 

e - p+w+ £M{h- t w}"- 

(T, V) 


(3.11) 
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Since P, S°, and T are by definition independent of B, we have 


( 'L E \ „ i 

\ T, V 4tc J 


[</v Ih 


l 


■2H) ) 

ST/b.vJ ’ 


or if we denote the total energy per unit volume by e 
/3e\ 1 | 


(Zl) ,, 


471 ( 


H 




( 3 . 12 ) 


(3.13) 


The free energy F is the characteristic function or thermodynamic 
potential for the independent variables T, V, B. The corresponding 
thermodynamic potential for the independent variables T, V, H may be 
denoted by d and is defined by 

d (T, V, H) = F — — I dW HB, (3.14) 

47t J 

where the integration extends over the volume of the whole system. If 
we substitute from (3.4) into (3.14) we obtain 

d = F°-ifrfvf B dH, (3.15) 

4tT J J —4itM/h 

(T, V) 

the second integration being performed at constant configuration and 
constant T. The lower limit for H corresponds to the value zero for B. 
Thus F and d both have the value F° in the same standard state with B 
everywhere zero. As explained in the previous paperf this state can be 
realized even in the presence of permanent magnets by introducing 
currents which exactly neutralize the magnetic induction due to the 
permanent magnets. A state with H everywhere zero is, on the other 
hand, generally impossible in the presence of permanent magnets. In 
the standard state H is indeed zero everywhere outside the permanent 
magnets, but inside them H has the value given by 

B = 4ttM + nH = 0. (3.16) 

If we now consider any variation at constant configuration, we have 
according to (3.15) 

8j = _ S° 8T — -L f dW ( H ll^/H 8T - 1 f</VB 8H. (3.17) 
4 tc J J_4,m/ m 3T 4tt J 

(T, V) 


t Guggenheim, p. 49. 
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But from (3.14) with (3.6) and (3.7) it follows that 

S3 = - S ST - - f dW B SH. (3.18) 

4tt J 

Comparing (3.18) with (3.17) we see that 

- S - - S° - 1 f dV f || dH. (3.19) 

IT, V) 

The equivalence of the two formulae (3.19) and (3.7) for S can be veri¬ 
fied as follows. Remembering that the integrations are to be evaluated 
at constant T, we have 



(T, V) (T, V) 



rr.v) 


(3.20) 


Corresponding to formula (3.19) for the entropy of the whole system we 
have for the entropy per unit volume 


- .v = 




i r 

4tc J_ 


IT, V) 


m 

dT 


dH. 


This can be written in the differentiated form 


(3.21) 


/i»\ „i/£ b\ 

v 4n\dTJa. v' 


(3.22) 


We define a new thermodynamic function H by 

3 = E - i- J dV HB. (3.23) 

Actually 3 is equal to the thermodynamic potential for the independent 
variables S, V, H, but we shall not make use of this set of variables. By 
comparing (3,23) with (3.10) and (3.14) we see that 


3 = 3 + TS. (3.24) 

Substituting (3.15) and (3.19) into (3.24) we obtain 

a = F» + TS"-±jrfV J^Jb-T »}*!.■ (3.25) 

<T, V) 
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Since F°, T, and S are by definition independent of H, we have 


33\ 

PH V v 


f d \ j B — T I — ) ' 


4*J“ l 


PT h.v I ’ 


or if we denote by a the contribution of unit volume to 3, 

PB, | 


(3 \ 

PH V, v 


J I 

4r: 1 


B + T( 


?T H.vJ ‘ 


(3.26) 


(3.27) 


In deducing all our formulae we have assumed nothing whatever 
concerning the relation between H and B beyond that for a given con¬ 
figuration and temperature each is a single valued function of the other. 
In other words we postulate only the absence of hysteresis, but, subject 
to this one restriction, all the formulae obtained are applicable equally 
to diamagnetic, paramagnetic, and ferromagnetic substances including 
permanent magnets. By introducing the permeability y defined by 


B 4tcM + ^H, 


(3.28) 


we can obtain alternative forms for these formulae, 
constant configuration, we have according to (3.28) 

SB ~ »< (*H), 


and so 
or 


S ((xH) =■•■•■■■ 0 at constant B, 

[i SH --- — H 8 [j. at constant B. 
Substituting (3.31) into (3.9) we obtain 


For instance for 

(3.29) 

(3.30) 

(3.31) 




ds\ 

PB't.v 


4tc 


h(. 

■ PTAt, v 


(3,32) 


For constant H, on the other hand, we have according to (3.30) 


SB = HS|i at constant H. (3.33) 

Substituting (3.33) into (3.22) we obtain 




(3.34) 


Both (3.32) and (3.34) are valid for all kinds of magnetic matter including 
ferromagnetic and permanent magnets, excluding only hysteresis. For 
diamagnetic and paramagnetic substance, for which y is at given T 
independent of B and H, the suffix B or H attached to dy/dT may be 
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dropped. Formulae (3.32) and (3.34) then both mean the same thing 
and take the familiar form 




ds\ 

\3B/t. 


(SI \ 

= ±(2t) 

\0H/t.v 

4jcW/i 


(3.35) 


For ferromagnetic substances formulae (3.32) and (3.34) do not mean 
the same thing, but both are true. 


4—Magnetic Equation of State 

By a magnetic equation of state we mean a relation between T, B, and 
H. Strictly speaking such a relation would involve the volume V or 
the pressure, but in order not to obscure the argument we shall confine 
ourselves to systems of constant configuration. We can then apply any 
of the formulae previously derived. Of particular importance is a 
formula expressing T as an explicit function of B and H, since a knowledge 
of this formula for a given magnetic substance would enable us to use it 
as a magnetic thermometer. Before obtaining such a formula we shall 
recall the analogous formulae which enable a gas to be used as a constant 
volume or a constant pressure thermometer. 

If a gas is allowed to expand without doing work, as in Joule’s experi¬ 
ment, and we measure the heat that must be supplied fo restore it to its 
initial temperature we have a measure of (dE/3V) x . If this has been 
done under various conditions it is theoretically possible to obtain this 
quantity expressed as a function of P and V, say 

(|fi = *<P.V). (4.1) 

It can then be shown - ] - that for variations at constant volume 

— tfrf.}- < 4 - 2 > 

This is the general formula of a constant volume gas thermometer. In 
particular if s is zero, we have T directly proportional to P at constant 
V. If, on the other hand, we force a steady stream of gas through a 
porous plug, as in the Joule-Thomson experiment, and we measure the 
heat that must be supplied to bring the expanded gas to the same tempera¬ 
ture as the compressed gas we obtain the value of (3[E + PVJ/SPV 
Suppose this quantity can be expressed as a function of P and V, say 

(iiE+fa^^p.V). (4.3) 

t Guggenheim, “ Modern Thermodynamics,” Methuen, 1933, pp. 41-42. 



The Thermodynamics of Magnetization 


79 


It can then be shownf that at constant pressure 

T “ exp {fv^}- (4 ' 4) 

This is the general formula for a constant pressure thermometer. In 
particular if t] is zero, we have T directly proportional to V at constant 
P. In particular if s and yj are both zero, T is directly proportional to 
the product PV and the gas is then described as perfect. The point that 
we wish to emphasize is that before a gas can be used to measure tempera¬ 
ture on the absolute scale, it is necessary to measure either the Joule 
effect or the Joule-Thomson effect or something equivalent. The equa¬ 
tion of state of a gas can be expressed in the general differential form 

(4 ' 5) 

We shall show how to obtain a general form for the magnetic equation of 
state corresponding to (4.5). 

We shall assume that in any state of a piece of magnetic matter it is 
possible to measure B, H, and E. The value of 3 will then also be known. 
It is therefore in principle possible to determine (?k/3B) t and (?a/?H) r 
as functions of B and H. We therefore write 


4«Jj(ll) 1 ~ UB ’ H) ’ 

(4.6) 

4 *B(lr- ,+!: <»■«)■ 

(4.7) 

Comparing (4.6) with (3.13) we deduce 



(4.8) 

and comparing (4.7) with (3.27) we deduce 


?(B, h >=!(!?)„• 

(4.9) 

We can put (4.8) and (4.9) into the slightly different forms 


/ d log T\ _ 1 

[ dH /„ HV 

(4.10) 

(L !°&T) 1 . 

, 2B /h BZ 

(4.11) 


t Guggenheim, “ Modem Thermodynamics,” Methuen, 1933, pp. 41-42. 
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Combining (4.10) and (4.11) we obtain finally 

rftogT^ + g. (4.12) 

We recall that 5 and £ are both to be considered as functions of B and HT. 
From (4.12) we see that they are related by 


i /a i/g) _ i /jm) 
h \ rB /„ _ b an U 


(4.13) 


Formula (4.12) is the most general form of the magnetic equation of 
state. It simplifies if B/H is a function of T only, as is usually the case 
for diamagnetic and paramagnetic substances. For in this special case 


(4.6) and (4.7) may be written 



(4.14) 


(4.15) 

from which we obtain by subtraction 


5 + c = 0. 

(4.16) 

Using (4.16) we can write (4.12) as 




d\x 

nr 

(4.17) 


We shall now illustrate these formulae by an example. Let us suppose 
that 

5 = - S = 1 - Bi! 


Ho 


(4.18) 


By substitution of (4.18) into (4.12) or (4.17) we obtain 


whence 


rflogT — —, 
H “ Ho 


4ttk 


Ho * 


1 


(4.19) 


(4.20) 
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If, then, we find a substance obeying (4.18) we may use the reciprocal of 
its susceptibility as a thermometer reading on the absolute scale. In 
fact such a substance is merely one obeying Curie’s law. 

The values of the various thermodynamic functions for such a sub- 
stance can be derived as follows. According to (4.20) we have 


dy. _ = if — i* 0 

dT ' T 


(4.21) 


and from the fact that y. is a function of T only we obtain for f the free 
energy per unit volume using (3.4) 


F = F<, + s; iHB ' 


(4.22) 


where f° is the value of F at the given temperature and configuration when 
there is no magnetic field. From (4.21) and (4.22) we deduce 


d ± - c« _ 1 HB - g 0 H* 
dT 4;r 2T 

_L Ml 

471 2T ’ 


(4.23) 


where s° is the value of s at the given temperature and configuration when 
there is no magnetic field. Combining (4.22) and (4.23) we obtain 

E F f T.V = F ft + Tj° + ~ (4.24) 


from which we can easily verify formula (4.18) for 5. 


5—Heat Capacities and Adiabatics 
The heat capacity per unit volume c may be defined by the relation 

to - £ ST, (5.1) 

this definition is incomplete because it does not specify how V or P, nor 
how B or H, are supposed to vary during the specified variation of T. 
In fact we have a double infinity of heat capacities, amongst which two 
of special importance are c B>v and c H .v defined respectively by 

to 8T at constant V, B, (5.2) 

to - ST at constant V, H. (5.3) 


VOL. CLV,—A. 


O 
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As we shall in this section be concerned only with variations at constant 
configuration, we shall omit the subscripts V both in the symbols for the 
heat capacities and in those denoting partial differentiation. 

If we differentiate (3.8) we obtain 


8s = Ss° 
c° 


4k 


0T 2 A» 


8T 


r 

(T, V) 

L f B /fH\ 
Ik J„ \ST*/» 


d B 8T 


t/B 8T 


±(™) 8B 

4k . ST As 

W. 

4t r \ ST/b 


(5.4) 


(J'.V) 


where c° is the heat capacity per unit volume when B is zero. By com¬ 
parison of (5.2) and (5.4) we see that 


0 1 T f» /0»H\ , R 

Cn ‘ C “ 4k T J (> (cTpjj/ ’ 

<1. V) 

(5.5) 

T 47i \ fT /a 

(5.6) 

Similarly from (3.21) and (5.3) we deduce 


c a = i* + j- Tf“ (S dH 

4k J <*T 2 !a 

(T. V) 

(5.7) 

is = ^ST +SH, 

T 4k \ ST Ai ’ 

(5.8) 


where c° is again the heat capacity per unit volume when B is zero. 

A formula for the difference between c H and c„ may be derived as 
follows. If we think of H as a function of B and T, we have 


8H * 



(5.9) 


Substituting (5.9) into (5.7) we obtain 



8T + 


4k 


0B /0H 
0T/h l 3B 




I/® 

4k \ dT I a 


SB. 


Comparison of (5.10) with (5.6) shows that 


(5.10) 
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The adiabatics are defined by the relation 

n s = o. 


By substitution of (5.12) into (5.6) we obtain 



1 


*(?£). 


4k T \pH/b 


Similarly by substitution of (5.12) into (5.8) we obtain 

/3H\ « l£n/ ?J\ 

' ?T ■ * 4k T ' 3B/h ‘ 


(5.12) 

(5.13) 


(5.14) 


When we divide (5.13) by (5.14) we obtain 




(5.15) 


In the special case that fj. is a function of T only, (5.15) may be written in 
the alternative form 

(1 ( 5 ' 6 ) 


?H 




It is not without interest to apply some of these formulae to a special 
case. We choose a homogeneous system containing C magnetic particles 
per unit volume, each particle having a permanent magnetic moment m. 
We can make the interaction between the magnetic particles as small as 
we like for any given value of H by making C sufficiently small, e.g., 
a dilute solid solution of a paramagnetic rare earth salt in an isomorphous 
diamagnetic rare earth salt. If we may neglect interaction between the 
magnetic particles and also neglect the diamagnetism the application of 
statistical mechanics leads to a formula of the type 


where 


B — ix 0 H 4k CmL (x), 

Hm 


(5.17) 

(5.18) 


and L (x) is a function which for small values of x differs inappreciably 
from x/3. The behaviour of L (x) for large x we, for the moment, leave 
unspecified. For this system we have, according to (3.21) 


s 




4k Jo \0 T/h 

i nf k J.dx, 

4k Jo T dx m 


S° 


Ck r£x 
Jo dx 


dx. 


( 5 . 19 ) 


G 2 
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Similarly from (5.8) and (5.19) we deduce 

‘ ,/a»\ 

\0T7n 


c 'n 


CkJ 


— r 


+ CAT 


x m: 


dx 

dL 

dx 


x dx 


x dx | 


c° + Ck x 2 


dL 

dx 


(5.20) 


Usually in practice x is very small compared with unity and we then have 

(5.21) 


L (.v) « j 

B — u 0 H -f 4~ 


Cm*H 
3 A: T ’ 


(5.22) 


the co-efficient Cm'-/3k being known as Curie’s constant for the system. 
Under these conditions formulae (5.19) and (5.20) take the more explicit 
forms 


s s u 


CA 6 

Cm* H 2 
3k 2T 2 


c° + Ck i- 

,o + Cm*H 2 
^ 3k T*‘ 


(5.23) 


(5.24) 


In view of the use of adiabatic demagnetization as a means of attaining 

low temperatures it is of interest to consider in more detail the form of the 

adiabatics for the limiting case of T small. According to the well-known 

theory of Debye c° is at very low temperatures directly proportional to 

T 3 and so .v° is linear in T 8 . Hence according to (5.19) the adiabatics 

take the form , f 

C k[ d ±xdx 
Jo dx 


al* 


= 6, 


(5.25) 


where a is a constant for the system and b is a constant for each adiabatic. 
Since, however, in practice x is small even for the strongest fields and 
lowest temperatures so far attained, we may replace (5.25) by 
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There is nevertheless some interest in considering what would happen if 
one could attain temperatures low enough to make x large and in particular 
what would be the limiting behaviour in the neighbourhood of the absolute 
zero. We should then have to use the accurate formula (5.25). Now, 
whatever be the value of x, as T tends to zero aT 8 will eventually become 
negligible compared to b. The adiabatics then become 

C k f ^ jc dx = b, (5.27) 

J o dx 
or 

x — constant. (5.28) 

This means that as the absolute zero is approached the adiabatics will 
eventually take the limiting form 

T oc H. (5.29) 

It is remarkable that we have obtained this result without needing to 
specify the functional form of L (x). 

We shall now consider two possible functional forms of L (x), both of 
special interest. If the magnetic particles can point in all directions, 
statistical mechanics leads to the Langevin function 

L (x) = coth x — -. (5.30) 

x 

If, on the contrary, the magnetic particles can point only parallel or anti¬ 
parallel to the field, statistical mechanics leads to the simpler function 

L(x) = tanhx. (5.31) 

When we substitute (5.30) or (5.31) into (5.19), we obtain 

5= - Ck |- 1 + x coth x - log s -l^} , (5.32) 

or 

s — S° — Ck (x tanh x — log cosh x}, (5.33) 

as the case may be. By using one of these formulae we can calculate the 

entropy increase, according to either model, when the field is changed 
isothermally from H! to H a . In particular we can calculate the limiting 
form of this entropy change as T tends to zero. To obtain this value we 
use the limiting form of (5.32) or of (5.33) as x -> oo. These limiting 
forms are 

5 = s° - Ot {1 - log 2x}, (5.34) 

and 

j - s" - Ot (log 2 - (2x + 1) (5.35) 
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respectively. From (5.34) we obtain for the entropy increase per unit 
volume As on changing the field isothermally from H x to H a 

As = — CA: log (5.36) 

Hi 

which is independent of the temperature (provided, of course, that it is 
extremely low). From (5.35), on the other hand, we obtain 

As -> 0 as T 0. (5.37) 

We reach the conclusion that if the magnetic particles could point in all 
directions Nernst’s heat theorem would be disobeyed, as has been pointed 
out by Debye, whereas the hypothesis that the particles can point only 
parallel or antiparallel to the field leads to (5.37) in agreement with Nernst’s 
theorem. 

6—Variations of Volume. Systems with Simple Symmetry 

All the formulae so far obtained are strictly valid only for systems of 
fixed configuration. Hence when the temperature and the magnetic field 
in any piece of matter are varied the size and shape of the piece of matter 
are supposed to be kept unaltered. This will generally require variations 
of pressure to counteract the effects of thermal expansion and magneto¬ 
striction. In practice it is more usual to work at constant pressure, in 
which case with any variation of temperature or magnetic field there will 
usually be associated alterations of size and shape of the magnetic matter. 
These changes of size and shape of the magnetic matter will often be so 
small as to be practically negligible. The formulae for variations at 
constant configuration may then be used as approximations even though 
the actual variations be at constant pressure. It is nevertheless of interest 
from a theoretical point of view to consider variations at constant pressure 
in more detail. 

The deduction of accurate formulae applicable to systems in which the 
magnetic matter undergoes variations of volume is not so simple as 
sometimes supposed. For the most general variation of the free energy 
we may write 

SF= — S8T + i-[</VHSB —jrfAPSn, (6.1) 

where dA denotes an element of free surface of matter, P is the pressure 
normal to it and is its displacement in the direction of the outward 
normal; the integration extends over the free surface of matter. If the 
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pressure had everywhere the same value the last integral in (6.1) could 
be replaced by the simpler expression —P8V but we shall find that for 
magnetic matter in hydrostatic equilibrium in a magnetic field the pressure 
is generally not uniform but depends both on the strength of the field and 
on its direction relative to the element of surface considered. Hence in 
a system containing magnetic matter in a magnetic field we cannot 
generally speak of “ the pressure of the system ”. Only for systems of 
specially simple symmetry is the pressure uniform over all the free surface 
of matter. We describe three such systems below. 

Usually a variation of the volume of a piece of magnetic matter will in¬ 
volve an alteration of shape. The alteration in the magnetic field will then 
be not merely a uniform change of intensity but the whole field will 
usually be distorted. The variation of magnetic energy is defined only 
if the change of shape of each portion of magnetic matter is prescribed. 
It is hardly possible to obtain compact formulae of general validity. 
To obtain simple formulae we have to confine ourselves to systems with 
such simple symmetry that variations of volume can occur which do not 
destroy this symmetry. We shall consider three such systems. In each 
of these the magnetic matter may be diamagnetic, paramagnetic, or 
ferromagnetic without hysteresis, but we shall exclude permanent magnets 
as it is difficult to avoid destroying the symmetry of the magnetic field 
when there is an alteration in the volume occupied by a permanent 
magnet. In fact for the type of volume variation to which we shall 
require to restrict ourselves it is necessary that the magnetic matter 
should be fluid, whereas a permanent magnet is of necessity rigid. To 
deal with variations at constant pressure in systems containing per¬ 
manent magnets the best we can do is to use the formulae for variations 
at constant volume as approximations. 

In all three systems of simple symmetry, which we shall consider, the 
magnetic field is produced entirely by a single circuit consisting of a 
uniformly wound solen6id of circular cross-section bent into a circular 
anchor-ring of radius large compared with the radius of its cross-section. 
The three systems differ from one another in the disposition of the magnetic 
matter relative to this circuit. In the first system we suppose the solenoid 
completely embedded both inside and out, in a fluid magnetic medium of 
uniform composition. The whole of the free surface of the magnetic 
matter thus lies outside the magnetic field. We shall refer to this sym¬ 
metrical system as S.l. In the second system we suppose the only 
magnetic matter present to consist of a thin slab of uniform thickness and 
of cross-section equal to the cross-section of the solenoid and coinciding 
with it. The thickness of the slab is to be small compared with the 
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radius of the cross-section of the solenoid. We further assume the 
magnetic matter to be fluid, so that when it expands or contracts it can 
be constrained to do so only in the direction normal to the cross-section 
of the solenoid and we shall postulate that only volume variations of 
this kind occur. The symmetry of the system is then preserved when the 
volume of the magnetic matter varies. We shall refer to this system as 
S.2. In our third system we suppose the only magnetic matter present 
to be in the form of a core similar to the solenoid in shape and in position. 
Its cross-section is smaller than the cross-section of the solenoid so that 
the core is completely surrounded by the solenoid. The magnetic core 
is to be a fluid of uniform composition so constrained that, when it 
expands or contracts, it does so only radially. We postulate that only 
volume variations of this kind occur, so that the symmetry of the system 
is preserved. We shall refer to this system as S.3. 

In all three systems the magnetic induction B and the magnetic field 
intensity H are effectively zero everywhere outside the solenoid (absolutely 
zero in S.l and S.3, approximately so in S.2). If we ignore the curvature 
of its cross-section we may regard both B and H as having a uniform 
magnitude in the interior of the solenoid in system S.l. To the same 
degree of accuracy the magnitude of B will be uniform in the interior 
of the solenoid in system S.2, while in S.3, it is the magnitude of H which 
may be taken as uniform throughout the interior of the solenoid. 

In system S.l the free surface of the magnetic matter is outside the 
magnetic field, in system S.2 it is everywhere perpendicular to the field, 
and in system S.3, everywhere parallel to the field. In each case pressure 
on the free surface will be uniform. In each case we shall refer to this 
pressure as the “ pressure of the system ”. As pointed out above, it is 
only in systems of simple symmetry that there is uniform pressure over the 
free surface for hydrostatic equilibrium. 


7—Thermodynamic Relations for System SI 

In order to obtain simple thermodynamic relations we shall consider 
the three systems of simple symmetry separately. Commencing with S.l 
we have for the variation of the free energy of this system 

SF = S ST — P SV + i- V.H SB 

= — S ST — P SV 4• i. V, — SB, 

4;: (i 


(7.1) 
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where V, denotes the volume (supposed invariable) interior to the solenoid 
while V is the total volume of the matter. Similarly, for the variation of 
the thermodynamic potential d for the independent variables, T, V, H 
we have 


Sd — S ST — 

PSV- 

-4i V - B8H 


= - S ST - 

PSV - 

-£v. fiH SH. 

(7.2) 

By cross-differentiation we deduce from (7.1) 


im 

-J_V. 

/IP) , 

(7.3) 

W-'B/T, V 

4n 

\ d V T, li 

and similarly from (7.2) 




(|P) » 

iv,( 

■®) . 

(7.4) 

WH t.v 

4rc *\ 

?V /T. H 


Of greater practical interest are relations in which the pressure is 
chosen as independent variable instead of the volume. To obtain such 
relations, we introduce the thermodynamic potential G for the variables 
T, P, B defined by 

G (T, P, B) - F + PV, (7.5) 

and the thermodynamic potential for the variables T, P, H to be denoted 
by O and defined by 

O (T, P, H) — d + PV 

= G-lv.HB. (7.6) 


By differentiating (7.5) and comparing with (7.1) we obtain 

8G = - S ST + V SP + 1 V,? SB, (7.7) 

4rc (A 

and similarly by differentiating (7.6) and comparing with (7.2) we obtain 

SO - - SST + V SP - £ V^H SH. (7.8) 

* 

By cross-differentiation we deduce from (7.7), if we denote by s the entropy 
per unit volume inside the solenoid. 


/0£\ _i_ (ds\ __Lb (Hht) 

\0B/t,p V, \ SB t, j* 4tt \ ST r,8 


1 ( 2 £) = 

V,\0B/t,p 



(7.9) 

(7.10) 
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In a similar manner we deduce from (7.8) 


/ Ss \ _ 1 / 3S \ _ _L H /M 

\ dWi, r ~ V, \ /r. 1- V 0T/v. H 

j_ / 5v\ = _ j_ h /in) 

V/dH/T.r 4n Up/t.h* 


(7.11) 

(7.12) 


All these formulae are independent of any assumed relation between 
B and H. If the ratio (j. of B to H is a function of T and P only, then at 
constant T, P the value of [a is constant. Under such conditions formulae 
(7.9) and (7.11) mean the same thing as do also (7.10) and (7.12). The 
-two pairs of formulae are, however, in general different, but all are 
valid for all magnetic matter in the absence of hysteresis and permanent 
magnetism. 

Analogous to the forms (3.4) and (3.15) for F and H the thermodynamic 
potentials G and O are of the form 

G- G* + JL V. f*H</B (7.13) 

471 Jf) 

(T, f») 

0 = G*-iv, [“bi/H, (7.14) 

. 47T J o 

(T, V) 


where G* is the value of G and of O at the given temperature and pressure 
in the absence of the field. If we differentiate (7.13) and (7.14) with 
respect to T, we obtain 

s “ s, -s v -.Cfr‘ iB (7I5 > 

(T, P 

(T. V) 

where S* is the value of S at the given temperature and pressure in the 
absence of the field. It is to he noted that S* is not the same as S°. 
That (7.15) and (7.16) are equivalent may be shown as follows: 



<T. I*) (T, P) 



(T, P) 


(7.17) 
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Similarly, if we differentiate (7.13) and (7.14) with respect to P we obtain 

v - v,+ s v -l”f' ,B < 7I8 > 

(T. P) 

(7 - ,9 > 

(T.P) 

where V* is the value of V at the given temperature and pressure in the 
absence of the field. The proof of the equivalence of (7.18) and (7.19) 
is exactly analogous to that of the equivalence of (7.15) and (7.16). From 
the form of (7.13) we can verify the well-known property of G that for a 
process at constant T, P the increase of G is equal to the work done on the 
system other than the work done by the external pressure. 

8—Thermodynamic Relations for System S.2 

We shall now consider the system S.2. As the magnitude of B is 
effectively uniform throughout the interior of the solenoid the most 
general variation of the free energy, consistent with conservation of the 
symmetry of the system, is given by 

8F = — S ST - P 8V + i- —* B SB — ~ V (— — i) B SB, (8.1) 

4tz (x 0 4n \ fx 0 fx/ 

where V is the volume of the magnetic matter and V, is the total volume 
interior to the solenoid. It is more useful to take P instead of V as 
an independent variable. The relevant thermodynamic potential is 
G (T, P, B) defined by 

G (T, P, B) - F + PV, (8.2) 

and its most general variation consistent with conservation of the sym¬ 
metry of the system is 

8G = — S ST + V 8P + 1 ^ B SB - i- V (— - -) B SB. (8.3) 

4u (x 0 4 tc V (x 0 ft./ 

For the most general variation of the volume V of the magnetic matter 
we write 

$v = «V ST — pV SP + yV SB, (8.4) 

where a is the coefficient of thermal expansion at constant B, p is the 
compressibility at constant B, and y is a magnetostriction coefficient. 
Then by cross-differentiation we deduce from (8.3) 

2S _ 1 0 f,»/l J YI 
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or denoting by 5 the entropy per unit volume in the magnetic matter 


I ds\ ___ J_ 
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( 8 . 6 ) 


Similarly we deduce 

£V __ f 
cB ' 4rc sp V 


VB 


’ Po 


!)}• 


or 
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It is worth noticing that G is of the form 

G = G* 4 -p- V, — — f dB VB (i 
4 tc 2(J- 0 4tt Jo p ( 


Po (J- 




(8.7) 

( 8 . 8 ) 


(8.9) 


where G* is the value of G at the given temperature and pressure in the 
absence of the field; the integration is to be performed at constant T, P 
the value of V in the integrand varying with B during the integration. If 
we differentiate (8.9) with respect to T we obtain 


S- S* 


4tc 


J> VB { 


31/it 

3T 


(T, P) 


.(-t-•!)}. 

Vo (A 4 


( 8 . 10 ) 


where S* denotes the value of S at the given temperature and pressure in 
the absence of the field. Similarly, differentiating (8.9) with respect to 
P we obtain 


V*4 - J- 

4n 


o 

(T, V) 




p(-L-i)}- 

\Po W> 


( 8 . 11 ) 


where V* denotes the value of V at the given temperature and pressure 
in the absence of the field. Since (8.10) is the integrated form of (8.5) 
and (8.11) is the integrated form of (8.7) the correctness of (8.9) is verified. 
From (8.9) we can verify the well-known property of G that for any 
variation at constant T, P the increase of G is equal to the work done on 
the system other than the work done by the external pressure. 


9—Thermodynamic Relations for System S.3 

We shall now consider system S.3. As the magnitude of H is effectively 
uniform throughout the interior of the solenoid the thermodynamic 
potential & (T, V, H) defined by (3.14) is more useful than the free energy 
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F (T, V, B). The most general variation of J, consistent with con¬ 
servation of the symmetry of the system, is given by 

ad — S ST - P SV — -1 V.fi 0 H 8H - JL V (tx — f* 0 ) H 8H, (9.1) 

4rt 4u 

where V is the volume of the magnetic matter and V, is the total volume 
interior to the solenoid. It is more useful to take P instead of V as 
independent variable. The relevant thermodynamic potential is O (T, P, 
H) defined by 

O (T, P, H) — d + PV, (9.2) 

and its most general variation, consistent with conservation of the sym¬ 
metry of the system, is 

SO = - S ST + V 8P - -L V |jl 0 H 8H - JL V (n - (i 0 ) H 8H. (9.3) 

4u 47i 

For the most general variation of the volume V of the magnetic matter we 
write 

SV - a'V ST - p'V SP + Y 'V 8H, (9.4) 

where a' is the coefficient of thermal expansion at constant H, fi' is the 
compressibility at constant H and y' is a magnetostriction coefficient. 
Then by cross-differentiation we deduce from (9.3) 

< 9S > 


or denoting by s the entropy per unit volume in the magnetic matter 


Similary we deduce 

3V 13 fVIJ , u 
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It is worth noticing that 0 is of the form 
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where D* denotes the value of O at the given temperature and pressure in 
the absence of the field. If we differentiate (9.9) with respect to T we 
obtain 

S S* + i- J" dH VH {H + «' ((x - |x„)} , (9-10) 

(T.P) 

where S* is the value of S at the given temperature and pressure in the 
absence of the field. Similarly, if we differentiate (9.9) with respect to 
P we obtain 

V = V * - ^ f“ VH (|| “ P' (l* - Po)} , (9.U) 

(T* P) 

where V* is the value of V at the given temperature and pressure in the 
absence of the field. The correctness of (9.9) is verified by the fact that 
(9.10) and (9.11) are the integrated forms of (9.5) and (9.7) respectively. 


10—Discussion of Formulae for Symmetrical Systems 

A comparison of the formulae of the last three sections shows that 
different formulae are obtained for the three systems S.l, S.2, and S.3, 
We believe that only those applying to S.l have been given previously 
and that the distinction between the three sets has never been realized. 
The explanation of the difference is that the symbol P has a different 
physical meaning in the three sets. In S.2 the pressure denoted by P is 
that on a surface transverse to the magnet field while in S.3 the pressure 
denoted by P is that on a surface parallel to the magnet field. In the 
simpler and better known formulae of S.l the pressure denoted by P 
is not the pressure on matter in the magnetic field but the pressure on 
matter outside the field in hydrostatic equilibrium with matter in the 
field. That these three pressures have different values will be shown in 
the next section. 

It is perhaps worth while pointing out that, as the two sets of coefficients 
a, (3, y and a', (3', y' are applicable under entirely different conditions, 
they are not related to each other in any obviously simple manner. The 
coefficients a, (3, y apply to volume changes parallel to the field when 
volume changes in the transverse direction are expressly eliminated by 
rigid constraint. Conversely, the coefficients a', (3', y' are applicable 
to volume changes transverse to the field when volume changes parallel 
to the field are expressly eliminated by rigid constraint. 
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11—Variations of Quantity of Magnetic Matter 


If we wish to study how the thermodynamic properties of a piece of 
magnetic matter depend on its amount, we can most conveniently do so 
by introducing Gibbsian partial potentials q defined by 



= (-?) 
\ dm ' 


T, Y,J\ 


( 11 . 1 ) 


where m denotes the number of units of mass of the magnetic material. 
(We use the symbol jj for the partial potential because the more usual (i 
is already required for the permeability.) In general an alteration of the 
quantity of magnetic matter will involve a distortion of the whole field 
and it will be impossible to obtain any compact formulae involving .q. 
To obtain useful formulae we shall again confine ourselves to systems of 
simple symmetry, in particular S.2 and S.3. In both S.2 and S.3 we 
shall postulate that the variation of the quantity of magnetic matter does 
not destroy the symmetry of the system. Thus in S.2 the slab of magnetic 
matter must increase or decrease uniformly in thickness and in S.3 the 
magnetic core must increase or decrease uniformly in cross-section. 

For the system S.2 it is convenient to take B as an independent variable 
and we therefore use the thermodynamic potential G. For the most 
general variation we have 

«G = - SST + V8P + -I V,— SB - 1 V( — - I)BSB + ojSm. (11.2) 

4it [i 0 4 n \\l 0 \il 

By cross-differentiation we deduce 



(11.4) 



96 E. A. Guggenheim 

where v denotes the volume of unit mass of the magnetic matter in the 
given field. For a series of systems of the same type S.2, all at the same 
temperature, all containing the same kind of magnetic matter, all in 
equilibrium with respect to this matter, and each differing infinitesimally 
from the next, we have 

Sx, = 4' sp + %£ m ~ 0, (11.5) 

?P cB 


and so, according to (11.3) and (11.4), 


SP - 


4ti 


I ) B SB ^ 0. 

[X/ 


( 11 . 6 ) 


For the system S.3 it is convenient to take H rather than B as an 
independent variable because the magnitude of H is uniform throughout 
the interior of the solenoid. We therefore use the thermodynamic poten¬ 
tial O. For the most general variation we have 


SO = - S ST + V SP - JL V„(x 0 H SH - i- V ((i - 
By cross-differentiation we deduce 


(x 0 ) H 8H + S/m. 

(11.7) 


(5S) 

V rP/x. h 


— V 


rn r, y 


- ^ ®(P - Po) H. 


( 11 . 8 ) 

(11.9) 


For a series of systems of the same type S.3 all at the same temperature, 
all containing the same kind of magnetic matter, all in equilibrium with 
respect to this matter and each differing infinitesimally from the last, 
we hat e 

s^.„|a« P + |jsH = o, duo) 

and so, according to (11.8) and (11.9), 

SP - ~ ((jt — (x 0 )HSH = 0. (11.11) 


12—Hydrostatic Equilibrium of Magnetic Fluid 

Suppose now that we consider a piece of magnetic matter of uniform 
composition in hydrostatic isothermal equilibrium in an inhomogeneous 
magnetic field. Then the equilibrium at each element of its free surface 
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will be completely determined by the values of B and H on each side of 
the surface, by the directions of B and H relative to the element of surface, 
and by the external pressure on the element of surface. In particular 
the equilibria of all possible elements of surface perpendicular to the 
magnetic field will according to (11.6) be related by 

8P » = s(|- H ) SB - <1ZI) 

where B and H denote the values inside the matter, and we write P <r to 
denote pressure on an element of surface transverse to the field. Similarly 
the equilibria of all possible elements of surface parallel to the magnetic 
field will according to (11.11) be related by 

= 1 (B - - (x 0 H) m, (12.2) 

where B and H denote the values inside the matter and we write P po to 
denote pressure on an element of surface parallel to the field. Neither 
(12.1) nor (12.2) can be integrated explicitly. However, by subtraction 
we obtain 

S (P (r ~ P, 0 ) =-- -i- — (B — t* 0 H) (SB - fx 0 SH), (12.3) 
which can be integrated to give 

p *- p --CIK« 16 

- 47tl l /2fx 0 , (12.4) 

where I denotes the intensity of induced magnetization. The meaning 
of (12.4) is the following. If there are two elements of surface one 
transverse to the field and one parallel to the field, the intensity of 
magnetization being equal in the matter just interior to the two elements 
of surface, then for complete equilibrium the external pressures on the 
two elements must differ in magnitude according to (12.4). It is par¬ 
ticularly noteworthy that for equilibrium P (r must always be greater 
than P„, a , whether the matter be diamagnetic, paramagnetic, or ferro¬ 
magnetic. Conversely if a sphere of magnetic fluid under uniform pres¬ 
sure is placed in a uniform magnetic field it will tend to flatten out into a 
thin slab transverse to the field and this will be the case whether the matter 
be diamagnetic, paramagnetic, or ferromagnetic. 
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In the special case that n is a constant independent of P and of B (or 
H) we can integrate (12.1) and (12.2) separately and obtain 



= P 0 + lB/2(i 0 (12.5) 

P„ a — Po + (y- — t^o) H 2 

= P 0 + ilH, (12.6) 

where P 0 is the pressure on an element of surface outside the field in 
equilibrium with the matter in the field. This is in agreement with the 
usual magnetostatic formulae for constant |x according to which the 
stresses due to the magnetic forces consist of a tension HB/8tc along 
the field and a pressure HB/8n across the field. At a surface transverse 
to the field B is continuous and so there is a tension B 2 8tc {jl 0 outwards and 
B a /8rc|i. inwards, giving a resultant outward tension 1B/2(x 0 . For hydro¬ 
static equilibrium the external pressure has to balance this tension as well 
as the external pressure at parts of the surface outside the field; hence 
formula (12.5). For a surface parallel to the field H is continuous and so 
there is a tension |a 0 H 2 /87t inwards and (xH*/8tc outwards, giving a resultant 
outward tension £IH. For hydrostatic equilibrium the external pressure 
has to balance this tension as well as the external pressure at parts of the 
surface outside the field; hence formula (12.6). 

We have purposely referred only to the external pressures acting on 
free surfaces and have refrained from mentioning the pressure in the 
interior of the fluid, because the latter cannot be directly measured. To 
measure what is usually called the pressure across an element of surface 
in the interior of the fluid we should have to remove the liquid on one side 
of the element of surface to make room for the membrane, or other 
apparatus, used to make the measurement. Naturally we should choose 
a membrane made of material without magnetic properties (fi = (x 0 ). 
The surface element would then be bounded on one side by a medium 
with (a equal to y- 0 and so would become effectively an element of free 
surface. If therefore we speak of the pressure across the various parts 
of the surface of an element of a magnetic fluid we really mean the pres¬ 
sures when the element is completely surrounded by a medium with (j. 
equal to |x 0 . The magnetic stresses over the surface of the element are 
then all outwards but their magnitudes are different in different directions. 
Hence the external pressures required to balance them must also be 
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different in different directions. The usual hydrostatic theorem that the 
pressure in a fluid is the same in all directions is true for a magnetic fluid 
only if by “ pressure ” is meant the sum of the mechanical pressure and 
magnetic stress. 


13 —Previous Treatments 

Amongst the previous treatments of this subject of which we are aware, 
the only ones sufficiently detailed to call for discussion are the recent one 
of Stoner,f already referred to, and an earlier one of Debye.J As the 
former is in many respects an elaboration of the latter, the two may 
conveniently be discussed together. 

Debye bases his treatment of magnetism on the consideration of 
magnetic poles and by analogy with electrostatics obtains the expression 

—J dW H SB for the magnetic contribution SW m to the variations of the 

total energy and of the free energy. Stoner tried to give an alternative 
derivation, which he now admits to be unsound.§ 

After obtaining this expression for SW m Debye splits it into the sum of 
two terms according to 

SW m = -L f d\ H SB 

47C J 

8H + JrfVH SI. (13.1) 

He then ascribes the first term on the right of (13.1) to the magnetic 
energy of the ether and the second to the magnetic energy of the matter. 
Stoner follows the same procedure and tacitly drops the term assigned 
to the ether. Now as the “ ether ” and the matter occupy the same space, 
there is no means of distinguishing between the “ energy ol the ether ” 
and the “ energy of the matter ”. We can therefore attach no physical 
meaning to this division of the energy into two parts. In fact, we might 
with equal justification write 

SW m = — jdV H SB 

« jdV B SB - jdV B 81, (13.2) 

t * Phil. Mag.,’ vol. 19, p. 565 (1935). 
t * Handb. Radiol.,’ vol. 6, p. 742 (1925). 

$ Private communication from Dr. Stoner. 
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and assign the first term on the right of (13.2) to the ether and the second 
to the matter. For our symmetrical system S.3, the magnitude of H 
being uniform throughout the interior of the solenoid, the separation of 
8W m into two terms according to (13.1) may be convenient and if it is 
desired to name two terms we should not object to calling them the 
“ energy increase of the ether ” and the “ energy increase of the matter *% 
provided the purely conventional nature of this terminology were 
emphasized. But in our system S.2 it is the magnitude of B, not H, that 
is uniform through the interior of the solenoid. In that case the separa¬ 
tion of SW m into two terms according to (13.2) is certainly more useful 
than according to (13.1). If the terminology of “ energy of the ether ” 
and “ energy of the matter ” were to be retained, it would then have to 
be according to a different convention. The confusion probably arises 
from the idea at one time curreht that H is of a more fundamental nature 
than B. Actually it is, if anything, B that is the more fundamental. 
If we could imagine all the matter removed leaving behind the molecular 
currents (a process recalling the departure of the Cheshire cat leaving 
behind its grin) it is B, not H, which would remain unaltered. 

By dropping the first term on the right of (13.1) Stoner obtains functions 
which he denotes by Ei and F x and which are related to our E and F as 
follows: 


E, = E -1 

4tt J 2 



j. (13.3) 


The most important of Stoner’s conclusions are derived from the fact 
that SFj is an exact differential and their validity is therefore unaffected 
by the fact that F* is not the free energy of the system. 

Neither Debye nor Stoner refers to the fact that the pressure in the 
field will be different in different directions. Stoner, without describing 
the shape of his system, tacitly assumes not only that the values of B and 
H are uniform throughout, but also that they remain so when V alters. 
Our system S.l has the convenient property that even when the total 
volume V of the magnetic matter is varied, the volume V, of the magnetic 
matter in the field remains unaltered and so Stoner’s formulae are valid 
for this system. It is clear then that the meaning of P in his formulae is 
not the pressure on the matter in the field, but the pressure on similar 
matter outside the field in equilibrium with matter in the field. This 
point is of only theoretical interest, as Stoner has pointed out that the 
magnetostriction is in practice very small and may usually be neglected. 
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C. G. Darwin for the interest he has taken in this paper and more especially 
for his constructive criticism and invaluable advice. 


Summary 

Proceeding from a formula for magnetic energy, derived in the previous 
paper and of general validity for systems containing currents, permanent 
magnetism, and induced magnetism, all the most important thermo¬ 
dynamic formulae for magnetic systems are derived. A general form is 
derived for the magnetic equation of state, on which magnetic thermo¬ 
metry ultimately depends. A discussion of adiabatic changes of magneti¬ 
zation is included. Where the present treatment especially leads to 
results differing from those of previous less exact treatments is in systems 
maintained at constant pressure. The accurate formulae applicable to 
these conditions turn out to be more complicated than previously sup¬ 
posed. Fortunately magnetostriction is usually so small that in 
practice it is ignored. One may then use for variations at constant 
pressure the simpler formulae strictly valid only for variations at fixed 
configuration. 
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An Experimental Examination of the Electrostatic 
Behaviour of Supraconductors 

By H. London, Clarendon Laboratory, Oxford 

(<Communicated by F.A. Lindemann, F.R.S.—Received December 4, 1935) 


1—Introduction 

In previous papers of F. and H. London* supraconductivity has been 
described as a phenomenon, in which the current density is not con¬ 
nected with the electric field, as in normal conductors, but depends on 
the magnetic field strength according to the equation 

Ac curl J = — H (1) 

with 

B ~ H 

and with 

A = mjne 2 , 

a new characteristic constant which contains the number n of supra- 
conducting electrons. 

The behaviour of the electric field is not completely determined by 
this equation. Using Maxwell’s induction law one can conclude from 
(1) only that 

Ac curl j = c curl E 
or 

A j » E + grad ft, (2) 

where the physical significance of grad \i is yet unknown. 

Two alternative hypotheses have been made, namely 

grad (x = 0 and ft — — Ac 2 ?. 

The first assumption excludes any stationary fields by the equation 

E = A j (3) 

and gives surface charges wherever the electric field of the external 
medium has a normal component. 

* ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 71 (1935), referred to as A; ‘ Physica,’ vol. 2, 
p. 341 (1935); F. London, 4 Proc. Roy. Soc.,’ A, vol. 152, p. 24 (1935). 
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The second assumption is distinguished so far as the resulting equation 

.A (j -f c 2 grad p) — E (4) 

can be combined with (I) in a single law by the four dimensional repre¬ 
sentation 



with J,, J 2 , J 3 , J 4 = J v , J„ icp; x\, x 2 , x s , x t — x, y, x , ict; and 
tfi*> if hi i/*4> fv3i fail fi 2 — E„, E a ; H„ H„, H,. 

In this description the electric and the magnetic behaviour are quite 
symmetrical. Both fields penetrate the supraconductor in a thin layer 
where they vanish exponentially, so that in a distance 

rf- VJ?= \/|s. (5) 

they are reduced to the <?-th part of their surface values; d is probably of 
the order of 10 6 to 10 4 cm. In this way the macroscopic result E = 0, 
B = 0, or f k — 0, can be represented. Equation (4), which was com¬ 
pleted by the simplifying assumption E D, still requires a boundary 
condition. With respect to the boundary, supraconductor-normal 
conductor, it has been shown by an energy consideration that p = 0 must 
be postulated.* This leads generally to a discontinuity of the normal 
component of E, as with two adjacent normal conductors. At the 
boundary, supraconductor-insulator, however, a continuous D„, i.e., 
exclusion of surface charges, seemed to be a plausible boundary con¬ 
dition, analogous to that of two adjacent insulators. For, as a conse¬ 
quence of (4), one obtains an energy density of the value £Ac*p* attributed 
to the space charges pf and this would become infinite in a surface charge. 
If, nevertheless, surface charges could be formed without any peculiar 
energy, the arguments given for the boundary with a normal conductor 
would apply at this boundary too. Accordingly p = 0 would hold at 
the whole surface of the supraconductor and therefore everywhere within 
it, and no substantial difference between equations (3) and (4) would 
remain. 

Both equation (4) with continuous D„ and equation (3) are in agree¬ 
ment with all experiments carried out hitherto with pure supraconducting 
phases. A method of deciding between them is the measurement of the 

• M. v. Lauc, F. and H. London, ‘ Z. Physik,’ vol. 96. p. 359 (1935). 
t A, p. 77. 
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capacity of a condenser with supraconducting plates. If D„ should be 
continuous, the capacity would decrease when the condenser was cooled 
below the transition temperature, and an elementary calculation shows 
that the change would be equivalent to an increase of the distance between 
the two plates by Id (in vacuo). 

Such a measurement has to be carried out with a sufficiently low 
measuring voltage, as there could exist a threshold value D nT for the 
normal component of the electric induction above which the surface of 
the supraconductor would become normal conducting. Then the lines 
of electric induction could terminate discontinuously in surface charges, 
which are excluded only for supraconductors. The electric field inside 
the supraconductor would disappear and accordingly the field energy 
would decrease. It is of course impossible to give a definite figure for 
this electric threshold value as one does not know what energy the forma¬ 
tion of a “ normal conducting surface ” would require. It would be 
fairly high, if a real normal conducting phase of at least the atomic 
extension a had to be formed, namely D nT \/ ajd . H T , where H T is the 
magnetic threshold value. For H. r ---• 330 gauss and a\d — 10 4 one 
would obtain 3-3 electrostatic units or 10 s volts cm 1 . As a precaution, 
however, an estimation has also been made on the assumption that not 
even a real phase transformation might be necessary, but that it might 
be sufficient that as many electrons become normal conducting as are 
required to terminate the lines of induction of the external field. From 
this a lowest limit for the threshold value of the order 


J nT 


-==CT= H 2 

Vnmc‘ l ' T 


follows above which the change in capacity would become inversely 
proportional to the measuring voltage. The greatest number n of supra- 
conducting electrons which can reasonably be assumed is the number of 
valency electrons. For mercury, with 2 valency electrons per atom at a 
temperature of 1 -9° K, where H T = 330 gauss,* one gets 

D«t = 1'7 x 10-* volts cm -1 . 


On the other hand the effect would disappear if the surface of the supra¬ 
conductor were covered with normal conducting impurities. Also dis¬ 
turbance of the surface by polishing or oxidation might impair the effect. 
Therefore a natural surface of high purity was required. 

* ‘ Comm. Phys. Lab. Leiden,’ No. 18(W(1926). 
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2— Method 
The Condenser 


Mercury seemed to be the most suitable substance, as it can easily be 
purified, so that it shows a 100% Meissner-effect. * The condenser 


was made by distilling in the mercury in a high 
vacuum. The container for the mercury had a 
shape shown in fig. I. Two chambers were 
formed by two half-cylinders of glass tube closed 
at the bottom between which a mica foil M, 18 [i 
thick, was clamped. The parts were kept in 
position by wires wound around the glass half¬ 
cylinders. The container was placed in a wider 
glass vessel which was connected with the distil¬ 
lation apparatus. As current leads two platinum 
wires Pt were sealed through the outer vessel. 
The first drops of mercury, which are usually of 
lower purity were distilled into another vessel 
before the condenser was connected. The mer¬ 
cury used was “ distilled mercury ” of Messrs. 
Hopkin & Williams which had been purified by 
electrolysis before it was distilled into the con¬ 
denser. The distillation temperature was 100‘ C. 
After the distillation the vessel was filled with 
pure helium, to give heat contact, and then it 
was sealed off at S. Reaction of the platinum 
leads with the mercury was minimized by freezing 
the mercury soon after the distillation finished, 
so that the platinum was in contact with liquid 
mercury for not longer than one day. 

For a proper freezing two precautions were 
necessary. The condenser had to be cooled 
slowly from the bottom in order to avoid the 
formation of hollow spaces in the solid mercury. 
Secondly the mercury had to be prevented from 



Fig. 1—Condenser. 
Scale 1:1*33. 


sticking at the glass walls because otherwise it would sever from the mica 


or even split it owing to its high thermal contraction. To avoid this, 
acid cleaned filter paper was placed at the inner surface of the glass half- 
cylinders. 


* Keeley, Mendelssohn, and Moore, * Nature,’ vol. 134, p. 773 (1934). 
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Still a small separation of the mercury took place, which could be seen 
from a fall in capacity larger than would follow from thermal contraction 
alone. This was considered in the evaluation of the relative capacity 
change by assuming the most unfavourable case that this separation was 
spread continuously over the surface, while in the calculation of the 
actual measuring field-strength the original plate distance was assumed. 
The reduction in the relative sensitivity caused by this separation was 
25%; the plate distance was equivalent to 3-8 p. for the plates of a con¬ 
denser with vacuum dielectric and the same capacity per cm 2 . 

The Electric Measurement 

The problem was to measure a comparatively large change in capacity 
(0-1%) by a very low measuring voltage, so that the change in voltage 
produced by the change in capacity would be of the order of 10 8 volts. 

For the measurement alternating current of 150,000 cycles per second 
was produced by a small valve generator and transformed down by two 
ironless transformers, the secondary coil of the first one being connected 
with the primary coil of the second. The ratio of the two transformers 
was known and their reactance was high compared with the subsequent 
load-impedance. Thus, by measuring the voltage on the input side the 
voltage applied to the mercury condenser could be determined. It was 
about 10 “ h volt. 

At the frequency used the change in reactance and resistance occurring 
at the transition into the supraconducting state are still negligible com¬ 
pared with the change in capacitance to be detected so that such a measure¬ 
ment can be considered to be quasistatic. 

The capacity was measured by a bridge of which all four branches 
consisted of condensers, as the bridge was part of a tuned circuit of the 
amplifier which would have been damped too much if a resistance- 
capacity bridge had been used. In fig. 2 C„ is the mercury condenser, 
C„ a calibrated variable condenser, by which a change in C„ could be 
balanced. The compensation of the dielectric losses was carried out by 
a small variable mutual inductance M with resistances R„ R* in its 
primary circuit, which were large compared with the reactance of the 
primary coil. By this method the inconvenience of using a variable 
resistance becomes unnecessary. The condensers C lt C a and the high 
ohmic resistance R s , R 4 were used to protect the condenser from potential 
differences due to thermo-forces. For this purpose R 4 was cooled together 

with C„; R 3 was also cooled in order to compensate for all variations 
of R 4 . 
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The amplifier worked on the heterodyne principle: After a screened- 
grid high frequency stage an auxiliary oscillation was superimposed, 
which was just strong enough to give sufficient input to the detector 
valve, which followed. With this precaution and by the screening effect 
of the first valve, a reaction of the auxiliary voltage back to the mercury- 



condenser could be avoided, which might otherwise have increased the 
measuring voltage. The audible beat frequency was amplified by a 
4-valve low-frequency amplifier. One stage of it had a tuned iron-cored 
transformer, which was provided with reaction. By means of a variable 
load resistance this reaction could be adjusted, so that the circuit was 
almost on the point of oscillation, and thus a selectivity of about 2 cycles 
per second could be obtained. This was necessary in order to cut down 
the background noise. In order to get the beat-frequency sufficiently 
constant, the two high-frequency oscillators were designed and operated 
in exactly the same way. 







108 


H. London 


The Low Temperature Arrangement 

The low temperature was produced by a small helium liquefier, work¬ 
ing by the expansion method,* and measured by a vapour pressure 
thermometer. The condenser, together with the resistances R s , R«, was 
in a vessel soldered at the bottom of the helium container; for thermal 
contact the vessel was filled with helium gas. That the mercury had 
attained the temperature of the liquefier was ascertained by measuring 
its magnetic threshold value. 

For this purpose the condenser formed the core of a mutual inductance 
the secondary coil of which was connected to a ballistic galvanometer. 
In this way the change in the magnetic flux through the mercury could 
be observed, when a magnetic field increasing by steps was produced by 
the primary coil. As long as the mercury was supraconductive, this 
flux remained zero; when the threshold field was exceeded, it changed to 
its normal value producing a deflexion of the galvanometer. On 
decreasing the field again below the threshold value the opposite change 
in flux took place, according to the Meissner-eflect.f 

As even in the temperature region of liquid helium the capacity of the ‘ 
condenser changed a little with temperature owing to the mentioned 
separation of the mercury from the mica due to thermal contraction, 
only comparative measurements at constant temperature were carried 
out, the normal conductivity being restored by a magnetic field. 

3—JResults 

At a temperature of 1 • 8 6 ° K no change in capacity of the mercury 
condenser was observed when the supraconductivity was destroyed by a 
magnetic field. Expressing all capacities in terms of the plate distance 
8, which a vacuum condenser of equal capacity and area would have, the 
limit of error corresponded to a change in 8 of 4-6 x 10 _7 cm, or of 
2-3 x 10~ 7 cm for either plate. Since the least favourable value of d, the 
penetration depth, calculated from the assumption of 2 supraconducting 
electrons per atom by equation (5), is 1 -8 x 10~« cm, the limit of error 
is less than 13% of the effect. The peak-value of the electric induction of 
the measuring field was less than 3-9 x 10 _i volts cm -1 , while the lowest 
limit of the threshold induction was D nT — 1 *7 x 10"* volts cm -1 ( see 

* Simon, 4 Phys. Z.,’ vol. 34, p. 232 (1933); Simon and Ahlberg, 4 Z. Physik 4 vol. 81, 
p. 816 (1933). 

t A similar arrangement was first used by Rjabinin and Shubnikow, 4 Phys. Z. 
Sowjet, 4 vol. 5, p. 641 (1934). 
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p. 3). It has therefore been exceeded during a part of the period. But 
even then a change in 5 of 2 x 10 6 cm ought to occur, which is still 
more than four times the limit of error. Measurements have also been 
carried out with a higher measuring voltage and accordingly with a higher 
exactness of the capacity measurement. At an induction of 10 volts cm 1 
the change in the equivalent vacuum distance 8 was found to be less than 
7-2 x 10 s cm, i.e., 3-6 x 10~ R cm for a single plate, or less than 2% 
of the effect. 

4—Conclusions 

It follows from these measurements that no electrostatic fields exist 
in a pure supraconductor, not even in a thin surface layer, at least to the 
approximation to which this is true for normal conductors. Accordingly 
we shall assume grad (i. -- 0 in equation (2) and consider 

Ac curl J - - — H (1) 

AJ = E (3) 

as the most simple description of the behaviour of a supraconductor. 
In all stationary cases the surface of a supraconductor is therefore exactly 
an equipotential surface. This gives the boundary condition for the 
electric field.* 

Equations (1) and (3) can be considered as valid for a single supra- 
conducting phase and also for phase transitions in a magnetic field.f 
However, it is not possible to treat the transition curve of a supracon- 
ducting wire with a current maintained from outside as an equilibrium 

• Consequently a supraconducting sphere in a homogeneous electrostatic field 
behaves exactly like a normal conducting one, without the small deviations given in 
A, p. 79, for a continuous D*. The absolute value of the current through a supra- 
conducting sphere, which is determined by the electric field in the adjacent normal 
conductor, is also slightly different from that previously given (A, p. 80). The con¬ 
stant k is now given by 

3eER (J a R a 

* “ sinh (JR 1 — (JR ctgh (JR 

instead of 

k „ 3qER 2 x P ,R ‘ ■■■■ I 

' sinh PR 1 ‘ 1-PR ctgh PR J 

The distribution of the current remains unchanged. (The result for the current 
followed already from the theoretical consideration of von Laue, F. and H. London, 
‘ Z. Phys.,’ be. cit .) 

t H. London, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 650 (1935). 
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problem of two separated phases.* It is probable that in this case a 
homogeneous supraconducting phase does not exist at all. 

I should like to express my thanks to Professor F. A. Lindemann, 

F. R.S., for his generous hospitality in the Clarendon Laboratory. 

My thanks are due to Professor F. Simon for putting one of his helium 
liquefiers at my disposal and for his helpful interest in my work. 

Finally I am indebted to Mr. A. H. Cooke, Dr. N. Kurd, and Mr. 

G. L. Pickard for their kind help during the experiments. 

Summary 

The question, whether, in a supraconductor, the lines of electric induction 
terminate discontinuously in surface charges or whether they penetrate a 
thin layer of the supraconductor was undecided. It has been decided 
experimentally in favour of the surface charges by the measurement of 
the capacity of a supraconducting condenser. Accordingly E = 0 is 
valid in stationary conditions even in surface regions of the order of 
magnitude of 10 7 cm. 

The measurements were carried out with a very low measuring voltage 
in order to exclude disturbance of supraconductivity due to a possible 
electric threshold value. 

* Equation (4) gave such a possibility, though not without introducing new hypo¬ 
thetical assumptions (A, p. 80, flf.). 
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The Electrical Resistance of Bismuth Alloys 

By N. Thompson, H. H. Wills Physical Laboratory, University of 

Bristol 

{Communicated by A. M. Tyndall, F.R.S,—Received December 11, 1935) 

Introduction 

It has been known for a long time that the electrical resistance of 
bismuth, and more particularly the temperature coefficient of resistance, 
depends to a great extent on the purity of the sample, but the earlier 
results are not consistent.* In particular it was known that small traces 
of tin, and possibly also of lead, could make the temperature coefficient 
at room temperature less than zero,f and also that some samples of 
commercial bismuth showed a negative temperature coefficient at low 
temperatures.! Since a negative temperature coefficient has hitherto 
been thought to be a distinguishing feature of electronic semiconductors, 
it seemed desirable that the matter should be investigated in more detail. 
The results already obtained have shown that the phenomena are much 
more complex than was at first thought, this complexity being quite 
adequate to explain the discordant results of the earlier workers. 

Experimental 

Preliminary experiments soon showed that very small traces of impurity 
were sufficient to produce very marked changes in the resistance, and 
accordingly all the later measurements have been made with Hilger 
“ H.S.” bismuth, with a purity quoted as 99 -997% (Lab. Nos. 9506 and 
10283). The alloying metals, being present in small percentages, were 
usually of commercial purity only. It soon became evident that the 
results depended very much on the crystalline state of the specimen, and 
that consistent and interpretable results would only be obtained if single 
crystals were used. A technique for producing these in a suitable shape 
was therefore developed. The metal was first cast into a rod of about 

* von Aubel, ‘ Phil. Mag.,’ vol. 25, p. 191 (1888); vol. 28, p. 332 (1889); Werner. 

‘ Phys. Z.,’ vol. 17, p. 346 (1916); Borelius and Lindh, ‘ Ann. Physik,’ vol. 51, p. 607 
(1916). 

t Ufford,' Proe. Amer. Acad. Arts and Sci.,’ vol. 63, p. 309 (1928). 

* Dewar and Fleming, ‘Phil. Mag.,’ vol. 40, p. 303-(1895); ‘Proc. Roy. Soc.,‘ 
A, vol. 60, p. 72 (1896). 
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1 mm square section, and about 3 cm iong, using an apparatus essentially 
similar to that described by Schubnikow.* The specimen was next 
grown into a single crystal by a modification of one of Kapitza’s methodsf 
whereby the process could be carried out in vacuo to prevent oxidation. 
Bismuth crystallizes with hexagonal symmetry, and by using a seed, 
crystals could be grown with any desired orientation. Now the resistance 
in a direction making an angle a with the principal axis in such a crystal 
is given by the Voigt-Thomson lawj 

p„ = p„ cos 2 « + pj. sin 2 a, (1) 

where p„ and p A are respectively the resistances parallel and perpendicular 
to the principal axis. Thus 

^ = sin 2a (p A — p„). 

If a — 0 or tc/ 2 this vanishes, and thus small errors in the value of a 
near these limiting positions have little effect on the value of p„. For 
example, for pure bismuth, for which p, t — 138xl0~ 8 , and p A = 109x10 * 
ohm-cm at 20° C, an error of as much as 10° in a gives the values 
(Pio = 109-9) and (p^, — 137-2) which are incorrect by less than 1%. In 
consequence of this the orientation of the specimen could be determined 
with sufficient accuracy from the direction of the main cleavage plane, 
which is perpendicular to the principal axis. 

The resistances were measured by passing a current of 100 milliamps 
through the specimen, or, more usually, through six specimens in series, 
and measuring the potential drop along a known length by means of a 
potentiometer. The potential leads were gauge 40 copper wire, and were 
fastened into position by touching them on to the bismuth rod with a 
potential of 22 volts between the two, and a ballast resistance of about 
10 ohms in the circuit. In order to determine the specific resistances, the 
average diameter of the specimen was found by weighing a known length 
of it, and assuming 9-78 as the density of all the alloys. 

Measurements were made over a temperature range from 14 to 450° A. 
For the higher temperatures a bath of transformer oil was used, electrically 
heated by means of an immersed coil, while lower ranges were covered 
by acetone with C0 2 snow, and by liquid ethylene, oxygen and hydrogen 
boiling under reduced pressures. All temperatures were measured by a 

* 4 Proc. Acad. Sci. Amst.,’ vol. 33, p. 327 (1930). 
t ‘ Procr Roy. Soc.,’ A, vol. 119, p. 358 (1928). 
t Cf. Voigt,' Lehrbuch dcr Kristallphysik. 4 
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thermocouple in the liquid bath. The resistance was always measured 
twice, once with the current flowing in either direction through the speci¬ 
men. If the two results were not the same, it indicated that the two thermo 
E.M.F.s*at the junctions of the potential leads with the specimen were 
not equal, and thus that there was a temperature gradient along the speci¬ 
men. This provided a very sensitive test for the uniformity of the 
temperature in the liquid bath. 

The alloys were compounded by direct weighing, or sometimes, in 
the more extreme dilutions, by making a parent alloy of known con¬ 
centration, and diluting with more bismuth. They were melted up in a 
small pyrex bulb, which could then be evacuated and sealed off. In this 
way oxidation and loss of the more volatile impurities was prevented, 
and also the melt could be vigorously shaken to ensure uniform mixing. 
In default of any satisfactory chemical method of estimating amounts of 
lead and tin of the order of ()• 1% in bismuth, when the whole specimen 
weighed only about 300 mg, it was assumed that the final composition 
corresponded to that put into the original melt. The results obtained 
from specimens that had been melted, cast, or crystallized more than once 
were consistent with the rest, thus seeming to justify this assumption. It 
was found that the resistance could be measured to 0-2% and that the 
results could be repeated to this accuracy. The absolute values of the 
specific resistances, on the other hand, are only reliable to about 2%, or 
for a specimen of very irregular shape the error may be more than this. 
The least accurate figures are those giving the composition of the alloys, 
but even here ± 5% would probably cover the experimental error. 


Results 

Figs. 1 and 2 show a selection of the results obtained for the variation 
with temperature of the specific resistance of bismuth-lead alloys, respec¬ 
tively parallel and perpendicular to the principal axis. The lowest 
curves those for pure bismuth, are copied from a paper of Schubnikov 
and de Haas* and represent the resistance of the purest bismuth they 
were able to obtain after repeated recrystallizations. Since the paper 
gives only relative values of the resistance, the graphs have been adjusted 
to pass through the points T = 293° A, p„ - 138 x 10~ 9 , Pi = 109 x 10 ", 
the usually accepted values for pure bismuth. It will be seen that quite 
small amounts of lead produce an alloy with a large negative tempera¬ 
ture coefficient of resistance parallel to the principal axis, and that the 

* ‘ Proc. Acad, Sci. Amst.,’ vol. 33, p. 35D (1930). 
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effect is much less marked in the other direction. Since lead is quite a 
common impurity in commercial bismuth, this in itself is sufficient to 
explain the results of the earlier investigators, and the divergences 
between them. Similar results were also obtained with the bismuth- 
germanium alloys, fig. 3, and with bismuth-tin alloys, fig. 4. In the former 
alloys the results have not been consistently repeatable, and consequently 
the concentrations corresponding to the various curves are not given. 
It is believed that this is due to the difficulty of obtaining a homogeneous 
parent alloy, owing to the higher melting point of the germanium metal 
(958° C): the point is being reinvestigated. It will be observed that for 
equal atomic percentages the disturbance caused by the insertion of tin 
atoms is several times larger than that caused by lead atoms. It is 
difficult to give a quantitative statement, but we may note that the least 
amount required to produce an alloy which shall, at some temperature, 
have a negative temperature coefficient, is about 0 1% of lead, and about 
0-03% of tin. 

One possible explanation of these results which must be eliminated is 
that they are due to some change in the crystalline state of the material, 
or a precipitation of another phase out of the solid solution. The former 
is rendered improbable by the observation that the Voigt-Thomson law 
(equation (1)) is obeyed throughout the temperature range in which the 
anomaly is most marked. This was checked for six crystals of identical 
composition (Bi -f- 1% Sn) but differing orientations, and found to be 
true within the limits of experimental error. But more conclusive is the 
fact that it was not possible to detect time-lag between temperature and 
resistance, nor any difference between resistances measured on heating 
and on cooling. In fact, during some later observations on a bismuth- 
antimony alloy which showed a similar maximum resistance at about 
60° abs, the temperature, owing to a fault in the apparatus, happened to 
fluctuate over a degree or so in the neighbourhood of this value, with a 
“ period ” of about half a minute. It was observed that the resistance 
fluctuations followed those of the thermocouple in detail, indicating that 
whatever change was occurring took place almost instantaneously. 
This, at a temperature of 60° abs, seems definitely to exclude all possi¬ 
bility of a phase change of any ordinary type. 

The next results refer to bismuth-selenium alloys, and are shown in 
figs. 5 and 6. The bismuth-tellurium system was also investigated, but 
as the resistance-temperature curves are essentially similar to the above, 
they are not reproduced in detail, but merely summarized in fig. 8. As 
will be seen at a glance, the effect on the resistance is quite different from 
that of the lead-tin group of impurities. There is no negative temperature 
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coefficient, and the addition of the first traces of the impurity actually 
decreases the specific resistance, the change again being more marked in 
conduction parallel to the principal axis. This ceases to hold at suffici¬ 
ently low temperatures, when the “ Restwiderstand ”, which must be 
increased by the addition of impurities, becomes the more important 
part of the total resistance. As before, we note that one element is more 
effective than the other in producing the change; for example, 0-05% of 
Te lowers the resistance by about the same amount as 0-5% of Se. The 



Fia. 7—Relation between atomic per cent of impurity (Pb and Sn) and resistivity at 

140° abs. 

differences and similarities are well brought out by figs. 7 and 8 in which 
the specific resistances at arbitrarily chosen temperatures are plotted 
against atomic per cent of impurity for the four alloys studied in most 
detail.* Finally, fig. 9 represents a few curves obtained with other 

* In addition to the main cleavage plane (111), bismuth also possesses three imperfect 
cleavage planes (111), etc. Now it is much easier to grow a bismuth crystal with its 
axis inclined to the axis of the rod than parallel to it, and in consequence it some¬ 
times happens that when the seed is placed in the latter orientation, owing no doubt 
to some twinning process, the resulting specimen has one of the imperfect cleavage 
planes perpendicular to its length. This means that a as defined above is approxi¬ 
mately 70°. By talcing the resistance of such a twinned crystal as we introduce 
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impurities. There is an indication of the same kind of effect as is pro¬ 
duced by lead and tin in every impurity except that of silver, which is 
believed not to be soluble in the bismuth lattice.* Antimony, which 
is isomorphous with bismuth, is particularly interesting, and further work 
is being done on this. 



% Sc 
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Fig. 8 —Relation between atomic per cent of impurity (Se and Te) and resistivity at 
273° abs. Fig. 8 a refers to tellurium alloys and 8 b to selenium alloys. In 
both figures 0 denotes pn; 4- denotes p x ; and x denotes the resistance of a 
twinned crystal ~ p x (see note, pp. 118, 119). 

Discussion 

It seems opportune at this juncture to add one or two remarks on the 
bearing of these results on the phase diagrams of the binary alloy systems 
involved. These are not all known with certainty, and in particular the 

an error of 12% of the difference (pu - p x ). In pure Bi this amounts to only 3% of 
Pi, while for the Bi>Se and Bi-Te alloys it is always less than this amount. For this 
reason, and in fig. 8 only, several measurements made on such twinned crystals are 
included. 

* Cf. Goetz and Focke’s results on the diamagnetism of Bi-Ag alloys, * Phys. Rev.,’ 
vol. 45, p. 170 (1934). 
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limit of solid solubility is placed at very different values by different 
authorities. * In fact for the Bi-Se and Bi-Te systems, there is some doubt 
as to whether such a phase exists at all. The results here given would 
indicate that such a solid solution region does exist for all the impurities 
tried, with the exception of silver. Furthermore, fig. 8 would suggest 
the possibility that the data may be made to yield information about the 
solubility limit of Se and Te in Bi. For while at the commencement, the 



Fig. 9 —Resistivity-temperature relations for alloys of bismuth with various impurities 
as shown. All measurements parallel to principal axis, except Cd which has 
twinned. 

addition of more impurity atoms into solid solution decreases the 
resistance, it is reasonable to expect that once we pass into the mixed 
crystal region, the resistance will begin to rise again, the minimum in the 
curve giving the solubility limit. This is the behaviour actually found. 
It will be observed in addition, that the two resistances pn and p x tend 
to equality at the minimum. Whether or not this is merely fortuitous 

* Cf. “Tnt. Crit. Tables” and “ Landolt-Bdmstein Tables.” 
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cannot at present be decided; but it follows that at higher concentra¬ 
tions of impurity, when—if our hypothesis is correct—the metal consists 
of mixed crystals of the saturated phase and some other, then the resistance 
will be independent of orientation. All the experimental points do 
actually lie on one curve, within the limits of error. It is doubtful 
whether it will be possible to grow a single crystal in this region, or whether 
the small amounts of the foreign phase present will preclude It. None 
of the specimens cleaved very easily, and some, when etched with nitric 
acid and examined in parallel light, were seen to consist of at least two 
regions differently orientated, while others by this rather rough test 
appeared to be single. But it matters little for resistance measurements 
whether the crystal is strictly single or not. If this interpretation of the 
results be correct, then the limit of the solid solution phase lies at 0-1- 
0 -2% (atomic) of Te, and 1% (atomic) of Se. 

It is natural to attempt some correlation of these results with those of 
Goetz and Focke,* who have measured the diamagnetic susceptibilities 
of the same alloys. The comparison can be qualitative only, and con¬ 
fined to vague generalities, since Goetz’s account of the susceptibility 
variations is much more complex than the resistance changes here 
described. The following conclusions are, however, common to both 
sets of data. 

(1) Lead and tin, dissolved in the bismuth lattice, produce similar 
effects; but a given concentration of tin produces a disturbance several 
times (=i 3) as large as the same number of lead atoms. Germanium is 
also soluble in bismuth, and acts qualitatively in the same way as lead 
and tin. 

(2) Selenium and tellurium dissolve in the bismuth lattice, and produce 

similar effects, but tellurium is more efficacious than selenium by a 
factor of several times (~ 9). ' 

(3) In general, other things being equal, members of the first (electro¬ 
positive) group of impurities produce effects of the opposite sign to 
those of the second (electronegative) group. At the present state of the- 
theory, and bearing in mind the accuracy of the experimental data, there 
seems little point in pursuing the comparison into more detail. The 
above is sufficient to indicate that the two sets of phenomena are closely 
related to one another. On the other hand the following point of differ¬ 
ence emerges. 

(4) None of the resistance measurements shows any singularity at or 
near the. allotropic change point, which is alleged to exist at 75° C, and 


* ‘ Phys. Rev.,’ vol. 45, p. 170 (1934). 
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for which Goetz found some evidence in his results. Schulze* has made 
careful measurements of the resistance of pure bismuth around this 
temperature with the same negative result. 

Though the processes involved are much too complicated to yield to 
any simple theory, the essential nature of the effect may perhaps be 
understood in the light of the theory of bismuth due to Jones-t Bismuth 
has a Brillouin zone containing just five electrons; this is nearly full, so 
that the conductivity is due to a few vacant places (positive holes) in this 
zone, and to electrons overlapping into the next zone. The number of 
overlapping electrons is abnormally small for bismuth, which accounts 
for its poor conductivity and other properties. It is thus clear that the 
electrical properties will be very sensitive to small changes in the number 
of free electrons in the metal, such as can be produced by dissolving in 
bismuth small quantities of atoms of different valency. Pb, Sn, or Ge 
would decrease the number of overlapping electrons and increase the 
number of holes; Te and Se would increase the number of electrons and 
decrease the number of holes. It is thus satisfactory that Pb and Se 
tend to have opposite effects, as figs. 1, 2, and 5, 6 show. 

Jones [!oc. cit.) has suggested that, owing to the addition of Pb or Sn, 
the number of overlapping electrons becomes very small but increases 
rapidly with temperature, as in an electronic semi-conductor according 
to Wilson’s theory. It is possible that in a certain temperature range the 
increase in the number of electrons would counterbalance the increasing 
scattering due to thermal oscillation of the atoms, and the resistance 
would fall. This explanation presupposes that the positive holes are 
not important for the conductivity parallel to the principal axis. If this 
is so, Te and Se, which increase the number of overlapping electrons, 
would, neglecting the “ Restwiderstand ”, decrease the resistance and 
could not lead to a negative temperature coefficient. 

In conclusion, my best thanks are due to the Department of Scientific 
and Industrial Research for the grant which rendered this work possible, 
to Dr. H. Jones for suggesting the problem to me, and to Dr. L. C. Jackson 
for his invaluable assistance with the low temperature technique. 

Summary 

The electrical resistance of single crystals of bismuth containing small 
amounts of Pb, Sn, Ge, Se, Te, and other elements has been measured 

* ‘ Z. Tech. Physik,' vol. II, p. 16 (1930). 
t ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
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over a temperature range from 14-400° abs. The three first-named 
elements dissolve in the Bi lattice and produce an alloy which has a large 
negative temperature coefficient of resistance parallel to the principal 
axis of the crystal. Perpendicular to the axis the effect is similar but 
less marked. Se and Te both dissolve in Bi, thereby reducing its specific 
resistance, both parallel and perpendicular to the axis, except at low 
temperatures. There is no negative temperature coefficient. A qualita¬ 
tive explanation of these results is suggested on the basis of Jones’s 
theory of bismuth. 
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Introduction 

% 

The production of ionization and radiation by collision of relatively 
slow positive ions with neutral atoms constitutes a less completely explored 
field of investigation than that of the absorption of ions by scattering, 
neutralization, and retardation. Many of the apparent discrepancies 
among the earlier results of investigations of the disappearance of ions 
from a beam on passing through a gas have now been reconciled by an 
appreciation of the important part played by the geometry of the apparatus, 
but as regards the production of ionization and radiation by slow positive 
ions many of the results are still somewhat conflicting.* Investigations 
of this problem are beset with difficulties because of the relative inefficiency 
of the process and the necessity of eliminating the effects of other pro¬ 
cesses of a comparable order of magnitude. 

Experiments on the ionization of the rare gases by alkali metal positive 
ions, some of which include the ionization of helium by K + ions, have 

* For a summary of the work in this field prior to 1932 see Davies and Horton, 
‘ Congr. Int. filectricitd,’ vol. 2, p. 391 (1932). 
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been carried out by Sutton, Mouzon, and Beeck,* * * § and by Frische,t and 
Nordmeyer.} The method employed in all these investigations con¬ 
sisted in the measurement of the current due to the electrons produced in 
the gas by the positive ions, the electrons being driven to the collector by 
an electric field which urged them in the opposite direction to that in 
which the beam of positive ions was travelling^ 

During the course of the present experiments accounts of two other 
investigations bearing on the subject have been published by Holzer,i,i 
and Varney.Holzer claims to have detected light excitation setting 
in when 200 volt potassium ions bombard helium atoms, but he does not 
give any particulars as to the spectrum of the light detected. Varney 
investigated the ionization produced by alkali metal positive ions in 
various gases using a balanced space charge method, i.e., the detection 
of ionization depended on the influence of the newly formed positive 
ions on a space charge limited electron current. The method is not 
therefore open to the objection that the effects detected may be caused by 
photoelectrically active radiation or by secondary electrons, both of which 
factors contribute to the currents measured in the method indicated 
above. Varney found no evidence of the production of ionization in 
helium by any of the ions for values of the accelerating voltage up to 530. 

The available evidence in regard to the ionization of helium by potas¬ 
sium positive ions is conflicting both as regards the voltage at which the 
effect begins and as regards the extent of the ionization when it does set 
in. 


Description of Apparatus and Method 

The experimental arrangement ultimately employed in the present 
investigation is shown diagrammatically in fig. 1, which gives a section 
of the apparatus in elevation. The electrode system was set up in a 
pyrex tube of the form shown, the upper part being divided into three 
compartments by two internal seals Kj and K 2 . The space between these 
seals communicated by a wide tube T x with a mercury diffusion pump, 
a tap of wide bore enabling the apparatus to be shut off from the pump 
when desired, and a liquid air trap preventing mercury vapour from the 

* For references before 1932 see previous footnote, also Mouzon, ‘ Phys. Rev.,’ 
vol. 41, p. 605 (1932). 

t Ibid., vol. 43, p. 160 (1933). 

t ‘ Ann. Physik,’ vol. 16, p. 706 (1933). 

§ In Nordmeyer’s experiments a transverse radial field was employed. 

I! * Phys. Rev.,’ vol. 46, p. 289 (1934). 

1i Ibid., vol. 46, p. 235 (1934); vol. 47, p. 483 (1935). 
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pump passing into the apparatus. A tube T a perpendicular to the plane 
of the diagram served as inlet for the helium which was kept continually 
circulating through the apparatus, and which entered at T 2 from a series 
of charcoal tubes immersed in liquid air. A tap between the charcoal 



tubes and T a enabled the apparatus to be completely shut off when 
desired. The helium was pumped off at and passed from the low 
vacuum side of the mercury vapour pump back again to the purifying 
tubes to enter the apparatus again. A storage bulb of helium with two 
taps enabled a fresh supply of the gas to be admitted to the circulating 
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system when required, and the helium thus admitted could be purified 
by repeated circulation through the charcoal tubes without passing 
through the main experimental tube. 

The electrode system was as follows. An electrically heated filament 
F consisting of a strip of platinum coated with a mixture of the oxides of 
potassium, aluminium, and silicon, and carried on a ground glass joint J 
to facilitate removal for the frequent recoatings that were necessary, was 
mounted horizontally with its length perpendicular to the plane of the 
diagram. Below this, and at a distance of 1 - 5 to 2 mm from it was a 
nickel electrode A, of the form indicated, with a slit Sj 5 mm by 0-5 mm 
cut centrally in the horizontal top. This slit and all others were mounted 
with their lengths perpendicular to the plane of the diagram. The cylin¬ 
drical tube part of electrode A, and the similar part of electrode B 
below, enabled internal seals to be effected by nickel-tungsten-pyrex seals 
with the electrodes themselves. These cylindrical parts were 8 mm in 
diameter and 7 mm in length. Electrode B was provided with a slit S a 
(not marked in fig. I) exactly similar to Si and from this slit a channel of 
the same cross-section and of length 3 cm extended upwards. Below B 
and at a distance of 3 mm from it was a plane circular electrode C fitting 
the pyrex tube and having a third similar slit S a (also not marked). A 
fourth electrode D situated just where the vertical tube merged into the 
horizontal tube was provided with a slit S 4 of larger dimensions than the 
other slits—1 -5 cm by 4 mm. In the lower vertical part of the tube, in 
line with the filament and slit system, was a deep cylindrical electrode E 2 
with an elliptical plate electrode Ex passing up into the lower part of the 
cylinder as shown. In the horizontal arms of the pyrex tube plane 
circular electrodes Pj and P 2 were mounted, each being 3-4 cm from the 
vertical line through the slit system. An additional electrode G of the 
form shown, was mounted in front of P 2 and 2 mm from it. The part 
of this electrode immediately in front of P 2 was of fine nickel gauze. 
All the electrodes except the filament were of nickel welded to tungsten 
leads for sealing through the pyrex tube. 

In an earlier form of apparatus employed the electrodes A and B were 
made exactly similar to one another and were sealed into the tube with 
the cylindrical portion of each directed downwards as in A of fig. 1. The 
long channel part of electrode B, and the electrode C were not used in this 
apparatus. This arrangement of electrodes was, however, found not to 
collimate the positive ion beam satisfactorily and was ultimately abandoned 
in favour of the arrangement shown in fig. 1. In the earlier experiments 
the coated platinum strip was not used as a source of positive ions but 
instead a heated tungsten strip was employed, and potassium atoms 
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vaporized from a side tube connected to the upper part of the apparatus 
and containing potassium distilled in vacuo, were converted to positive 
ions on striking the positively charged tungsten strip. The method was 
abandoned because of the difficulty of completely preventing potassium 
vapour from passing into the lower part of the apparatus and causing 
trouble by giving rise to spurious photoelectric currents in the region 
where the ionization by the positive ions was being investigated. While 
this source of positive ions was employed it was found to be essential to 
work in a completely darkened room on account of the photoelectric 
difficulty. 

The currents necessary for heating the filament were obtained from 
the secondary of a suitable transformer, the secondary being carefully 
insulated from the primary and thus enabling F to be maintained at any 
desired potential with respect to earth. A water cooling device was 
arranged round the ground joint J. The electric fields were so arranged 
that a beam of positive ions was directed from the filament down through 
the slit system, the energy of the ions being varied by means of either the 
potential difference Vj between F and A, or the potential difference V 3 
between B and C. The potential differences V 2 between A and B, and 
V 4 between C and D, were kept constant and directed positive ions 
downward. V* was always about 18 volts, and V 2 either 20 or 40 volts. 
The purpose of the electrode D with its wider slit S 4 , maintained always 
at a negative potential with respect to C, was to prevent the escape of 
electrons liberated from the edges of the slit S 3 into the lower part of the 
apparatus. By having slit S., of larger dimensions than the other slits 
the likelihood of electrons being liberated from the edges of this slit and 
passing down with the positive ions was minimized. The electrode Ej 
was maintained*at the same potential as D and served as the collector of 
the positive ion beam passing down the tube. The cylinder E a was kept 
at 18 volts positive to E t to collect any secondary electrons that might 
be liberated by the positive ion beam striking E t and prevent their escaping 
into the middle portion of the apparatus. A sensitive galvanometer was 
connected so as to measure the positive ion current to Ej and E a together. 

The arrangement of internal seals and the slit system made it possible 
to have a much larger pressure of gas below S 3 than existed in the region 
between S x and S 2 when the gas circulation was in operation. Most of 
the encounters between positive ions and gas atoms would therefore occur 
below D, and by means of a directing potential difference between P x 
and G the magnitude of any ionization current produced in this space 
could be investigated by collecting the resulting electrons. The purpose 
of the electrode G was to enable a discrimination to be made between a 
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current due to ionization and a current due to photoelectrons liberated 
by any radiation that might be produced. The actual collecting electrode 
was P 2 which was connected to one pair of quadrants of a sensitive 
electrometer, and through a high resistance leak to earth so that currents 
could be measured by a steady deflexion method with a compensating 
arrangement. In all the later work when the apparatus shown in fig. 1 
was used, the electrodes B and C were connected to the positive and nega¬ 
tive terminals respectively of a generator capable of giving a voltage up to 
3000. The battery supplying the potential difference V 2 provided only 
600 volts, so that for all the higher voltages the main part of the energy 
of the positive ions was acquired between B and C, only a short distance 
before the ions entered the space where ionization was under investiga¬ 
tion. Preliminary experiments were made to determine the most suitable 
arrangement for the potentials of Pj, G, and P a relatively to D and the 
collectors E x and E 2 . It was found most satisfactory to keep G at the 
same potential as D, and E a , and this plan was adopted in all the later 
work. 

When making the observations the gas was circulating through the 
system by the action of the mercury vapour pump. By means of two 
McLeod gauges which were connected through liquid air traps as near 
as possible to the taps, which enabled the apparatus to be shut off at T a 
on the inlet side, and at T x on the outlet side, it was possible to estimate 
the pressure of helium in the actual ionization chamber during the circu¬ 
lation. 

Experimental Results 

It has already been mentioned that, with the original form of the 
apparatus, trouble was experienced owing to positive ions from the beam 
reaching the plate P 2 . This was ultimately traced to reflexion from the 
sides of the cylindrical part of electrode B which was directed downwards 
in this apparatus. The fact that the positive ion beam was thus not being 
successfully collimated involved also that the precautions taken to prevent 
the escape of electrons from the edges of slit S 4 into the ionization space 
were ineffective. With the apparatus modified to the form of fig. 1 both 
these difficulties were successfully overcome. It was originally intended 
that the electrodes D, E x , and P 4 should be maintained at the same 
potential, and that G should be positive with respect to all of these, thus 
tending to draw all electrons produced in the path of the beam by ioniza¬ 
tion of the gas towards G and subsequently towards P a , relying on the 
positive potential of E a with respect to Ej to prevent electrons liberated 
from Ej by positive ion bombardment from escaping and possibly 
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reaching P 2 . It was found, however, that electrons arising in this way 
could only be satisfactorily eliminated by never allowing G to be positive 
to either Ej or E 2 . Therefore as has already been stated, D, E x , and G 
were maintained at the same potential. 

Positive ion currents to the collector Ej as large as 4 x 10 7 amp were 
obtainable with the original form of apparatus, with currents of 2 x 10 8 
amp and about 2-5 x 10 r ' amp to the electrodes A and B respectively, 
when was about 480 volts. With the apparatus as in fig. 1, and with the 
tungsten strip filament and potassium vapour, the positive ion currents 
to Ej and E 2 were smaller, a set of values for comparison with the above 
being l -3 x 10 3 amp to A, 5-4 x 10 r> amp to B, and 1 -25 x 10 * amp 
to Ej and E 2 together. Currents to Ej and E 2 four or five times as large 
could be obtained but it was generally more satisfactory to work with 
beams of the order of 10 8 amp. When the coated platinum filament was 
used as a source of positive ions the magnitude of the beam to E x and E s 
was usually of the order of 2 x I0~ w amp to 5 x 10 " amp. Larger 
beams could be obtained for short periods by overrunning the filament. 
The quadrant electrometer used in conjunction with a xylol alcohol 
resistance had a sensitiveness which varied slightly from time to time but 
which was always of the order of 8 x 10 14 amp per cm deflexion. An 
electrometer current amounting to about 10 of the positive ion beam 
traversing the ionization space was therefore easily detectable. Owing 
however to the necessity of allowing for a small diurnal variation of the 
electrometer zero, it is estimated that an amount equal to 5 x I O'" is 
the magnitude of the ratio of ionization current to positive ion beam 
which has been taken to indicate convincingly the beginning of a genuine 
electron current. 

With the electrodes D, G, and Ej 18 volts negative to P 2 which was at 
zero potential, and with P v at —40 volts, experiments at different gas 
pressures from the highest obtainable vacuum up to about 0 -10 mm estab¬ 
lished that an electron current to P 2 began to be detectable at about 450 
volts, and increased as the energy of the ions increased at a constant gas 
pressure, and as the pressure increased for a constant value of the voltage. 
As the currents were very small in comparison with the positive ion beam 
it seemed desirable to try the effect of larger directing fields across the 
ionization space, i>„ between P x and G. The voltage between these 
electrodes was therefore increased by steps up to 220 volts while the 
energy of the positive ions was kept constant by 1700 volts, and it was 
found that the electron current to the electrometer increased steadily with 
this voltage and was still increasing at 220 volts. This variation is 
illustrated in fig. 2. The increase could not be attributed to ionization 
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by collision by electrons resulting directly or indirectly from positive ion 
impacts with helium atoms since the pressures employed (less than 
0 01 ram) were such that even if the electrons had their origin at the 
plate Pj they would not make more than one collision on the average in 
traversing the distance Pi to G. Ionization by electron collisions could 
therefore only account for a small percentage increase of the current, 
whereas the measured current actually increased to several times its 
original value when the potential difference V between the electrodes P x 
and G was increased from 20 volts to 220 volts. On increasing V to 
344 volts for the same gas pressure and the same positive ion energy a 



Fig. 2. 

still larger value of the electron current to P a was measured, and as is 
shown in fig. 2 the current appeared to be approaching a constant value. 
The potential difference V was not further increased because it would 
have been impracticable to use values even as large as 344 volts for values 
of the positive ion energy in the neighbourhood of that at which ionization 
began without deflecting the positive ion beam appreciably. 

The question arises as to whether the saturation value to which the 
electron current appears to be tending in fig. 2 can really be taken as a 
measure of all the electrons produced as the result of encounters between 
positive ions and gas atoms along the path of the beam from S 4 to where 
the ions pass within the region of the collectors E x and E a . In discussing 
this question it seems desirable to discriminate between the two possible 
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sources of electrons resulting from collisions of gas atoms and positive 
ions in the region bounded by Pj D, G, and the upper end of the cylindrical 
electrode E 2 , namely electrons resulting from ionization by collision along 
the collimated beam of ions passing centrally through the space, and 
photoelectrons which might be liberated from Pj by a radiation produced 
as the result of encounters along the path of the positive ion beam. As 
regards the photoelectrons, if any such are produced and contribute to 
the measured current, only some of them can pass across to G while 
some will certainly go to the electrodes D and E a whatever the negative 
potential of P x with respect to these electrodes. As regards the electrons 
which may originate along the track of the positive ions, if these are 
ejected with zero velocity they will tend to move in a horizontal direction 
towards G under the influence of the potential difference between Pj and 
G rather than upwards towards D or downwards towards E x . For the 
smaller values of V it is possible that some of the electrons originating 
along the track of the positive ions will be pulled towards E a . If the 
ionization effect predominates one would therefore expect an increase oi 
the measured current to P a with increase of the potential difference V, 
and one would expect the current eventually to approximate to a satura¬ 
tion value when all the electrons are drawn out by the transverse electric 
field. On this view the results shown in fig. 2 suggest that the greater 
part of the current measured for the larger values of V is due to electrons 
resulting from ionization rather than from photoelectrically active radia¬ 
tion. 

The procedure adopted in obtaining a measure of the electrometer 
current due to electrons originating either from P x or by ionization by 
encounters of potassium ions with helium atoms, as a fraction of the 
positive ion beam to the collectors E x and E a was as follows. The read¬ 
ings of the electrometer scale, and of the scale of the galvanometer 
measuring the total positive ion current to E x and E a were first taken with 
all the voltages on and with the filament cold,* and with P x and G at the 
same potential about 18 volts negative to P a . A potential difference 
of 100 or 200 volts was then applied between P x and G in such a direction 
as to drive electrons towards G, and the two scales were again read. 
There was never any detectable change in the reading of the galvano¬ 
meter scale, but sometimes very small differences were detected in the 
reading of the electrometer scale. The corresponding readings were 

* The procedure was sometimes varied in that the zero values of the electrometer 
and galvanometer readings were sometimes taken with the filament hot but with V t 
Mro, either method serving to cut off the positive ion beam. 
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then taken with the filament hot so that a supply of positive ions was 
being obtained. In this way the magnitude of the positive ion beam was 
determined. There was no difference in this quantity whether the poten¬ 
tial difference V between P x and G was zero or some other value pro¬ 
vided this value was not comparable with the total voltage accelerating 
the positive ions. Denoting the electrometer readings specified as e a , 
e 3 , and e 4 respectively, the electrometer currents due to the effects of 
positive ions were therefore taken to be e a ~e if for V zero, and e t -e 2 for 
V equal to the value employed (say 100 volts). Dividing these by the 
corresponding differences in the galvanometer readings, and using the 
appropriate standardization factors, the electrometer current was deter¬ 
mined as a fraction of the positive ion beam for the two values of V. 
The difference e. A — e u always corresponded to the flow of electrons to 
the plate P 2 but since no potential difference existed between P x and G this 
current cannot reasonably be attributed to ionization produced by the 
positive ions; as will be shown later there seems good reason for attributing 
this difference to a photoelectric current from G to P 2 caused by radiation 
produced by the collisions of positive ions with helium atoms. 

To allow for such part of any of the measured currents as was due to 
effects independent of the presence of gas in the tube, the whole procedure 
indicated above was carried out in vacuo and the corresponding fractions 
calculated and subtracted from those with helium in circulation. Vacuum 
effects were detectable for the larger values of the positive ion energy 
but were generally very small in comparison with the gas effects. In 
particular the effect of changing the value of V was much smaller in 
vacuo though the change was of the same general nature as that occurring 
with helium in the tube. The vacuum effect was not proportional to the 
positive ion beam, large increases in the latter causing scarcely any change 
in the vacuum effect. The procedure described above eliminated any 
error on this account because the vacuum effect was directly measured in 
each determination. A definite instance of the order of magnitude of 
the vacuum effects in relation to the gas effects is given in Table I. The 
total potential difference accelerating the positive ions was 2000 volts 
for the instance quoted, and the positive ion beam was 1 1 x 10~® amp. 
For the larger positive ion beams which were usually employed when 
measurements at lower pressures were taken, the values of the ratio for 
the vacuum effects were considerably smaller. 

It has been stated above that the electron current to P 8 when V was zero 
was attributable to the production of a photoelectrically active radiation 
by collision of the positive ions with the neutral atoms of helium. The 
evidence for this conclusion is as follows. In the first place when the 
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potential difference between G and P 2 was reversed, all other fields 
remaining unchanged and V being zero, the current measured by the 
electrometer changed sign. In the second place the ratio measured for 
V equal to zero under similar conditions of voltage and gas pressure was 
larger when the tungsten filament and potassium vapour were used to 
supply the positive ions than when the coated filament was employed. 
This was due to the fact that the electrodes G and P 2 and the glass walls 
had become contaminated with potassium and yielded photoelectrons 
more copiously. That the effect was dependent upon the presence of 
helium and was not due to radiation produced by bombardment of the 
electrodes was evident from the way in which the magnitude of the effect 
varied as the pressure of the gas was increased. This is illustrated in 
Table I and is further evidenced by the following figures for measurements 

Table I—Ratio of Electrometer Current to Galvanometer 

Current 

In helium at 

a pressure of In vacuo Difference 


0 049 mm 

V 100 . 5-65 x 10 8 5-40 x 10 * 511 x 10~» 

V - 0 . I 63 x I0-* 2-74 x 10 4 1 36 >: 10 * 

Difference . 4 02 v to 8 2-66 > 10 4 3-75 x 10 * 


when the total voltage accelerating the positive ions was 2800. The 
difference between the vacuum and gas ratios for V equal to zero when 
the pressure was 0 02 mm was 5-7 x 10 4 while the corresponding 
difference when the pressure was 0 084 mm amounted to 2-57 x 10 -8 . 

A direct proof that ionization by collision as well as excitation of 
radiation results from the encounters of the potassium ions with helium 
atoms, was obtained by certain modifications of the arrangement of the 
electric fields. The potential difference between G and P 2 was left 
unchanged, i.e., it tended to drive electrons from G to P 2 , but the direction 
of V was changed so that the newly formed positive ions if any such were 
produced by ionization, would be urged towards G. As V was varied 
from zero up to 100 volts the electron current measured by the electro¬ 
meter decreased below the value measured with V zero and ultimately gave 
place to a positive ion current which was considerably larger than the 
original negative current by the time V attained the value of 100 volts. 
That the measured positive ion current to P 2 was not due to the main 
positive ion beam being deflected was checked by repeating the observa¬ 
tions in vacuo. 
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Potential differences V of both signs were subsequently tried with both 
directions of the potential difference between G and P g . With V equal 
to zero the electrometer current was always that to be expected if a photo- 
electrically active radiation liberated electrons from G and P 2 . When V 
was increased the electrometer current increased if V were similarly 
directed to the potential difference between G and P 2 , while when V was 
oppositely directed the electrometer current decreased and ultimately 
changed sign as V was increased. This is readily explicable if ionization 
and radiation are both produced, but does not admit of explanation if 
only radiation is produced. It may be claimed therefore that the experi¬ 
ments have established that both radiation and ionization result from the 
collisions of potassium positive ions and helium atoms. 

In figs. 3 and 4 curves are given which are based on all the observations 
which have been taken with the apparatus shown in fig. 1. The quantities 
plotted are, as ordinate, the ratio of the electrometer current to the 
positive ion beam for V — 110 volts, corrected to allow for the vacuum 
effect and scaled to a constant pressure of 1 mm, against the total voltage 
accelerating the positive ions as abscissa. The potential difference 
between G and P 2 was constant throughout with G 18 volts negative 
to P 2 . In making the observations the pressure was deliberately given 
different values in different experiments, and in scaling up, the ratio 


Pressure of 
helium in mm 

0 0033 
0014 
0 0533 


Table II 

Ratio measured 
x 10* 

3 00 ± 017 
U-6± 0-74 
47-6 ± 2-97 


Ratio calculated for 
1 mm pressure x 10* 

91 ± 0-5 
8 3 ± 0-53 
8-94 ± 0-56 


for different pressures under constant voltage conditions was taken to 
be proportional to the pressure. That this procedure was justified is 
shown by the approximate equality of the values in the third column of 
Table II, in which some results are given for positive ions accelerated by 
1850 volts. The value of V employed when these particular measure¬ 
ments were taken was 100 volts. 

Although many of the measurements were actually made with V = 110 
volts, some series of observations were taken with different values of V, 
for example 70 volts, 170 volts, 220 volts, and 344 volts. In using these 
series of observations for inclusion in figs. 3 and 4 the results presented 
in fig. 2 have been employed in scaling the actual measured values so as 
to correspond to the arbitrary value V — 110 volts. It was, of course. 
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not possible in any one run to obtain precise measures of the ratio for 
very many values of the energy of the positive ions. Sometimes values 
for a few points distributed at wide voltage intervals were taken in one 
run, while sometimes runs of points at closer voltage intervals over a more 
limited range were taken. In drawing the curves through the assembly 
of points preference has been given to those representing sequences 
of observations at widely distributed voltage intervals on the same 
occasions. In fig. 3 the observations between 400 volts and 1600 volts 
have been used and the curve drawn. In fig. 4 the range extends from 



Total voltage accelerating positive ions 
Fio. 3. 

400 volts to 3250 volts. The part of this curve up to 1600 volts is simply 
the curve of fig. 3 drawn on a different scale, and the individual observa¬ 
tions below 1500 volts are not all marked again so as to avoid confusion. 
Above 1500 volts the individual observations are shown. The distribu¬ 
tion of the points about the curve may be taken as an indication of the 
extent to which the scaling up of the observations to a fixed value of V 
and a fixed pressure was justified. The points marked on the curves 
cover a pressure range from O'003 mm to O’084 mm. 

The curves make it clear that the beginning of measurable ionization 
plus radiation effects is gradual and occurs at about 450 volts total 
potential difference accelerating the positive ions. It is not claimed that 
450 volts is a critical potential for the production of radiation or ioniza- 
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tion although it may be stated that all attempts to obtain evidence of a 
measurable value of the combined effect below 400 volts, by increasing 
the intensity of the positive ion beam, have yielded negative results. 
The methods of discriminating conclusively between the effects of ioniza¬ 
tion and of radiation have been explained, and it is obvious that when 
the fields are so arranged as to ‘give opposite currents due to the two 
effects, the currents to be measured must be smaller than when the com¬ 
bined effect is being investigated, and the difficulty of determining the 
exact potential difference at which either effect begins must be thereby 



Total voltage accelerating positive ions 
Fig, 4. 

considerably enhanced. The tests in which the effects of radiation and of 
ionization are separately distinguished only enable one to state with 
certainty that both radiation and ionization are undoubtedly occurring 
at 600 volts. Whether in the region between about 450 volts and 550 
volts only one of the effects occurs it has not been possible to decide 
conclusively though undoubtedly one or the other (if not both) occurs 
from 450 volts onwards. 

It is possible, on the basis of the results presented, to make an estimate 
of the ionization per cm of path of the potassium positive ions at any 
given pressure and hence to estimate the efficiency of ionization by 
potassium positive ions of any given energy. To do this it is necessary 
to employ the constant value to which the ordinate in fig. 2 appears to 
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be tending for large values of V. If this is taken as 16, and if the difference 
between ratios measured with V equal to zero and with V having any 
positive value is all due to ionization, a value of 6-46 x 10~ l is obtained 
for the ratio of ionization current to positive ion beam for 3000 volt ions 
in helium at 1 mm pressure, and a value of 2-43 x 10* 2 for 750 volt ions. 
On the hypothesis that the saturation value to which the electrometer 
current tends as V is increased corresponds to the collection of all the 
electrons produced by collision over a length of path of the positive ions 
equal to the diameter of the circular electrodes P, and P 2 , i.e., 2-8 cm one 
obtains a value of 8-7 x 10~ 3 ion pairs per potassium ion per cm of 
path at 1 mm pressure at 750 volts, and a corresponding value of 
2-31 x 10- 1 at 3000 volts.* 


Discussion of Results 

The evidence in regard to the ionizationf of helium by potassium 
positive ions is perhaps most easily summarized in Table III. 



Sutton 

and 

Mouzon 

Table III 

Beeck Varney 

Frische 

Davies 

Voltage at 
which 
ionization 
begins 

150-200 

Not 

measurable up 
to 500, i.e., 
<8 *9 x 10 * 

>530 

<400 

About 450 

Efficiency at 
750 volts 

2*18 x 10 

i __ 

— 

7*5 x 10 * 

8*7 x 10“ 9 

Efficiency at 
3000 volts 

— 

— 

— 

4*0 x !0~* 

2*3 x 10- 1 


It seems impossible to reconcile the results of Sutton and Mouzon 
with any of the results of other investigations since the difference cannot 
be attributed to greater sensitiveness of the method. Some measure of 
consistency may, hqwever, be found in the results of other investigations in 

f 

* It is obvious that these values can only be approximate estimates, since the grid G 
will intercept some of the electrons, but as the wires of the grid were fine in com¬ 
parison with the spaces it is unlikely that a very large proportion of the electrons were 
intercepted in this way. 

t All the results except those of Varney include radiation effects as well as ioniza¬ 
tion. 
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regard to the beginning of ionization. The negative results of Beeck 
below 500 volts may be attributed to the fact that his experimental 
arrangement was less sensitive than that of either Frische or the writer, 
and it is possible that a similar explanation accounts for Varney’s negative 
result also. Varney has not given any precise indication of the limit of 
sensitiveness but has expressed the view that his arrangement was more 
sensitive than that of Beeck and Mouzon, and the fact that with the ions 
K + , Rb + , and Cs + in argon, krypton, and xenon he detected ionization 
at voltages somewhat lower than those reported by Beeck and Mouzon 
supports this view. As, however, the minimum effect detectable in 
Beeck’s experiments was definitely higher than in the experiments of 
Frische and of the writer, the negative results of Varney and Beeck do not 
seriously conflict with the positive results in the last two columns of 
Table III. While the results of Frische and the writer seem to agree in 
suggesting that ionization begins somewhere in the neighbourhood of 
400-450 volts, there is a considerable discrepancy in regard to the 
efficiency found in the two cases particularly at the earlier stages. It is 
difficult to account for this since the ranges of pressures employed in the 
two investigations seem comparable. In Frische’s published curve for 
the ionization of helium by potassium ions, seven points are shown cover¬ 
ing the region up to 4000 volts, and these points lie on a straight line thus 
indicating something quite different to that shown in figs. 3 and 4 of this 
paper. Frische himself says that the accuracy of his values for helium 
is considerably less than that of values given for other gases, but it is 
difficult even so to reconcile the two results. The main respect in which 
the two experimental arrangements differ is in the method of collecting 
the electrons resulting from ionization, namely by an electric field in the 
reverse direction to the path of the positive ion beam in Frische’s experi¬ 
ments, and by a field transverse to the beam in the present experiments. 
This distinction involves a difference in the relative importance of currents 
due to secondary electrons and the currents due to ionization in the two 
arrangements, the secondary electron effect being relatively much larger 
in the former case. In this connexion it is interesting to compare the 
results of Beeck, Frische, and Nordmeyer ( loc . eft.), on the ionization of 
argon by potassium positive ions. In Beeck’s and Fr^sche’s experiments 
the collecting field for the electrons was in the reverse direction to the 
path of the positive ions, while in Nordmeyer’s experiments it was a 
transverse radial field. The results of the experiments differ in that 
Nordmeyer detected the beginning of ionization at 75 volts, i.e., some 
20 volts lower than the other investigators, a fact probably attributable to 
greater sensitiveness of his detecting arrangement, and also—and of 
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greater importance—that above the voltage at which ionization was 
detected in Beeck’s and in Frische’s experiments, Nordmeyer’s value for 
the efficiency of ionization is consistently lower than the other two, which 
agree well among themselves. Nordmeyer’s value at 1000 volts is 
comparable with Beeck’s and Frische’s value at about 350 volts. Nord- 
meyer has shown that with his experimental arrangement the ratio of 
electron current to positive ion beam did not vary in a linear manner 
with pressure at a constant voltage above a pressure of 10 -3 mm, but 
increased much more rapidly. He attributes this to the fact that at 
higher pressures j/X P < 1 was not fulfilled, where s -- length of path 
from which electrons are being collected and X,. is the mean free path of 
the ion in the gas at the pressure employed. Owing to differences in the 
value of s in the different experimental arrangements it does not follow 
that the linear relationship would break down in Frische’s and Beeck’s 
experiments at the same pressure as Nordmeyer found to be the limit 
with his arrangement, and Beeck definitely claims that the range of 
pressures he employed was such that the ions would not on the average 
make more than one collision in the ionization space. In view of the 
difference in the relative importance of secondary electrons in the two 
types of experimental arrangement it is, however, worth while con¬ 
sidering whether even within a pressure range satisfying this condition, 
there are not possibilities which may account for the discrepancy in the 
results obtained. 

The maximum kinetic energy which a moving ion of mass M can 
transfer to an atom of mass m at rest is 4Mw/(M + nif of its own kinetic 
energy. In the case of potassium ions in helium this fraction has the 
value 0-34 approximately. Therefore as the result of collisions of 
potassium ions with helium atoms some of the latter might have kinetic 
energies corresponding to 0 34 V, where V is the voltage accelerating the 
potassium ions. It has been shown by Brasefield* and by Rostagnif that 
helium atoms can ionize other helium atoms when the energy of the 
moving atom exceeds that corresponding to about 100 volts.{ Therefore 
at voltages exceeding about 300 a potassium ion could transfer sufficient 
kinetic energy to a helium atom on collision to enable it to ionize another 
helium atom with which it in turn collided. Rostagni has found the 
efficiency -of such ionization to be about 0 • 15 when the helium atoms have 
energies corresponding to 200 ion volts, i.e., such as could result from 

* • Phys. Rev.,’ vol. 43, p. 785 (1933). 

t * Nuovo Cim.,’ vol. 11, p. 621 (1934). 

J Rostagni puts the limit at about 60 volts. 
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collision with potassium atoms at 600 volts. It is clear therefore that the 
occurrence of ionization by this means may become an important factor 
as the pressure increases. Apart from this possibility of the actual pro¬ 
duction of electrons by an ionization process other than that directly 
under investigation there arises the question of the effect of the fast 
moving helium atoms in liberating secondary electrons from the electrodes 
which they strike. Rostagni* has shown that helium atoms have an 
efficiency comparable with that of helium ions in regard to the liberation 
of electrons from copper at energies exceeding about 100 ion volts, and 
that this efficiency is greater than for heavier atoms such as neon and 
argon. This would mean that unless the efficiency of the helium atom in 
liberating secondary electrons were the same as that of potassium ions, 
the correction to observed currents for secondary electron effects could 
not safely be made by assuming the effect to be constant at all pressures 
and the same as in vacuo. The error involved on this account would 
clearly be greater the larger the contribution of secondary electrons to the 
total measured current, and would be involved at pressures which were 
still too low to enable ionization of the helium by projected helium atoms 
to occur. It seems possible that the discrepancies between the results 
of Frische and those of the writer, and between the results of Beeck and 
Frische and those of Nordmeyer are at least in part attributable to this 
kind of effect. 

The author wishes to express her thanks to Professor Lord Rutherford 
for the privilege of working in the Cavendish Laboratory and also to 
acknowledge her indebtedness to the Government Grant Committee of 
the Royal Society for the means of purchasing some of the apparatus 
used in this research. 


Summary 

The excitation and ionization of neutral helium atoms by a collimated 
beam of potassium positive ions of controlled energy has been investi¬ 
gated by applying an electric field transversely to the positive ion beam 
to drive electrons resulting from collisions to a collecting electrode. The 
usual method was employed for discriminating between electrons result¬ 
ing from ionization by collision, and electrons arising photoelectrically 
from electrodes by radiation produced by collision of potassium ions 
and helium atoms. Both radiation and ionization were found to be 
produced and their combined effect began to be detectable at about 450 


• * Nuovo Cim.,’ vol. 11, p. 99 (1934). 
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volts. The results indicate a much smaller production of ionization than 
has been recorded by previous investigators, particularly at low voltages. 
Possible causes of the discrepancies among the results of different investi¬ 
gators are discussed. An estimate from the present experiments of the 
number of electrons produced per potassium ion per cm of path at 1 mm 
pressure by 750 volt ions is 8 - 7 x*10~ 3 , and by 3000 volt ions is 2-3 x 10 *. 


The Emission Spectrum of Bismuth Fluoride (BiF) 

By H. G. Howell, B.Sc., Armstrong College, Newcastle-on-Tyne 
(Communicated by W. E. Curtis, F.R.S.—Received December 27, 1935) 

[Plate 2] 


Introduction 

The most probable electron configuration of the lighter diatomic 
molecules and the order of their electronic binding have been determined 
by Mulliken,* but no such systematic scheme has yet been formulated 
for the heavier molecules. The'reason for this is not far to seek. The 
molecules whose structure can best be interpreted theoretically are H # 
and He*, and with these providing a secure foundation the successive 
addition of single electrons to them has enabled the configuration of the 
simpler molecules to be determined. This process, similar to the 
Atombau method used by Bohr, cannot be continued indefinitely as its 
successful working depends entirely on the existence of suitable molecular 
data. These are derived mainly from the vibrational and rotational 
analyses of band spectra and also from ionization potential experiments. 
At present comparatively few measurements have been made upon the 
spectra of heavy diatomic molecules and these have been used to provide 
vibrational analyses only, it is this incompleteness in the observational 
data that is hindering the construction of a reliable electronic scheme for 
these molecules. 

In building up the configuration of the members of such a series as 
AuF, HgF, T1F, PbF, and BiF where the atomic number of the metal 


* ‘ Rev. Mod. Phys.,’ vol. 4, p. 1 (1932). 
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radical increases by unity from member to member, the most that can be 
expected at first is a determination of the change in the binding force from 
molecule to molecule as the additional electron is added. This change 
can be followed by noting the change in the vibration frequency of each 
molecule in its ground state. This series was chosen on account of a 
very remarkable similarity in the general appearance of the spectra of 
PbF and BiF, which has been reported in a previous publication.* 

The spectrum of PbF has been analysed by Rochesterf but no data of 
any of the others are as yet available. The band spectra of HgF, TIF, 
and BiF have been produced in this laboratory and so it will ultimately 
be possible to follow out the above changes. As a contribution towards 
this end the vibrational analysis of the BiF spectrum is presented here. 

Experimental 

The emission spectrum which is attributed to BiF was excited by means 
of a high-frequency discharge in the vapour of bismuth fluoride BiF 3 
which was prepared by the double decomposition of pure NH 4 F and 
Bi a (N0 3 ) 3 . The discharge tube was a length of vitreosil (translucent 
quartz) tubing 1 cm in diameter, and was connected via a liquid-air 
trap to a Cenco Hyvac oil pump. A plain glass window was fixed to the 
discharge-tube by a wax made by dissolving beeswax in an equal weight 
of Venice turpentine. The BiF 3 was concentrated in the tube between 
the two external electrodes which were separated by about 2 inches. The 
\ KW oscillator used worked on a frequency of 10 7 cycles per sec. The 
discharge at first was grey in colour owing to the presence of carbon 
impurities, but a strong heating of the BiF 3 changed the colour to an 
intense blue and in this discharge the BiF bands were found to be strongly 
developed. The vapour pressure of the BiF 3 was so low that continued 
heating was necessary to maintain the discharge. The spectrum was 
photographed on the Hilger E52 spectrograph, which has an average 
dispersion of 7 • 5 A per mm in the region covered by the bands. Exposures 
which were made on Ilford “ Monarch ” plates, ranged from 5 minutes 
for the strongest bands to 30 minutes for those occurring at the green end 
of the spectrum. Iron arc lines were used as wave-length standards, 
their values being taken from the tables published by the International 
Astronomical Union (1933). The measurements were made on two 
plates and the wave-lengths from both agreed to 0 -04 A for most of the 
strong bands and to 0 • 1 A for the remainder. That the actual accuracy 

* Howell and Rochester, * Proc. Univ. Dur. Phil. Soc.,’ vol. 9, p. 126 (1934). 

t ‘ Proc. Roy. Soc.,’ A, vol. 153, p. 407 (1936), , 
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is not so good as this is considered to be due to persistent personal errors 
in setting on the band heads. 

Description of the Spectrum 

The bands lie in the wave-length region 4150-5100 A and are degraded 
to the red. They are grouped in sequences which ultimately join together 
in such a manner that the long wave-length end has the appearance of 
one long sequence, as can be seen from Plate 2. 

The band heads are sharp and single, there being no sign of Q- or sub¬ 
heads. Simple and well-marked rotational structure is observed in all 
of the bands, making it seem probable that the spectrum is due to a 
transition between singlet electronic levels. Many bands due to SiF 
appear on all plates, these being greater in number and in intensity when 
the pump was not in operation during the exposure. The following 
are not recorded by Johnson and Jenkins in their analysis of this spectrum. * 


Wave-numbers of New SiF Bands —23630-9, 23600 -6, 23471-1, 23468 -2 

The presence of these bands is due to the chemical activity of the fluorine 
dissociated from the BiF 3 during the discharge and it was considered 
possible that the F 2 emission spectrum might also be developed. No sign 
of it was found, the pressure in the heated discharge tube being possibly 
too high for it to appear. 

Vibrational Analysis 

Apart from the SiF bands already mentioned, 41 bands have been 
measured, all of which have been fitted into the BiF scheme. As neither 
Bi nor F possess known isotopes, the vibrational isotope effect could not 
be used to determine the absolute values of the quantum numbers of the 
bands. Consequently reliance had to be placed upon intensity con¬ 
siderations and these pointed to the group of heads at 4366 as belonging 
to the Ad 0 sequence, and also enabled the first three members of the 
v" progression, v' — 0 to be easily identified. The sequence difference 
of approximately 120 cm -1 was then used to locate the v' progression 
v” = 0 whose members are mixed up with SiF bands, and which falls off 
rapidly in intensity. With these two progressions as basis a vibrational 
quantum scheme was drawn up from which mean AG values were 
determined. These are shown in Table I, and are consistent enough to 

* ‘ Proc. Roy. Soc.,’ A, vol. 116, p. 327 (1927). 
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indicate very little separation of band head and origin. The vibrational 
transitions producing most of the bands are shown in the plate. 

The following formula has been derived by the method of least squares 
for the wave-numbers of the band heads: 

v (cm- 1 ) - 22959 -7 + 381 -0 (o' + i) - 3 -00 (o' + 

+ 0-10 (o' + i) 3 - 510-7 (o" + i) + 2-05 (o" + }) 2 . 

The third column of Table 111 gives the O — C values (Observed — Calcu¬ 
lated wave-numbers). 

These residuals range from —2-8 to 2-3 and their algebraic sum is 
— 0-4 cm 1 which is small enough to justify the formula. 


Table I— Intensity Distribution and AG Values 
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Intensity Distribution 

The intensities of the band heads have been estimated on a 0-10 scale 
their values being shown in Table I. The Condon parabola which can 
be drawn through the strongest bands is of the type usually associated 
with fluoride bands. That the emitting molecule is BiF is further sup¬ 
ported by the following considerations: 1 the vibrational analysis indi¬ 
cates that the emitter is diatomic; 2 the absence of observable isotope 
effects is in harmony with the supposition that BiF is the emitter; 3 it is 
a general rule that in an analogous group of compounds the vibrational 
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constants decrease as the molecular weight decreases. The constants 
for the present molecule are: 

V,, to' 

22959-7 510-7 381-0 

and are higher than those of the heavier molecule BiCl which are v„: 
21802; to/': 308-6; to/: 221 -2,* and therefore in keeping with the view 
that they relate to BiF; 4 the observed spectrum involves singlet electron 
levels characteristic of a molecule having an even number of electrons. 
This is also consistent with BiF (92 electrons) being the emitting molecule. 


Dissociation Energies 

The vibrational levels for a given electronic state are expressed by the 
equation 

G (v) = to, (d + i) — .v e w, {v + i) 2 + (t> + i) 3 . 

The mean interval between the successive levels is given by the expres¬ 
sion 

AG(d) -±{G(d+ 1)-G(n- 1)> t 

~ x r b) f ( 2 v + 1) + >',<*>« (3n 2 + 3 d + J). 

This interval usually vanishes for a value of v — v mtx which can be 
determined from this equation because y, is either zero (as with the lower 
state of BiF) or too small to prevent convergence of the expression to 
zero. Now as the molecule is dissociated when AG — 0 the corre¬ 
sponding energy D required to produce this dissociation can be calculated 
from D — G (D nmx ) — G (d 0 ) and for BiF in the lower state the present 
analysis gives D" — 25940 cm -1 . It is impossible to calculate D for the 
upper state in this way as y t is sufficiently large to prevent the convergence 
to zero of the AG expression. However, calculation shows that it has 
a minimum value at d' — 10, which would imply that the binding is 
weakest at this level. If it be assumed that dissociation takes place here 
then D' = 3600 cm" 1 approximately, a result to which little weight can be 
attached as bands are observed which involve the level d' = 8 where w 
is still comparatively large making it appear almost certain that dissocia¬ 
tion must ta£e place at a much higher level. It is possible that at higher 
quantum numbers a fourth power term would be required to represent 

* Data derived from Jevons, ‘ Report on Band Spectra,’ p. 280 (1932). 
t Jevons, ‘ Report,’ p. 194. 


VOL. CLV.-—A. 


L 



146 H. G. Howell 

the vibrational energy, and that this would produce a convergence of 
AG to zero. 

What is probably an upper limit to D' can be calculated by determining 
the values of to, and x e t>> ( which would give the best fit to the bands 
of the first few v' progressions, i.e., for those bands for which y, can be 
neglected. Using the usual linear extrapolation method, 

O' = JZtL 
4x,to, 

where to, — 382 and .v,to, — 2-8 cm" 1 , giving D' = 13000 cm 1 approxi¬ 
mately. 

Assuming the lower state to dissociate into two normal atoms and the 
upper state into one normal and one excited atom 

E m + D' - E a + D ", 

where E M and E A represent the molecular and atomic excitation potentials 
respectively. 

For BiF, 23000 + 13000 = E A + 26000, and therefore E A = 10000 
cm” 1 approximately. 

The first excited levels for Bi and F are 11418 and 102412 cm x * re¬ 
spectively, above the ground state. The latter value is sufficiently high 
to rule out the possibility of an excited F atom being one of the dis¬ 
sociation products, but the former is so close to E A as to suggest that 
excited Bi ( 2 D N ) may be involved. The fact that the linear extrapolation 
used in determining D" probably gave too high a value (a common defect 
of this method) would mean that E A is higher than 10000 and therefore 
increases the possibility of Bi ( 2 D U ) being one of the dissociation products. 
F has a metastable level 407 cm' 1 above the ground state which cannot be 
omitted from this discussion. 

This value is, however, so small and the value of E A so uncertain and 
comparatively large that it is impossible to decide whether or not this 
metastable state is involved in the dissociation of the upper state. 

Vibrational Constants of Group IV and V Halides 

The extent of the previously mentioned similarity between the spectra 
of BiF and PbF can be appreciated from Table II which shows the vibra¬ 
tional constants of these molecules together with those of BiCl and 
PbCl. 


* Data derived from Bacher and Goudsmit’s “ Atomic Energy States ” (1932). 
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Table II 

V, CO," CO,' 

BiF . 22959-7 510-7 381 0 

PbF. 22566-6 507-5 397-8 

BiCl . 21802-1 308-6 221-2 

PbCl . 21863-1 303-6 228-8 

Expressed as a percentage the Bi constants are greater than the corre¬ 
sponding Pb values by the following amounts: 

Fluoride. 1-8 0-6 -4-3 

Chloride. -0-3 1-6 -3-5 


The similarity of the spectra is so remarkable that the possibility of 
their being due to the same emitter, say the Pb halide, must not be over¬ 
looked. This would mean that the BiF 3 contained some Pb impurity 
which would give a PbF rather than a BiF spectrum in spite of the 
necessarily low concentration of Pb present. This PbF spectrum might 
conceivably differ in its intensity distribution from that obtained by a 
high-frequency discharge in pure PbF 2 which might result in a small 
difference in the proposed vibrational analyses, a difference represented 
by the above percentages. Against this possibility, however, it must be 
noted that the BiF 3 was prepared chemically free from Pb, and further¬ 
more, examination of the spectrograms shows it to be spectroscopically 
free from Pb although Bi lines appear very strongly. Similarly the Pb 
spectra are completely free from Bi lines. 

There can thus be no doubt that the similarity between these spectral 
is fundamental and not due to accidental contamination. 

The spectra of BiBr and PbBr although not yet analysed have been 
obtained in emission, and examination of their photographs clearly 
shows that the spectra lie in the same wave-length region and therefore 
have similar values of v,. The close similarity in spacing and intensity 
distribution of the bands again suggests similar values of the vibrational 
frequencies. 

It is reasonable to suppose that this similarity is due to corresponding 
Bi and Pb halides having almost identical electron configurations. This 
would only be possible if the Bi halides were ionized, which is unlikely, 
as a BiF 4 spectrum would probably have a wide doublet separation. 

A second possible explanation of the similarity of the Bi and Pb halide 
spectra is that the latter are due to ionized molecules. This is more 
reasonable than the first suggestion as the Pb spectra show no sign of 
electronic doubling whereas the analogous molecule SnCl has a “II ground 
state with a doublet separation of 2360 cnv 1 . 
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If this were so then BiF would possess two more external electrons 
than PbF + , and if these extra electrons possessed equal amounts of 
bonding and antibonding energy in the BiF molecule then little alteration 
in « should take place. 

That the bonding energies of two electrons can nearly neutralize can 
be shown by considering the molecules BO (13 electrons) and O a + (15 
electrons). 

Neglecting the inner non-bonding shells the external configuration of 
BO according to Mullikenf is 

(rr2.v)“ (a*2s) 2 (rc2p) 4 alp, 
whilst the corresponding configuration for 0 2 + is 

(a2.v) 2 (a*2.v) 2 (~2p)' (n2p f n*2p, 

i.e., one of the extra electrons has completed the bonding orbit-type v2p 
sub-shell and the other has entered the antibonding orbit-type r.*2p but 
the addition of these electrons has produced no effective change in 
the bonding since the vibration frequencies are almost identical, viz., 
1885 cm' 1 for BO, and 1876 cm 1 for O a + . 

However, besides the general objection that it is improbable that all 
these molecules are ionized, there is the greater, that the value of v, for 
the ionized molecule will be greater than for the normal molecule, owing 
to the increase in the effective nuclear charge of the former, whereas 
actually both molecules have similar values of v f . 

Further discussion of this is postponed until the investigation of the 
next molecule in the series, viz., T1F, has been completed. 


Classified Bands 

The particulars of all the BiF bands measured are given in Table 111. 
The following lines have also been measured on the plates:— 


Bi. 4722-5 (10), 4733-8 (2), 4121 -8 (6), 4079-22 (2). 

Sill. 4128-02 (3), 4130-88 (3). 

F. 4103-2(1), 4109-1 (1). 

H . 4861 -4 (5). 


[Note added in proof, March 10, 1936—Morgan (‘Phys. Rev.,’ vol. 49, 
p. 41 (1936)), in a study of spectra of Pb and Bi halides, has produced the 

t ‘ Rev. Mod. Phys.,’ vol. 2, p. 1 (1932). 
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present BiF system in absorption. He analysed 28 bands according to 
the formula 

v = 22958-5 + 383-6 u' - 3-28 - 512-0 u" 

+ 2-25 u"Hu = p + i). 

and also reports another system in the violet too weak for measurement. 
His work indicates that the level X of the present work is the ground level. 
He also finds that the corresponding constants of other Pb and Bi halides 
are. as is suggested here, very nearly the same.] 


Table III— Classified Bands of BiF 


X 



Classifi¬ 

X 



Classifi¬ 

(Intensity) 

V 

O C 

cation 

(Intensity) 

V 

o c 

cation 

5065-43 (I) 

J9736-2 

1*6 

6,11 

4700 -55 (1) 

21268*2 

-0*5 

1,4 

5037-50 (1) 

19845*6 

1*3 

5.10 

4674*76 (4) 

21385-5 

-1*2 

0,3 

5009 -17 (2) 

19957-8 

2*3 

4,9 

4647 -22 (3) 

21512-2 

13 

3,5 

5003 -36 (2) 

19981-0 

2*0 

8,12 

4624*35 (1) 

21618-6 

-2-8 

6,7 

4981-50(1) 

20068-7 

1 2 

3,8 

4620 24 (6) 

21637-8 

0 2 

2,4 

4976*21 (2) 

20090*0 

1 -7 

7,11 

4593*76 (7) 

21762-6 

0*4 

1,3 

4953-53 (1) 

20182*0 

2-3 

2,7 

4568 -17 (8) 

21884*5 

-0*6 

0,2 

4948 -90 (2) 

20200*9 

0-9 

6,10 

4517*49 (6) 

22130*0 

- 2*3 

2,3 

4921-00(2) 

20315*4 

1 *4 

5,9 

4490 -98 (8) 

22260-6 

0*2 

1,2 

4900*36(1) 

20401-0 

1*2 

0,5 

4465 -55 (10) 

22387*4 

0-2 

0,1 

4893 -50 (2) 

20429-6 

0-3 

4,8 

4443*77 (2) 

22497-1 

“0*9 

3,3 

4865*58 (3) 

20546-8 

1-4 

3,7 

4417*36 (1) 

22631-6 

0 9 

2,2 

4838*01 (2) 

20663-9 

2*2 

2,6 

4366 69 (10) 

22894-2 

0 0 

0,0 

4836*86 (1) 

20668-8 

- 1*1 

6,9 

4321 - 46 (4) 

23133-8 

0*6 

2,1 

4811*27 (1) 

20778*7 

0-2 

1,5 

4295*84 (8) 

23271*8 

1-3 

1,0 

4809*64(1) 

20785*8 

— 2*0 

5,8 

4279-70 (1) 

23359*6 

-2-2 

4,2 

4785*37 (3) 

20891-2 

-1*2 

0,4 

4254*43 (4) 

23498*3 

0-6 

3,1 

4781*96 (3) 

20906-1 

II 

4,7 

4228*89 (5) 

23640-2 

-0-2 

2,0 

4754 *30 (5) 

21027-7 

0-3 

3,6 

4215-65 (1) 

23214*5 

— 2*2 

5,2 

4727*32 (4) 

21147-7 

0-1 

2,5 

4190*07 (2) 

23859*2 

-1-5 

4,1 





4165*37 (1) 

24007*0 

1-5 

3,0 
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Summary 

A band spectrum attributed to BiF has been excited by means of a 
high-frequency discharge in the vapour of BiF 3 . The bands stretch from 
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4150 to 5100 A and are all degraded to the red. A vibrational analysis 
has been made, all the bands belonging to one system A * X with the 
following constants:— 


Level v, G> e X'<>> r y,v>„ 

A. 22959-7 381-0 3-00 0-10 

X. 0-0 510-7 2-05 — 


The intensities of the bands follow a narrow Condon parabola. The 
dissociation products could not be identified with certainty, although if 
the lower level dissociates into normal atoms it is probable that the upper 
state dissociates into a normal F, and an excited Bi ( 2 Di,) atom. 

The vibrational constants are shown to be nearly equal to those of 
PbF. A short discussion of this similarity is given. 


An Automatic Ionization Spectrometer 

By W. A. Wooster, M.A., Ph.D., Lecturer in the Department of 
Mineralogy and Petrology, Cambridge, and A. J. P. Martin, B.A., 
Grocers’ Research Scholar, Nutritional Laboratory, Cambridge 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received 
December 24, 1935) 

Introduction 

l—The detailed determination of the structure of crystals requires 
an accurate knowledge of the relative intensities of reflexion of X-rays 
from a considerable number of selected planes in a crystal. The ioniza¬ 
tion spectrometer has long been used for this purpose and recently 
accurate photometric photographic methods have been developed for 
the same work. With previously existing apparatus the labour entailed 
in using either method has been very great and it was thought that an 
automatic machine would be a great improvement, for certain investi¬ 
gations have been impeded and others made practically impossible by 
the labour of intensity measurement. There are two kinds of operation 
performed by the ionization spectrometer which will be treated quite 
separately, namely the setting of the crystal in the position so that the 
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X-rays will be reflected from a specified plane, and the recording of the 
ionization current produced in the ionization chamber by the reflected 
X-rays. The second process has already been extensively studied, but 
there are two new features in the method used here. The first problem 
of setting the crystal automatically has been solved for the first time as 
far as the authors are aware. 


The Cycle of Operations 

2—The use of a crystal plate cut perpendicular to the whole set of 
planes under investigation (which may number a hundred or more) was 
introduced by Bragg and West, and has since been extensively used. 
X-rays are passed through a thin plate which must be set so that the 
particular plane under investigation is (a) vertical (for the crystal and 
plate rotate about a vertical axis), (b) inclined to the X-ray beam at an 
angle which satisfies Bragg’s law. 

The machine has been designed so that with one initial setting, the 
crystal thereafter passes successively through all the reflecting positions. 
The chamber must always rotate about the common vertical axis of 
rotation twice as fast as the crystal, so as to be in a position to pick up 
the reflected X-rays. 

Initially the X-ray beam passes normally through the crystal and is 
collinear with the axis of the ionization chamber. Both the crystal and 
the ionization chamber now rotate until the beginning of the first reflecting 
range is reached, when the rotation suddenly becomes seventy times 
slower. The crystal then rotates slowly for 2\ degrees, and during this 
period the ionization current is recorded. After this slow rotation the 
fast rotation again begins and continues until the next reflecting range 
is reached. This process is repeated until the crystal has rotated through 
50°, (an arbitrarily chosen limit). The ionization chamber returns to its 
initial position; simultaneously the crystal plate moves so that when the 
ionization chamber has reached its initial position, the next plane to be 
investigated is vertical. The complete cycle of operations is then re¬ 
peated. 

This sequence is repeated until all the required planes have been investi¬ 
gated, and in this way a complete record of all the possible reflexions can 
be obtained with one initial setting of the crystal. The total time taken 
with the present apparatus for the investigation of 50 planes is about 
6 hours. 
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The Description of the Instrument 

3— The instrument performs the following operations:— 

(1) It sets the crystal and chamber in the appropriate positions. 

(2) It amplifies the ionization current. 

(3) It records the amplified ionization current. 

4— The Apparatus for Setting the Crystal and the Chamber in the Required 
Positions —The body of the machine consists of a frame carrying a main 
bearing (I) (fig. 2). Working in this bearing is the hollow shaft of the worm 
wheel (2), which carries on its upper surface the base of the ionization 
chamber arm (4). Rotating in the bearing formed by the hollow shaft 
and concentric with the main bearing is a shaft carrying the worm wheel 
below (3), and the vertical circle above (5). The two worm wheels are 
identical, and have each 360 accurately cut teeth. They are driven by 
two parallel horizontal worms (6) running in bearings fixed to the front 
of the frame. Their shafts carry spur wheels (7), connected by an idler 
(8), and since the wheel on the lower shaft is twice the diameter of the 
wheel on the upper, the angular movement of the ionization chamber is 
twice that of the crystal. The rotation of the worm wheels (2, 3) from 
their initial position can be read to degrees and minutes; the degrees on 
counters (9) geared directly to the worm shafts, and the minutes on 
graduated drums. Dog clutches are included so that when necessary 
the worm wheels (2) and (3) may be moved independently. The forward 
and backward movements described in § 2 are obtained in the following 
way. Two motors are employed; one provides the rapid forward and 
reverse movements, the other (which runs continuously) the slow forward 
movement. The motors drive the instrument through differential gear¬ 
ing consisting of two sun wheels and a planet wheel, shown in fig. 1. The 
fast and slow motors drive the worms and worm wheels (10, 12, 11, 13), 
through flexible rubber couplings. These worms and worm wheels are 
identical and the motors both rotate at the same speed, viz., 1500 R.P.M. 
The sun wheels (14, 15), have 70 and 71 teeth respectively. After the 
planet wheel has travelled once round the sun wheels the wheel with 70 
teeth has advanced one tooth relative to the other sun wheel. Hence 
the speed of rotation of the driven sun wheel is equal to the algebraic 
sum of 1 /70 of the speed of rotation of the worm wheel driven by the 
slow motor and 71 /70 of the speed of the rotation of the wheels (13, 14), 
driven by the fast motor. The crystal and ionization chamber can 
therefore rotate about the vertical axis with three speeds. If the speed 
when both motors are rotating in the same direction is unity, then when 
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the fast motor has stopped it is 1 /72 and when the fast motor is rotated in 
the opposite direction the speed is 70/72. The fast motor is controlled 
by a reversing switch and a relay operated by holes punched in a 16-mm 
cine film (or “ setting strip ”). The reversing switch, fig. 6, is operated 
by two arms (17) rigidly fixed to the underside of the worm wheel (3), 
as shown in fig. 2. This switch has to work in an extremely reproducible 
manner and must possess no dead centre (cf. § 8). The arms (17) on the 
worm wheel are set so that the crystal moves through 50° before the 
reversing switch is operated. If the other controlling mechanism, viz., 
the relay, were out of action, the machine would run backwards and 
forwards at the fast rate indefinitely. The setting film is carried by a 
drum (18) which has teeth suitable for the standard perforations of com¬ 
mercial film. This drum is rotated by a ratchet and pawl mechanism 
driven by an eccentric on the worm shaft (19) of fig. 1 (cf. § 6). As a 
result of this method of driving, the strip moves forward whatever the 
direction of rotation of the eccentric. Whilst the crystal is rotating 
through the 50° allowed by the reversing switch, the drum makes one 
complete revolution. A foot (20), fig. 1, rests on the setting strip and 
closes a pair of contacts when a hole punched in a film passes under it. 
The circuit is then completed causing a series of events described in the 
next section. 

5— The Electrical Connexions of the Driving Mechanism —The circuit 
to whioh the contacts (21), fig. 3, operated by the setting strip are con¬ 
nected is determined by the position of the reversing switch, (16), fig. 2. 
When the reversing switch is in the “ forward ” position the closing of 
these contacts operates the relay (22), which simultaneously opens the 
circuit of the armature of the fast motor and closes the circuit containing 
the magnetic brake (23) (on the shaft of the fast motor), magnetic clutch 
(24), and delayed action switch (25), figs. 3 and 10. In parallel with 
the magnetic clutch is a relay for short-circuiting the current through the 
valve acting as an earthing key. When the reversing switch is in the 
“ backward ” position the closing of these contacts energizes the magnet 
(26), which brings the fulcrum (27), fig. 4, into place and thereby makes 
possible the rotation of the crystal about the vertical circle (cf. §7). 

6— Driving Mechanism for the Setting Strip— An eccentric (28), fig. 4, 
on the shaft of the worm driving the ionization chamber actuates a 
follower (29) furnished with two steel rollers. The follower is mounted 
on a rod (30) of square section which moves in guides attached to the 
frame. A lever (31) pivoted near its mid-point and carrying at its other 















An Automatic Ionization Spectrometer 157 

end the pawl (32), which pulls round the ratchet wheel (33), is held against 
the rod (30) by a spring (34). A second pawl (35) holds the ratchet wheel 
(33) stationary whilst the first pawl slips over a tooth. Two rollers, 
(36), (37), press the setting strip firmly against the drum. Spring 
catches (38) are provided so that when necessary the pawls may be held 
off the ratchet wheel. 



1—Driving Mechanism for the Vertical Circle —The rotation of the 
crystal about the vertical circle is accomplished by a worm (40) and worm 
wheel (39), fig. 5. The worm is driven by a ratchet (43) and pawl (44) 
mechanism and this is moved by a lever (41), fig. 4, pivoted on the rod 
(30), through a Bowden wire and sheath. The lever (41) has a groove 
cut in its lower end so that normally the lever does not touch the fulcrum. 
When, however, the magnet is energized the fulcrum (27) is raised and 
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the lever strikes against it during its forward movement. As the lever 
(41) rocks about the fulcrum, the Bowden wire is pulled out. This 
rotates the vertical circle and registers the amount of rotation by closing 
the contacts (45). 

8 —Reversing Switch —In order that the setting drum shall make exactly 
one revolution per 50° rotation of the crystal it is necessary that reversal 
of the fast motor shall always occur when the eccentric is in the same 


> 



position to within a quarter of a revolution. The reversing switch 
contains a rocking member which may be held in either of two positions 
by a ball forced into a conical hole. The rocking member is thrown 
from one stable position to the other by a spring (46). The spring is 
compressed by the screw (47) and the trigger (48) operated by the screw 
(49) in the arm (17) (cf fig. 2). 


Collection and Amplification of the Ionization Current 

9 —The Generation of the X-rays —For the generation of a constant 
supply of X-rays a constant potential across the X-ray tube and a constant 
filament current are clearly desirable. The mains voltage varies to such 
an extent as to render it quite unsuitable for supplying directly either 
high or low tension. Accumulators have been used in the past for 
supplying the high tension, directly, or by driving a motor generator set, 
but this is an expensive method. Because of the very constant frequency 
of the electricity Grid supply a satisfactory solution of the problems can 
be found in an induction, or better, synchronous, motor and alternator 
provided with its own exciter. After the steady state is reached the 
potential does not change by more than Such variations in the 

output voltages as do occur are due to change in the contact resistance 
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in the exciter brushes and a small cyclical variation due to some asym¬ 
metry in the induction motor. 

The output potential is still not steady enough to apply directly to the 
primary of the high tension transformer because a change of 1% in this 
potential causes a change of 5% in the intensity of emission of mono¬ 
chromatic X-rays. The following arrangement is therefore employed. 
The primary of the filament transformer of the X-ray tube is fed from a 
tapped transformer connected to the alternator. The primary of the 
high tension transformer is connected in series with a resistance, of about 
10 ohms, and the same tapped transformer. The value of the resistance 
has been chosen so that on decreasing the output voltage of the alternator 
the potential across the primary of the high tension transformer rises at 
the same time as the tube current falls. In this way the output of mono¬ 
chromatic X-rays is kept nearly constant even though the tube current 
may vary by ± 10%. 

This method of compensation is not suitable for direct application to 
the mains as rapid variations cannot be followed owing to the thermal 
lag of the filament, and changes of wave form of mains potential, which 
may be considerable, cannot be compensated. The change in wave 
form also prevents the successful use of thyratrons to ensure a constant 
output of X-rays although a constant R.M.S. potential may be obtained. 

The apparatus needs to be run for some two hours at full load before 
equilibrium is reached. During this time the potential across the primary 
of the high tension transformer rises even though the alternator potential 
be maintained constant. 

The X-ray tube is a Philips “ Metalix ” with a molybdenum anticathode. 
It delivers 10 milliamperes at 55 lev (peak). 

. 10 —The Ionization Chamber —The ionization chamber consists of a 
brass cylinder 13 cm in diameter and 17 cm long, closed at both ends by 
flat square plates. The plates are recessed to take the ends of the cylinder 
and rubber sealing rings, four bolts holding the two plates together. The 
chamber is made demountable to facilitate cleaning, in case of radioactive 
contamination, a precaution shown to be necessary by experience. An 
electrode is mounted concentrically with the cylinder in a “ keremot ” 
bush, a rubber ring ensuring a gas-tight joint. A guard ring surrounds 
this bush and is mounted in turn in another insulating bush which is 
held in the end plate. Rubber is used for sealing each metal-insulator 
joint. X-rays are admitted to the chamber through an aluminium window 
1 /10 mm thick. The window is made by turning out the centre of a disc 
of aluminium until the desired thickness is obtained. A gas-tight joint 
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is made by forcing a rim on the disc into a rubber ring, a disturbance of 
the seal when tightening up the cap being prevented by a ring of balls 
between the cap and the window. The chamber is furnished with a valve 
and pressure gauge. The chamber is filled, after previous evacuation, 
with argon at 4 atmospheres pressure, at which pressure the ionization 
current is about 96% of the maximum value obtainable by increasing the 
gas pressure in the chamber. » 



Fig. 7. 


11 —Amplification of the Ionization Currents —The ionization produced 
by the X-rays in the ionization chamber may be measured in one of two 
ways. Either the ions are collected over a known interval of time and 
the total charge is measured or the ionization current is allowed to leak 
away through a high resistance, and the potential produced is measured. 
The measuring device in either case must be sensitive to charges of 
potential of the order r i- n - or Tr ,V?y of a volt and must possess high electrical 
insulation. Electrometers of various patterns have been employed for 
measuring ionization currents, but electrometer triode valves have been 
chosen for the present apparatus. The electrostatic capacity of the grid 
of these valves is low and the insulation is high. The connexion to the 
grid enters the valve through the end of a long glass tube and leakage over 
the surface of this tube can be made very small. Under suitable experi¬ 
mental conditions, the rate of variation of the anode current in these 
valves with the grid potential is constant over a range of more than 1 volt. 
The small capacity of the valves makes it possible to obtain a high overall 
sensitivity whilst using a galvanometer of low sensitivity. 

The electrical circuit is so arranged that the deflexion of the galvano- 
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meter is proportional to the total charge collected since the beginning of 
the reflexion from a particular plane if the first method is used, but 
proportional to the instantaneous value of the ionization current in the 
second method. We have found that on raising the anode voltage of 
the electrometer triode to about twice its normal value, it becomes a 
high resistance of definite and controllable value. Using this property 
the electrical circuit (see below) can be made identical for both types of 
measurement. The first system is much more sensitive than the second 
and for good crystals with sharp peaks is generally preferred. More 
care must be taken about insulation when the total charge is being collected 
than when a high resistance is used. The measurement of the final record 
is easier in the first method because the integrated reflexion is given by 
the distance between two straight lines, whereas, using a high resistance, 
.the area of the peak must be found. 

12 —Details of the Electrical Circuit —The tin box housing the ionization 
chamber carries at the top the two electrometer triode valves (A) (B). The 
small variable condenser (D) can be disconnected when the valve is used 
as a high resistance; so also can the key (E) which normally short- 
circuits the current through the valve (B) when a record is being made. 
Valves A and C are balanced against one another so that a change in 
the voltage of the accumulators supplying the filament currents does not 
cause the zero position of the galvanometer to change. They have a 
common anode battery (three H volt dry cells) and the arrangement of 
valves A and C and resistances R* R a constitutes essentially a Wheatstone 
Bridge. 

It was found most necessary to avoid using any commercial variable 
resistances of maximum value less than 1000 ohms because of the vari¬ 
ability of the contact resistances. The filament current to valve B was 
supplied by another accumulator than that used for valves A and C, 
except when valve B was used as a high resistance, when only one accumu¬ 
lator was used for all three valves. The reason for doing this is that not 
only can the zero position of the galvanometer be made independent of 
accumulator voltage but also the sensitivity of the electrical system to 
changes of filament potential on valves A, B, and C. A current of about 
1 ampere was taken from the accumulator supplying valve B to a pair of 
coils of resistance wire wound loosely round the glass stems of the valves 
A and B, (These coils are not indicated in the figure.) By dissipating 
1 watt near the glass stems their insulation was improved to such an 
extent that with the heating current on it was possible to use the electrical 
system to measure the total charge collected, but without it one could 
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only measure the instantaneous current. All anode and grid bias poten¬ 
tials were obtained from dry batteries and 1000 ohm potentiometers. 
The whole of the electrical system was enclosed in earthed boxes or 
tubes. The dotted line in the diagram indicates the division of the 
apparatus, between the small tin box carrying the ionization chamber and 
the tin box containing the galvanometer at the side of the instrument. 



Fig. 8. 


The tubes connecting these boxes were of brass or copper “ tombac.” 
A mercury seal (50), fig. 2, provided an electrostatic screen for the wires 
emerging from the small tin box. 

The value of an earthing key which introduces no spurious effects into 
a sensitive electrical system is worth stressing. The electrometer triode 
valve used with a larger filament current and higher anode potential than 
usual, behaves in this way. By arranging to short circuit the valve B 
by the switch (E) difficulties due to the resistance of the switch were 
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avoided. A mercury in glass switch is used which is operated by a 
magnet outside the tin box and several inches from the switch. This was 
found to be necessary to avoid inductive effects on making the current 
through the switch. This relay is operated in parallel with the magnetic 
clutch on the camera, and therefore only comes into action at the beginning 
of making the record. 

Production of the Final Photographic Record 

13 —The Camera —Light passes into the camera through a slit 1 mm 
wide, is then reflected through a right angle by a glass mirror, platinized 



on its front surface, and finally through a slit 1/10 mm wide in contact 
with the bromide paper (35 mm wide). The first slit forms the front of a 
small box enclosing the mirror and serves to reduce the stray light falling 
on the second slit. The lens (51) forms an image on the paper of two 
sets of figures (cf. § 14) which give the orientation of the crystal about 
the vertical and horizontal axes of rotation respectively. This image is 
limited by a rectangular aperture immediately in front of the paper. The 
paper is pulled from the spool (52), over a roller (53), down a guide (54), 
and past the aperture and slit by a driving cylinder (55) which is coupled 
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to the driving shaft by a magnetic clutch (24), fig. 1. To prevent slip the 
paper is pressed against the driving cylinder by the two rollers (56) pivoted 
about (57). The pressure is supplied by a spring (58), which may be 
released when the camera is loaded. The exposed paper is wound up 
on the spool (59). This is belt driven from the upper spool. The lower 
pulley and spool are mounted on a common sleeve and pressed into 
contact by a spiral spring, this arrangement constituting a slipping clutch. 
The paper is thus always kept taut. One side of the camera may be 
removed for loading and rigidly attached to the other side is a telephone 
register meter, which records the rotation of the vertical circle in its own 
plane, being operated by the contacts (45), figs. 4 and 3. 

14— The Optical Train —The optical train is shown in plan in fig. 1 and 
serves to focus on to the photographic paper images of two sets of numbers 
which record the settings of the crystal about the vertical and horizontal 
axes of rotation. The setting drum (18) carries on the side away from the 
instrument a scale graduated thus:—0 5 10 15 .. 95. A record of the 
position of this scale gives the position of the setting strip and, therefore, 
of the crystal and chamber at the time of recording. Light scattered 
from the numbers on this scale is reflected through a right angle by a prism 
(60), and brought to a focus on the bromide paper by the lens of the 
camera. The numbers of the telephone register meter scatter light which 
is twice reflected by right-angled prisms (61) and (60) and then brought 

to a focus by the lens of the camera just above 
the image of the scale on the setting drum. 
(The lower half of the prism (60) is used for 
the second image and the upper half for the 
first.) Illumination is provided for about 
i second just at the beginning of the record¬ 
ing by the lamp (62), fig. 3, which is enclosed 
in a box provided with two tubes directed 
towards the scales to be photographed. The 
whole of the optical train is enclosed in a 
light-tight box. 

15 —The Delayed Action Switck —The lamp 
<» frm is caused to light for the i second by the 

Fig jo delayed action switch. This is operated, as 

mentioned in § 5 when the contacts (22), fig. 3, 
are closed at the beginning of recording. The switch is immersed in oil and 
when the iron core falls as a result of energizing the solenoid, oil is forced 
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up through a hole along its axis, and the rate of fall of the iron core may 
be controlled by a needle valve. When the plunger has moved about 
i mm it closes the contacts (25) thereby short-circuiting the lamp (62). 

16 —Light Source for the Recording Galvanometer —A row of nine pea 
lamps is used. The distance between neighbouring images of the lamps 
being about 2 1 cm a deflexion of 21 cm can be recorded on paper 3 - 5 cm 
wide. 


Preparation of the Setting Strip 

17—During each 50° rotation of the crystal about 15 cm of setting 
strip is drawn past the contact foot. The distance between two per¬ 
forations on the strip corresponds to five teeth of the ratchet wheel, that 
is to 2\° rotation of the crystal. Thus if the setting strip be punched 
with a hole equal in length to the distance between two consecutive 
perforations, the contacts (21) will be closed during a rotation of 2J° 
of the crystal. Further, the distance from the starting point of the strip 
at which the hole occurs determines at what setting about the vertical 
axis the crystal and chamber will begin their slow rotation and the record¬ 
ing mechanism will come into action. When the crystal and chamber are 
moving backwards each hole in the setting strip which passes under the 
contact foot causes the vertical circle to rotate through i°. To illustrate 
how the setting film is punched, fig. 12 shows the beginning of the strip 
for the (Ml) reflexions of gypsum. The reflexions occur at angles of 
8°, 16', .., on the outward journey and during the following return 
journey the vertical circle is rotated through 5^° and there are conse¬ 
quently eleven holes in that portion of the setting strip. 

A graphical method is used for finding the angles at which the reflexions 
will occur. This method is capable of giving the results to within £° 
and as the reflexion is examined over a range of 2£° this is, in general, 
quite accurate enough for the purpose. Fig. 11 is given as an example 
of the type of diagram required. The black and hollow spots form a 
plane of the reciprocal lattice, the cell dimensions of which are found 
from photographic data. The circles which are the loci of reciprocal 
points corresponding to planes having spacings appropriate for reflexion 
at angles 5°, 10°, etc., have radii equal to 2 sin 0 where 0 is the Bragg 
angle of reflexion. The black spots correspond to planes, which do 
reflect in general (though some of them may be extremely weak) and the 
hollow spots correspond to planes which do not reflect at all. (This 
example is again that of gypsum (Ml).) The movement of the crystal 
may be regarded as the movement of a point in the reciprocal lattice. 
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The first outward journey corresponds to the indicating point moving from 
O to A along the line OA. On the return journey the vertical circle rotates 
through 5^° and this corresponds to the indicating point moving from 
A to O along a stepped line the last part of which lies along OB. On the 
next outward journey there is no punched hole because there is no full circle 
along OB. (It is necessary to make a blank run when the required rotation 
of the vertical circle exceeds 9i°.) During the second return journey the 
crystal rotates in its own plane which corresponds to the indicating 
point moving towards O along the stepped line the last part of which lies 
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Fig. 12. 

along CO. On the next outward journey the only stop is that for the 
reflexion from the plane D which, as can be seen from fig. 11, occurs at an 
angle of 40°. The indicating point moves backwards between radii and 
outwards along radii of the reciprocal lattice until the whole of it has 
been covered. To facilitate the punching of the strip a table is drawn up 
showing the angles at which the holes for the outward journeys have to 
be punched and the number of holes required on the return journeys. 

The Punching Machine 

18—This is shown in fig. 13 and consists of a drum (63) identical with 
the setting drum. On the side of the drum are mounted a notched disc 
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and a graduated circle. The former has a hundred equally spaced 
notches and the latter is graduated in 100 divisions. The end of the 
lever (64) is pressed by the spring into the notches thereby holding the 
drum stationary whilst a hole is punched. The punch itself consists of a 
simple plunger limited to a vertical movement by pins (65) and carrying 
at its lower end a hardened steel punch. The die is attached by screws 
to the base of the barrel in which the punch moves. Axles are provided 
for the spools carrying the strip. The spool on which the film is being 
wound is driven by a spring belt passing round a groove on the drum. 



Performance 
“ Total Charge ” Method 

19—The following were the experimental conditions generally used:— 
filament voltage: on valve A 0-630, on valve C 0-573, on valve B 0-900; 
floating grid potential of valve A —1-5 to -1-9 volts; grid bias on 
valve C —1-70 volts; bias on whole circuit of valve B -0-5 volt; anode 
voltages on valves A and C 4 ■ 65; anode voltage on valve B 9 • 34; capacity 
of condenser — 55 cm; capacity of insulated system = 16 cm; deflexion 
of galvanometer per 1 volt change of grid potential == 400 mm. The 
deflexion of the galvanometer is proportional to the potential on the 
grid of valve A. This is shown in fig. 14 where the parallel lines corre- 
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spond to the drift of the nine lamps across the scale under a constant 
X-ray input. 

The reproducibility is dependent on the constancy of the X-ray output 
as well as on the response of the amplifying system. In the following 
tests the effects of these two factors could not be separated. The filament 
current through the X-ray tube was kept constant within the range 
9-7-10-3 m.a.s., a variation which produced a change of less than 1% 
in the deflexion corresponding to a reflexion from a crystal plane. The 
accumulator voltage on valves A and C in general stayed constant to 
0-001 v during a whole day and this change only produced a change of 
sensitivity of 1%. The anode and grid bias batteries had to supply 
current of the order of 1 milliampere and there was never a measurable 
variation in their potentials. During an investigation of a series of 
planes all parallel to the same zone axis, each plane would in general be 
examined once only, and it is therefore important to know how large are 
the variations which can actually occur in measuring a particular reflexion. 
To ascertain this two planes were investigated at different times on the 
same day, and on different days. The results are given in Table I. 

Table I 


Date 

Plane 1 

Plane 2 

December 13 . 

19 1 

47*9 


18*8 

48*4 


19*6 

48*8 


19 3 

49*1 


19*5 

49-3 


19*6 

48*8 


19 5 

49*4 

December 14 . 

18*9 

48*8 


19*5 

49*5 


19*1 

49*1 

December 16 . 

18*8 

48*7 


18*8 

48*2 


It will be seen that the maximum error which is likely to occur in the 
larger reflexion is about ± 2%. 

The sensitivity obtainable is limited by the drift corresponding to the 
general background. This arises from two causes, viz., the general 
scattering by the crystal, and the insulation leak in the system attached 
to the grid of valve A. The former effect decreases with the size of the 
crystal and it is therefore unjustifiable to assume that the effect which may 
be obtained with a large crystal is proportional to the ratio of the sizes 
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of the crystals after allowing for absorption. To afford a basis for com¬ 
parison with other methods of recording, the smallest crystal of KC1 on 
which the (400) reflexion could be measured with an accuracy of 10% 
was weighed. The weight was 0-045 mg. For obtaining the highest 
usable sensitivity the condenser was removed and the filament voltages 
on valves A and B were 0-630, 0-573 respectively. Typical records for 
weak, medium, and strong reflexions are shown in fig. 14. 


“ Peak ” Method 

20—The experimental conditions employed were:—filament voltages: on 
valve A 0-688, on valve C 0-613, on valve B 0-791; grid bias on: floating 
grid of valve A —0-9 v to --1 - 2 v; valve C — 1 -68 v; valve B 0-0 v; 
anode voltage: on valves A and C 4-65, on valve B 9-34; capacity of 
insulated system = 16 cm; deflexion of galvanometer spot per 1 volt 
change in grid potential = 650 mm; effective resistance of valve = 0-5 x 


10“ ohms; time for deflexion to fall to half value 

on switching off X- 

rays ----- 1 sec. 

Table II 



Intensity of reflexion 

Intensity of reflexion 

Date 

from (800) gypsum 

from (1200) gypsum 

November 8 . 

35 

95 


34 

96 


36 

97 


37 

99 


36 

98 

November 9 . 

36 

97 


36 

% 


The linearity of the relation between the deflexion of the galvanometer 
and the ionization current is more difficult to find in this method than in 
the “ total charge ” method. A test can however be made by measuring 
the ratio of the areas under two peaks using different intensities of incident 
X-rays. A rotating sector method of reducing the intensity was not 
found satisfactory because of the pulsating nature of the X-ray beam. 
The ratio of the (800) and (1200) reflexions of gypsum was measured 
using X-ray intensities of unity and 0-5 on an arbitrary scale and the 
variation of the ratio was no greater than the experimental error. The 
galvanometer deflexion is therefore proportional to the ionization current. 

The reproducibility of the whole system was tested as in the “ total 
charge ” method and the results are given in Table II. 
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It will be seen that the reproducibility is about the same with both 
methods, and any one measurement of the stronger reflexion is not 
likely to be in error by more than ± 2%. 

The sensitivity is limited by the capacity of the insu¬ 
lated system attached to the grid of valve A and the rate 
of rotation of the slow motor. The peak is in general 
about |° wide owing to the divergence of the beam and 
the imperfections of the crystal. The traverse of 2 }° 
takes just less than 5 minutes, and therefore an interval 
of 1 minute is required for the transit of the peak. A 
simple calculation shows that if the peak is of symmetri¬ 
cal form and flat enough for the galvanometer to reach 
the full deflexion corresponding to the maximum ioniza¬ 
tion current, then no error is introduced because of the 
lag of the galvanometer spot behind the true position 
corresponding to the instantaneous ionization current. 

This implies for the most favourable case, viz., that of 
a peak of rectangular form, a lag of the galvanometer 
not exceeding 30 sec in reaching 99% of its full de¬ 
flexion. (An error < 1% is assumed.) The time taken 
to reach half its full deflexion would therefore be about 
4 • 5 sec. In any actual case the condition that the peak 
shall be symmetrical and flat enough to enable the gal¬ 
vanometer to read its full deflexion are not so well ful¬ 
filled as in the case considered above. A relation, 
applicable to all peaks between the time constant of the 
electrical system and the rate of traverse of the peak, 
which would give an accuracy of 99% in following the 
peak, is difficult to state. In order, therefore, to ensure 
that at least this accuracy was attained in all cases the 
time taken for the galvanometer to reach half its full 
deflexion under steady input of X-rays was made about 
1 sec. The sensitivity can be increased up to a certain 
point by increasing the filament current of valves A and 
C, but a limit to this is set by the drift of the zero and 
the erratic movement of the zero line, which occur when 
the filament voltage exceeds 0-7. Using the maximum Fra. 15. 
sensitivity consistent with the above considerations, a 
test was carried out to find the smallest crystal of KC1 in the form of a 
plate on which the reflexion (400) could be measured with an accuracy of 
10%. This weighed 0-10 mg. Typical records for weak and strong 
reflexions are shown in fig. 15. 
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Summarizing these results we may say that the “ total charge ” and 
“ peak ” methods both give a linear relation between the deflexion of the 
galvanometer and the quantity measured, both are reproducible to within 
about ± 2%, with the larger reflexion, but the sensitivity of the former 
method is about 2 -2 times greater than that of the latter. 

The main frame and bearings of the instrument were constructed by 
Messrs. Adam Hilger, and the expense of this part of the construction 
was defrayed by a grant from the Royal Society. The preliminary work 
in connexion with the rest of the machine was carried out in the Minera- 
logical Laboratory, and we are greatly indebted to Professor A. Hutchin¬ 
son, F.R.S., and his successor, Professor C. E. Tilley, for the facilities 
provided. The mechanical work in connexion with the preliminary 
experiments was done by Mr. A. N. Lanham whom we wish to thank. 
The instrument was completed in the Crystallographic Laboratory, and 
we thank Lord Rutherford, O.M., F.R.S., and Mr. Bernal for the facilities 
provided. Except for the part of the machine made by Messrs. Hilger 
almost the whole of it, in its final form, has been constructed by Mr. C. E. 
Chapman, and it is largely due to his skill and care that, in spite of its 
complexity, the instrument works satisfactorily. Our best thanks are 
due to him. 

Summary 

A description is given of an automatic ionization spectrometer in 
which a crystal, having been once set, is moved automatically through a 
pre-arranged series of reflecting positions. The data concerning the 
reflecting positions is punched on to a 16-mm cinematographic film which 
is drawn through the apparatus. The crystal and ionization chamber are 
moved together, slowly through the reflecting ranges and rapidly in 
between them. The instrument is arranged to examine reflexions from 
all planes parallel to a given axis of the crystal. The ionization current is 
recorded automatically during the slow movement. Eleetrometcr- 
triode valves are used either to measure the total charge collected during 
the transit through a reflecting range or to determine the instantaneous 
ionization current at all points during this range. In the latter case one 
of the valves is acting as a high resistance. Data are given of the per¬ 
formance of the setting mechanism and of the electrical recording. The 
final record is obtained on 35 mm photographic paper, but the width is 
effectively increased to about 210 mm by using a series of light sources. 
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The x 2530 Band of NH 

By R. Winstanley Lunt, R. W. B. Pearse, and E. C. W. Smith (from 
the Imperial College of Science and Technology, South Kensington, 
the Sir William Ramsay Laboratories of Inorganic and Physical 
Chemistry, University College, London, and Messrs. Imperial 
Chemical Industries, Ltd.) 

(Communicated by A. Fowler, F.R.S.—Received December 30, 1935) 

[Plate 3] 


Introduction 

A previous communication’" by the authors described the use of a hollow 
cathode discharge in rapidly streaming ammonia for the excitation of a 
new band system of NH having its (0, 0) band at X 4502. Observa¬ 
tions of the spectrum obtained under these conditions have now been 
extended to the ultra-violet region. With an improved hollow cathode 
capable of carrying heavier currents, in addition to the well-known bands 
of the 3 H -► 8 E and ’ll -* 1 A systems of NH, a band is obtained at X 2530 
identical with that reported by Hori.f Hori used a 40 kV transformer 
discharge in a mixture of nitrogen and hydrogen between a wire and a 
cup-shaped electrode of tungsten, the cup containing sodium or lithium. 
The intensity of the band was extremely weak compared with that in the 
hollow cathode discharge, which is such that the band may be photo- 
. graphed on a Hilger El quartz spectrograph with exposures of from 1 to 
2 hours. The examination of the band as seen under higher dispersion 
than that used by Hori confirms his assignment of the band to the mole¬ 
cule NH; it also allows the authors to correct certain details of Hori’s 
analysis, and to relate the band to bands of NH which are already 
known. 

Table I contains all the lines measurable in the region of the band. 
The strong lines are nearly all accounted for by the P, Q, and R branches 
of the X2530 band, the (0, 0) band of the system. A number of the 
remaining weaker lines have been assigned to the P, Q, and R branches of 
the (1, 1) band, as indicated in italics in the table. 

* ‘ Proc. Roy. Soc.,’ A, vol. 151, p. 602 (1935). 
t ‘ Z. Physik,’ vol. 59, p. 101 (1929). 
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Table I—Catalogue of Wave-Lengths, Wavb-Numbers, and 

Classification 



V 

2557-31 

39091*9 

57-27 

092*6 

57-04 

096*1 

56-77 

100*2 

56-52 

103*9 


Classification 

P (20) 

P (18) 

P (19) 

P (2J) 

P (17) 


55*78 

54*82 

53*68 

52*42 

51*02 

49*53 

47*94 

46*30 

44*59 

42*84 

41*06 

39*26 

37*45 

35-61 

33*79 

31*96 

30*22 

30*07 

29*94 

29*76 

29*49 

29*14 

28*67 

28*06 

27*30 

26*35 

25*17 

24*78 

23*72 

23*02 


115*4 

130*1 

147*5 

166*9 

188*3 

211*3 

235*7 

261*0 

287*3 

314*4 

341*9 

369*8 

397*9 

426*5 

454*7 

483*2 

510*4 

512*7 

514*7 

517*6 

521*8 

527*3 

534*6 

544*1 

556*0 

570*9 

589-4 

595*5 

612*1 

623*1 


P (16) 
P (15) 
P (14) 
P (13) 
P (12) 

PUD 
P(10) 
P (9) 
P(8) 

P (7) 

P(6) 

P(5) 

P (4) 
P(3) 
P(2) 

P(D 


Q 0). Q (2) 
Q (10) 

Q (ID 

Q(12) 

Q<9) 

Q (13) 


Q (14) 


Q (15) 


Q (16) 


Q(17) 


Q(18) 


Q(19> 

R(2) 

Q (20) 

R<3) 
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Table I—(continued) 


X 



Classification 


2522-92 

39624*7 




21-92 

640*4 


Q(21) 


21-28 

650*4 



R(4) 

19-70 

675*3 


Q (22) 


19-53 

677-9 



R(5) 

17-84 

704-6 




16-29 

729*1 




16-12 

731*7 



R(7) 

15 • 88 

735*5 

pm 



15-57 

740-4 




15-36 

743*7 

P ( 9 ) 



14-57 

756*2 

PW 



14-42 

758*6 



R(8) 

13-74 

769*4 

P ( 7 ) 



12-72 

785*4 

P ( 6 ) 


R(9) 

11-53 

804*3 

P ( 5 ) 



11 03 

812*2 



R (10) 

10-27 

824*3 

P (4) 



09-29 

839*8 



ROD 

08-90 

846-0 

p V) 



07-56 

867-4 



R (12) 

07-44 

869*2 

P ( 2 ) 



05-90 

893*8 




05-76 

896*0 

P(D 



04-22 

920*5 


Q ¥ (1) 


04-07 

922*8 


Of 

a 


03-90 

925*5 



R (14) 

03-82 

926*8 


Q ¥ (3) 


03-50 

932*0 


Q ¥ (4) 


02-58 

946*6 


Q ¥ («) 


02-01 

955*7 


Q ¥ (D 

R (15) 

01-20 

968*7 


Q ¥ («) 


00-70 

976*7 



R(D 

00-32 

982*8 


Q ¥ W 


00-03 

987*4 



R (16) 

2498-00 

40019*8 




97-93 

020*9 



R (17) 

96-99 

036*0 



R ( 3 ) 

96-86 

038*1 




96-57 

042*8 
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Table I— (continued) 


X v Classification 


2495-68 

40057-1 

R (18) 

94*83 

070-7 

RV) 

93-24 

096-3 

R (19) 

93-07 

098-9 

R(-5) 

92-75 

104-1 


90-59 

138-8 

R (20) R («) 

90-32 

143-2 


88-77 

168-3 

R(7) 

87*67 

186-0 

R (21) 

86-47 

205-4 


83 30 

256*6 


81-49 

286-0 


78-79 

329*9 


75-89 

377-1 



Structure of the Band 

It may be seen from fig. 3, Plate 3, that the band is of simple structure 
consisting of a single P, a single Q, and a single R branch. Near the 
origin the band is scarcely degraded in either direction; the first nine Q 
lines fall together and the early P and R lines are almost equally spaced. 
For higher values of the rotational quantum number the band becomes 
degraded to the violet. In a weak exposure using small dispersion all 
that appears is the maximum of intensity, due to the superposed Q lines, 
and the band may easily be mistaken for a line at X 2530*2. The simple 
structure of the band, the distribution of intensity, and the number of 
missing lines indicate that the transition concerned is of the type 
-*> MI. The same conclusion was reached by Hori.* It is shown in 
a subsequent section that the ’IT state is the same as that already known 
as the initial state concerned in the emission of the X 3240 and X 4502 
bands. 


Term Differences and Rotational Constants 

The interpretation of the structure of the X 2530 band and the relation 
of the band to the other singlet bands of NH, previously described,! are 

* In the original paper, ‘ Z. Physik,’ vol. 59, p. 101 (1929), the transition is given as 
MI -*■ *2 owing to a misprint. This is corrected in “ Berichtigung,” ‘ Z. Physik,’ 
vol. 60, p. 580 (1930). 

t Pearse, ‘ Proc. Roy. Soc.,’ A, vol. 143, p. 112 (1933), X3240; Lunt, Pearse, and 
Smith, he. cit., X 4502. 
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most easily understood by reference to the energy level diagram shown in 
fig. 1. The X 2530 band arises from transitions from the upper 1 2+ 
electronic state, here designated t/ 1 S + to the next lower electronic state 
designated as c 1 fl. 




c'n 


K 

3 


a‘A 


Tv 2 5 3 0 K. 



K 

4 

3 

2 

1 


K 

5 

4 

3 

2 


Fig. 1—Diagram showing the singlet states of NH and the relation between the 
X 2530, X 3240, and X 4502 bands. 


The Upper State <f 1 S + —The levels may be represented in the usual 
way by the formula 

T' - T, + G' (v) + B'„K (K + 1) + D',K* (K + 1)* + ... 

where T', and G' (o) represent the constant electronic and vibrational 
energies respectively, and K takes the values 0,1,2,... in the terms for the 


VOL. CLV.—A 
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rotational energy. The rotational levels are classed as positive (+) or 
negative (—) according to the symmetry of the ^-function with respect 
to reflexion in the origin of coordinates. They are alternatively positive 
and negative for a '£ state and for a X E + state the positive levels are those 
for which K = 0, 2, 4, .... In the notation proposed by R. S. Mulliken 
for distinguishing the components of A-type doublets, X S + levels are 
designated c levels. 

The Lower State , c Ml—In this case the levels may be represented by 
T" T", + G" (i>) 4 B"„ [K (K + 1) - A 2 ) 4- D" e K 2 (K 4- 1)* 4- ... 
where A = 1 and K. = 1, 2, 3, .... 

Each rotational level is split into two components corresponding to 
the two possible directions of A, the component of the resultant orbital 
angular momentum of the electrons along the internuclear axis. The 
splitting has been calculated by Kronig from the perturbation theory to 
be of the form 

AT = yK(K 4- 1), 

where y is a constant. One component of the A-doublet is classified as 
positive and the other as negative. For even values of K the positive 
sign goes to the upper sub-level, for odd values to the lower. The levels 
which start with a positive sub-level are designated c levels and the ones 
starting with a negative level are designated d levels. 1 " 

Transitions and Branches—Vox the transition 1 £ + -► Ml the selection 
rules are AK =±1,0 and (+)(—). Taken together these allow three 
single branches. 

P (K) v u ± F' c (K — 1) — F" d (K) 

Q (K) - v 0 + F' e (K) - F" 0 (K) 

R (K) — v 0 4- F'.(K+ 1)-F"„(K). 

From appropriate combinations of these lines term differences for the 
two states may be obtained in the usual way. 

Term Differences for the d 1 !, * State —The spacing between alternate 
levels of the initial state are given by 

A 2 F' (K) « F' (K + 1) — F' (K — 1) == R (K) - P (K). 

* In the diagram of the previous paper (Lunt, Pearse, and Smith, loc. cit.) the c 
and <1 symbols for the 'll state were unfortunately inverted. The c levels are 1 (+), 
2 (-), .,, and the d levels 1 (—), 2 (+) ... The symbols given in that paper should 
therefore be interchanged throughout for the initial state. 
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The values of these intervals are shown in Table II. They are well 
represented by giving the rotational constants the following values: 

B' 0 = 14 085 cm" 1 D' 0 = - 1 -60 x 10 3 cm" 1 . 


Table II—Rotational Term Differences for State of 

X2530 Band 



At F (K f i) 

A x F' (K + i) 

A*F'(K) 

K 

R(K) - Q(K) 

Q(K + I) - P(K + 1) 

R(K) - P(K) 

0 


27*2 


1 


55*7 


2 

85*1 

83*9 

140*3 

3 

112*7 

132*5 

196*6 

4 

140*0 

140*6 

252*5 

5 

167*5 

168*5 

308-1 

6 

194*2 

196*0 

362*7 

7 

221*1 

223*1 

417*1 

8 

248-2 

249*4 

471*3 

9 

275*0 

277*0 

524*4 

10 

299*5 

303*4 

576*5 

11 

325*1 

329*3 

628-5 

12 

349*8 

354*9 

679*1 

13 

374*2 

379*8 

729*1 

14 

398*2 

404*5 

778*0 

15 

421*1 

428*7 

825*6 

16 

443*3 

452*1 

872*0 

17 

464*9 

474*8 

917*0 

18 

486*2 

497*5 

961*0 

19 

506*9 

519*5 

1004*4 

20 

526*7 

540*2 

1046-2 

21 

545*6 

559*9 

1085*8 


Accurate values of the spacing between successive levels cannot be obtained 
by combination of Q lines with R and P lines since the Q lines go to 
the c levels of the lower state and the R and P lines to the d levels. 
The approximate values obtained by ignoring these differences are also 
listed in Table II. Their divergence provides evidence for the doubling 
of one set of levels. 

Term Differences for the c 1 II State —Considering the three lines arising 
from the same initial level F' (K) the following differences are obtained: 

R (K - 1) - P (K + 1) - F" d (K + 1) - F" 4 (K 1) = A a F" dd (K) 
Q (K) - P (K + 1) ---• F", (K + 1) - F". (K) = F" tfc (K + }) 

R (K - 1) - Q (K) - F" c (K) - F" d (K - 1) = A x F" #i (K - 1 + *). 


N 2 
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The values obtained for these differences are shown in Table III. The 
differences A 2 F" dd (K) require a third term FK'(K+ l) 8 in the ex¬ 
pression for the rotational energy for their complete representation. 
They are well represented by the following values of the constants: 

B 0 = 1416 cm" 1 , D 0 = - 2-18 x 10~ 8 cm" 1 F = - 3-0 x 10~ 7 cm 1 


Table HI— Rotational Term Differences for 1 n State 



A. 

F dd (K) 

AiF dc 

(K + » 

AxF erf 

(K + i) 

K 

X 2530 

X 3240 

X 2530 

X 3240 

X 2530 

X 3240 

1 



55*7 

56*52 



2 


141*14 

83 9 

84*61 

85*1 

84*61 

3 

197*6 

197*35 

112*5 

112*76 

112*7 

112*74 

4 

253-3 

253*26 

140*6 

140*50 

140*0 

140*00 

5 

308*5 

308*58 

168*5 

168*54 

167*5 

167*34 

6 

363*5 

363*19 

196*0 

195*83 

194*2 

194*22 

7 

417-3 

417*22 

223*1 

222*90 

221*1 

220*84 

8 

470*5 

470*33 

249*4 

249*46 

248*2 

246*88 

9 

522*9 

522*81 

274-7 

275*70 

272*7 

272*32 

10 

574*1 


301*4 

301*31 

297*5 

297*37 

11 

623-9 


326*4 

326*31 

322-2 

321*73 

12 

672*9 


350*7 

350*81 

345*6 

345*37 

13 

719*9 


374*3 


368*7 


14 

765*9 


397*2 


390*9 


15 

810*1 


419*2 


411*6 


16 

851*8 


440*2 


431*4 


17 

891*3 


459*9 


450*0 


18 

929*0 


479*0 


467*7 


19 

964*5 


496*8 


484*2 


20 

996*1 


511-9 


498*4 



The magnitude of the A-doubling was obtained as follows. Values of 
the quantity § were taken where 

AiF" d< (K + i)- Aj F"„(K + i) 

- F" d (K + 1) - F"„ (K + 1) + F" tf (K) - F" c (K) 

-2y(K+ 1)«. 

The result of plotting 8 against (K + l) a is shown in fig. 2. From this 
we obtain the value of the A-doubling 

Av = 0-015 K (K -f 1). 
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Relation to other Levels —That the 1 II level is identical with the initial 
level of the X 3240 band Oil -* 1 A) is shown by the agreement observed 
in Table III between the values of the term differences obtained from the 
final levels of the X 2530 band and those obtained from the initial levels 
of the X 3240 band. Besides the four singlet levels shown in the energy 
level diagram, which are designated in order of increasing energy as 

a 1 A, h 1 2+, c x II, 
there are two well-known triplet levels 


X 3 E~, A “II 



Fro. 2— A curve showing the A-doubling in the j n state of NH combining the data 
obtained from the X 3240 band with that obtained from the X 2330 band. 

which are obtained from the X 3360 band of NH. The rotational con¬ 
stants for all these levels are collected together in Table IV. A striking 
feature brought out by Table IV is that the rotational constants are 
practically identical for the four lower levels but differ markedly from 
those for the two upper levels. The two upper levels, however, resemble 
one another closely. 

The authors wish to express their thanks to Professor A. Fowler, 
F.R.S., for the interest which he has been kind enough to take in this 
work. 



182 


The X 2530 Band o/NH 


Table IV— Rotational Constants for Electronic States of 

NH* 


State 

T, + G (0) 

B 0 car 1 

D 0 cm -1 
x 10 s 

J 0 gm cm 2 
x 10 40 

r Q cm 
x 10 8 

d l X+ 

a 4- 70201 

14 09 

— 1*60 

1-963 

1-125 

cm 

a + 30704 

14-16 

5 

to 

00 

1*953 

1-122 

b 1 £+ 

a + 8583 

16*40 

— 1 *46 

1-686 

1-043 


a 

16-46 

— 1 *90 

1-680 

1-041 

A*rr 

29780 

16-29 

-1 -72 

1-697 

1-046 


0 

16-33 

1 * 67 

1-693 

1-045 


* The data for the triplet states are from a recent analysis of the X 3360 band by 
Funke, ‘ Z. Physik,’ vol. 96, p. 787 (1935); the data for the singlet states are from the 
preceding papers by Pearse and by Lunt, Pearse, and Smith. 


Summary 

The X 2530 band of NH has been excited by a hollow cathode discharge 
in streaming ammonia with sufficient intensity to photograph under high 
dispersion. 

The band corresponds to a J £ + ->■ 1 TI transition and the 1 II state is 
shown to be identical with that already known from the X 3240 band 
( i n - *A) and the X4502 band QU »S+). 

Rotational constants calculated for the d 1 ^ state are B 0 = 14-09 cm -1 , 
D 0 = — 1 -60 x 10 3 cm -1 , r 0 ■--- 1-125 x 10 -R cm. 

A table is given showing the values of the rotational constants of the 
six electronic states now known for the molecule NH. 
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Investigations of Raman Spectra 
III—Deuterium-Substituted Acetic Acids 

By W. Rogie Angus, Alan H. Leckje, and Christopher L. Wilson, 
The Sir William Ramsay Laboratories of Inorganic and Physical 
Chemistry, University College, London 

(Communicated by F. G. Donnan , F.R.S. — Received January 8, 1936) 

1—Introduction 

Isotopic substitution of deuterium atoms for protium atoms has now 
been carried out successfully for a widely different variety of substances, 
and the influence of isotopic substitution on various physical properties 
has been discussed in the literature. Spectroscopic effects have been 
investigated in several spectral regions but mostly by Raman effect 
measurements. Yet in no previous investigation have results been recorded 
for a substance in which deuterium substitution is made in two parts 
of the molecule simultaneously or separately. Such substitution is possible 
in carboxylic acids, and has been effected for the two “ heavy ” acetic acids 
whose investigation is reported in this paper. 

Substitution of deuterium for all protium atoms yielded trideuteracetic 
deuteracid (CD S C0 2 D), and replacement of the carboxyl protium only 
by deuterium resulted in the formation of acetic deuteracid (CH 3 C0 2 D). 
Not only do the Raman spectra of these acids differ from the spectrum 
of acetic acid (CH 3 C0 3 H) due to isotopic effects but, by comparing the 
three spectra, the actual assignment of the frequencies is rendered easier. 
In addition, the spectrum of “ light ” acetic acid has been examined, 
since there is a marked lack of agreement in existing data, and, for com¬ 
parison purposes, the spectrum of acetic anhydride has also been investi¬ 
gated. 

2—Preparation of Materials 

Acetic Anhydride —Kahlbaurn’s acetic anhydride (“ free from homo- 
logues ”) was fractionated through a three-section Young and Thomas 
column from a small quantity of chromium trioxide. After three dis¬ 
tillations the final fraction boiled at 139 •2-139*4° C. 

Acetic Acid —Three specimens of distinctly different origin have been 
prepared and examined. They will be referred to as acetic acids I, II, 
and III. 
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I— Kahlbaum’s pure glacial acetic acid was fractionated through a 
three section Young and Thomas column from chromium trioxide; the 
final fraction had a melting point of 16 -5° C. 

II— 5-68 grams of acetic anhydride, purified by the method described, 
was sealed in a small pyrex bulb with 1 -0115 grams of water. (These 
quantities should yield an acid containing only 0-11% free water.) The 
mixture became homogeneous after shaking for 17 hours and the melting 
point then was 9 • 5° C. It was then allowed to stand at room temperature 
and the progress of hydrolysis was followed by the rise in melting point. 
After standing for 52 hours the melting point had risen to 14-0° C. To 
accelerate the reaction the mixture was heated for \\ hours at 100° C and 
a constant melting point of 15-5° C was observed. This melting point 
shows that the acid contained about 0-5% water (principally from acetic 
anhydride), since it has been found that each 0 1% of water will lower 
the melting point by 0 -2° C.* The acid was then twice distilled slowly 
in vacuo with no detectable change in melting point. 

Ill—A specimen of “ light ” acetic acid was prepared from “ light ” 
malonic acid by the method used to obtain trideuteracetic deuteracid 
from dideuteromalonic deuteracid (vide infra). This acid had a melting 
point of 16-65° C. (Literature gives 16-6° C.) 

Acetic Deuteracid —This acid was prepared by hydrolysing at ordinary 
temperature purified acetic anhydride with the calculated amount of 
heavy water containing 99-2% deuterium, i.e., 99-2% of the hydrogen 
atoms were deuterium atoms. After 4 weeks a product was obtained with 
a melting point of 14 -8° C. This melting point was rising so very slowly 
that it was assumed to be constant. It may therefore be taken as the 
minimum value of the melting point and the true value will probably 
be about 1 -0° C higher. This appears to be a reasonable assumption 
from what has been said regarding the melting point of acetic acid II, 
also prepared by hydrolysis of acetic anhydride. It is interesting to com¬ 
pare the value obtained with the value of 13 -3° C given by Lewis and 
Schutzf for the same acid prepared by the action of deuterium chloride 
on silver acetate. It is probable that the latter method gave a product 
containing a considerable amount of D a O. 

Trideuteracetic deuteracid was obtained by the method previously 
published by Wilson.t Carbon suboxide and heavy water (99-5 atomic 
% deuterium) were allowed to react to give dideuteromalonic deuteracid, 

* de Visser, * Rec. Trav. chim. Pays-Bas.,’ vol. 12, p. 101 (1893). 

t ‘ J. Amer. Chem. Soc.,’ vol. 56, p. 493 (1934). 

t ‘ 3. Chem. Soc.,’ p. 492 (1935). 
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which, after exhaustive desiccation over phosphoric oxide at 100° C 
and 0 01 mm, was converted by heating to trideuteracetic deuteracid. 
The melting point was 15*8° C. 

3—Experimental Procedure 

Essentially the experimental arrangement already described* was used. 
Owing to the small amounts of substances available (l-5-2-5 cc) much 
smaller tubes had to be employed. These tubes were of Jena glass of 
0-6 cm diameter, closed at one end by a flat glass plate. The liquid to 
be examined was distilled directly into the tube which was then bent round 
and sealed off. The tube was then mounted on a right-angle prism and 
illuminated by a vertical mercury arc in the usual way. Both the 4358 and 
4047 A mercury lines were used separately for excitation. 

For the most part the results have been obtained with a Hilger E349 
glass spectrograph of mean dispersion 70 A per mm at 4600 A, but a few 
spectra have been taken with a Hilger E390 glass spectrograph having a 
mean dispersion of 20 A per mm at 4600 A. The agreement was very 
good; the large dispersion instrument revealed conclusively certain lines 
which previously were doubtful. 

4—The Raman Spectra 

(a) Acetic Anhydride —The mean values from a number of exposures 
of from 20 to 24 hours are compared in Table I with the values given by 
Thatte and Ganesan.f 

Table I 


A. L. and W. 

T. and G. 

354 (2) 

368 (i) 

522 (i) 

— 

644(7) 

— 

670 (3) 

672 (5) 

782 (2) 

— 

806 (7) 

795 (0) 

902 (7) 

— 

1007 (7) 

— 

1111 W 

— 

1245 (i) 

1259 (0) 

1358 (7) 

— 

1424 (2) 

1426 (0) 

1777 (2) 

1791 (0) 

2933 (10) 

2944 ( 3) 

3018 (*) 

— 

3118(7) 

— 

3201 ( 0 ) 

— 


* Angus and Leckie, ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 327 (1935). 
t ‘ Phil. Mag.,’ vol. 12, p. 823 (1931). 
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The spectrum which has been obtained is very much richer than that 
given by the previous investigators but otherwise there is good agreement. 
It bears many points of similarity to the spectra of the acetic acids and 
these will be discussed in the next section. 

( h ) Acetic Acid —Several plates for each of the three specimens were 
obtained with exposure times varying from 8 to 24 hours and the mean 
values are collected in Table II. 


Table II 


I 

II 

Ill 

Mean 

461 

451 

449 

454 

634 

618 

617 

623 

732 

— 

711 

721 

901 

893 

900 

898 

1036 

1005 

1006 

1016 

1118 

1104 

1113 

1112 

1249 

1249 

1268 

1255 

1363 

1357 

1357 

1359 

1437 

1422 

1433 

1431 

170! 

1667 

1681 

1683 

2937 

2932 

2936 

2935 

— 

2979 

2986 

2983 

3021 

3029 

3029 

3027 

3119 

3123 

3127 

3123 

— 

3187 

3199 

3193 


Table III gives a comparison between the mean value from Table II 
and existing data. 

It was the surprising lack of agreement between the values given in the 
literature which made it necessary to reinvestigate acetic acid. It was 
thought that this disagreement might originate from the use of acetic 
acids prepared in different ways. The values given in Table II for three 
samples of different origin furnish a good mean which agrees, to a con¬ 
siderable extent, with other values. Careful examination of the plates 
revealed no lines at 280, 360, 600, 770, 870, 950, 980, 1220, 1730 and 
1770 cm *. All these lines are recorded as being very weak or of zero 
intensity. It is therefore probably correct to assume that they are not 
part of the spectrum of acetic acid. A possible explanation of the appear¬ 
ance of the lines at 360 and 1770 cm -1 in some of the spectra may be the 
presence of acetic anhydride in the acid, since the anhydride has strong 
lines of approximately the same value. 

In addition lines at 721, 3123, and 3190 cm -1 have been found and their 
reality is established by their appearance in the spectra of the deuterium- 
substituted acids. 
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(c) “ Heavy" Acetic Acids —The results for acetic deuteracid and 
trideuteracetic deuteracid were obtained from a number of exposures 


Table 111 


. and W. 

t 

2 

3 

4 

5 

6 

7 

8 

9 

10 

— 

— 

— 

— 


283 

288 

_ 

— 

...... 


— 


— 

— 

— 

362 

367 

— 

—- 

— 


454 

446 

440 

440 

440 

446 

— 

444 

434 

445 

440 

—* 

— 

— 

—- 

600 

— 

— 

603 

— 

593 

— 

623 

623 

618 

614 

624 

623 

621 

620 

614 

622 

614 

721 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

766 

— 

— 

. 

766 

— 

— 

— 

— 

— 

— 

— 

— 

— 

—- 

— 

.— 

869 

— 

— 

— 

898 

908 

890 

889 

900 

901 

884 

893 

892 

893 

889 

— 

— 

— 


— 

946 

— 

942 

— 

— 

— 

— 

— 

— 

— 

— 

978 

—„ 

— 

— 

— 

— 

1016 

— 

— 

— 

1010 

1021 

1002 

1014 

— 

1016 

— 

1112 

1128 

— 

— 

— 

1128 

— 


— 

— 

— 

1255 

1280 

_ 

1280 

1270 

1280 

1276 

i 1 

1276 

_ 

1275 

1280 

1359 

1364 

— 

1368 

1340 

1364 

— 

1370 

1358 

1364 

1368 

1431 

1433 

1430 

1432 

1430 

1433 

1436 

1431 

1424 

1429 

1432 

1683 

1670 

1656 

1669 

1660 

1670 

1671 

1667 

1660 

1668 

1669 

—* 

— 

— 

— 

— 

— 

— 

1726 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

1771 

— 

— 

— 

2935 

2944 

2935 

2940 

2950 

2944 

2943 

2943 

2936 

2941 

2940 

2983 

— 

— 

— 

2990 

— 

— 

2996 

— 

2991 

— 

3027 

— 

— 

— 

3020 

— 

— 

3033 

— 

3032 

— 

3123 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

3193 

— 

— 

— 

— 


— 

— 

— 

—. 

— 


* (1) Venkateswaran, ‘ Phil. Mag.,’ vol. 7, p. 597 (1929). 

(2) Dadicu and Kohlrausch, * Monatsh Chem.,’ vol. 52, p. 220 (1929). 

(3) Dadieu and Kohlrausch, ibid., vol. 55, p. 379 (1930). 

(4) Daure, ‘ Ann. Physique,* vol. 12, p. 375 (1929). 

(5) Ganesan and Venkateswaran, * Ind. J. Phys.,’ vol. 4, p. 196 (1929). 

(6) Ghosh and Kar, * J, Phys. Chem.,’ vol. 35, p. 1735 (1931). 

(7) Krishnamurti, 1 lnd. J. Phys.,* vol. 6, p. 367 (1931). 

(8) Briner, Susz, and Favarger, ‘ Helv. Chim. Acta,’ vol. 18, p. 375 (1935). 

(9) Cheng, * J. Chim, Phys.,* vol. 32, p. 541 (1935). 

(10) Simons (quoted by Cheng), ‘ Comment phys-math, Helsingf.,’ vol. 6, No. 13 
(1932). 

varying from 8 to 60 hours. These results are collected in Table IV 
and compared with the values found for acetic anhydride and acetic 
acid. Figures in parenthesis are the estimated intensities. 
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5—Discussion 

Comparison of the spectra leads to two general conclusions:— (a) That 
acetic anhydride exhibits some lines not experienced in the spectra of the 
acetic acids; and (b) that the lines of the acids are divisible into three 
categories, some lines are unmodified on deuterium substitution, others 
show a progressive modification as the deuterium content is increased, 
and the third set consists of lines which are modified in trideuteracetic 
deuteracid only. It will now be shown how these general conclusions. 


Table IV 


(CH,CO) s O 
354 (2) 

ch 3 co 2 h 

CH,CO, D 

CD a CO a D 

a 

_ 

454 ( i ) 

434 Or) 

411 (i) 

b 

522 (i) 

— 

— 

— 

c 

644 (7) 

623 (3) 

598 (11) 

580 (2) 

d 

670 (3) 

— 

— 

— 

e 

— 

721 (0) 

721 (}) 

713 (*) 

f 

806 (7) 

— 

— 

— 

g 

902 (7) 

898 (6) 

856 ( 3 ) 

800 (4) 

h 

1007 (7) 

1016 (JW 

1014 (i) 

— 

i 

1111 (/) 

1112 (±Z>) 

1094 (16) 

— 

j 

1245 (i) 

1255 (i) 

1171 (0) 

133 0(0) 

k 

1358 (7) 

1359 (7) 

1321 ( 1 ) 

1025 (2) 

l 

1424 (2) 

143) (2) 

1434 (/) 

1093 (2) 

m 

— 

1683 (7) 

1655 ( 1 ) 

1657 ( 3 ) 

n 

1777 (.3) 

— 

— 

— 

0 

— 

— 

— 

2063 (0) 

P 

2933 (10) 

2935 (10) 

2940 (10) 

2111 (8) 

Q 

— 

2983 (0) 

2986 (0) 

2183 (7) 

r 

3018 (i) 

3027 (}) 

3021 (i) 

2237 (i) 

5 

3118 (7) 

3123 (7) 

3125 (1) 

2275 (0) 

t 

3201 (0) 

3193 (0) 

— 

— 

u 


when examined in detail, lead to the assignment of the most prominent 
frequencies. Weak lines cannot always be assigned with certainty. 


a—Lines Found in Acetic Anhydride Only 

The lines which occur in acetic anhydride alone are 354, 522, 670, 806, 
and 1777 cm' 1 . This last line is certainly attributable to the C=0 group, 
since values of this order of magnitude are commonly encountered in 
ketones, aldehydes, acid chlorides, and esters, but are not met with in the 
spectra of carboxylic acids. It is noteworthy that the frequency of about 
1660 cm -1 , characteristic of carboxylic acids, is not in evidence. To assign 
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the other four is much more difficult. Two of them (354 and 670 cm* 1 ) 
are quite prominent lines but the others are weak. The prominent 354 
and 670 cm -1 lines may originate from the C—O link, possibly as deforma¬ 
tion frequencies of the pseudo-triatomic molecule, Ac a O. 


b—Lines Common to all Compounds 

It has already been stated that the spectra of the acids consist of lines 
divisible into three main classes. Thus lines which are unmodified through 

O 

deuterium substitution arise from the C group of the carboxyl radical. 

O 

Lines which show modification in trideuteracetic acid, but are unmodified 
in acetic deuteracid, point clearly to an origin in the methyl group. The 
third category, consisting of lines which show a progressive modification, 
is the most difficult to explain. None of the acids exhibits the frequency 
characteristic of the O—H link; this supports the chemical evidence that 
the carboxyl group does not exhibit typical hydroxylic properties. In 
view of this fact it would be expected that the Raman spectra of acetic 
acid and acetic deuteracid should be practically identical. Actually 
several lines in the spectrum of acetic deuteracid have values intermediate 
between the corresponding values for acetic acid and trideuteracetic 
deuteracid. This suggests that the hydrogen atom in the carboxyl group 
has an unexpectedly large influence on the internal vibrations of the 
molecule. It is concluded, therefore, that the lines in this category must 
originate in links or groups, the characteristic vibrations of which are 
indirectly influenced by the varying masses. 

There are (wo points which should be mentioned before entering into 
a detailed examination of the lines. The first is that although trideuter¬ 
acetic deuteracid shows two lines at 1025 and 1093 cm 1 it is necessary 
from intensity considerations to correlate them with the 1359 and 1431 
cm -1 lines of acetic acid in spite of there being lines of about the same 
numerical value in acetic acid (1016 and 1112 cm 1 ). Possibly the two 
lines in trideuteracetic deuteracid are really the gross effect of the un¬ 
modified lines in these positions and the modification of the more intense 
lines / and m. The second point is that the line k does not fall naturally 
into any of the three main classes. This frequency probably arises from 
the carboxyl group, but a definite decision on this point is impossible 
without more accurate polarization data than are at present available. 
Certainly the value of this frequency is the same in acetic anhydride and 
acetic acid, is lowered in acetic deuteracid, and raised in trideuteracetic 
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deuteracid. All four lines are weak. If it is correct to suggest that they 
have corresponding origins it would be very interesting to obtain the 
theoretical explanation for the curious shifts in value. 

Lines Modified in Trideuteracetic Deuteracid Only 

The lines belonging to this group have the same values in acetic acid, 
acetic deuteracid, and acetic anhydride, and comprise the lines marked /, 
m, p, q. r, s, t, and u in Table IV. 

The lines p-u —In a preliminary notice of the results* the possibility 
of some, at least, of these lines arising from an O—H link was considered. 
Further work has shown definitely that all arise from the methyl group. 
In an electrical sense protium and deuterium are exactly the same, and, 
therefore, the force constant of any link should not be altered by deuterium 
substitution. Also, it has been shown by Anderson and Yostf from an 



Table V 


V 

V^-ale. 

v'olM. 

— 

— 

2063 

2936 

2159 

2111 

2985 

2195 

2183 

3022 

2222 

2237 

3122 

2296 

2275 

3195 

2350 

— 


examination of the Raman spectrum of gaseous deuterium that the sub¬ 
stitution of deuterium for protium does not alter the inter-atomic separa¬ 
tion, nor consequently the force constant. Protium and deuterium differ 
in mass, and therefore the change in frequency due to the isotopic effect 
will be in the ratio of the square root of the reduced masses. Hence, for 
the C—H link, the frequency in acetic acid should be 1 *36 x the corre¬ 
sponding frequency in trideuteracetic deuteracid. This relationship is 
borne out in a satisfactory way in the appended Table V, where v is the 
average frequency of the unmodified line, v' CB |,. is v/1-36, and v'„ b , the 
value for trideuteracetic deuteracid. 

From the experimental values there can be no doubt that these fre¬ 
quencies arise from the methyl group. Exactly why there should be so 
many is not certain. An examination of the state of polarization of the 
lines of trideuteracetic deuteracid was made using the apparatus described 
by DaureJ but owing to the small quantity of substance available accurate 

* ‘ Nature,’ vol. 13£ p. 913 (1935). 

t * J. Chem. Phys.,’ vol. 3, p. 242 (1935). 

% “ Introduction a l’etude de Peffet Raman,” p. 42 (1933). 
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quantitative measurements were not possible. It was found, however, 
that the line 2111 cm -1 was polarized, and therefore corresponds to the 
2935 cm -1 in acetic acid which both Cheng and Simons (Ref. 9 and 10, 
Table III) report as strongly polarized. 

It can be stated then that the line q arises from the symmetrical vibration 
of all three hydrogen atoms outwards from the carbon which is assumed to 
occupy the apical position in the cone-like CH 3 structure. Such a 
vibration would give rise to an intense Raman line, which is strongly 
polarized. The carbon of the methyl group is attached to the carboxyl 
group, the plane of which may assume certain inclinations towards the 
line of attachment. When all three hydrogens are performing the same 
vibration, fig. la, the angle of inclination of the carboxyl group will not 
play an important role. But when two hydrogen atoms are moving 



(a) (b) ( C ) 

Fio. 1. 

outwards from the carbon and one hydrogen is moving in towards the 
carbon, fig. lb and c, then it can be stated definitely that the Raman line 
arising from this vibration will be depolarized, and it seems reasonable 
to assume that the arrangement of the vibrations about the projection of 
the plane of the carboxyl group will lead to the appearance of at least two 
frequencies. 

It follows, then, that only one member of this group can be assigned 
definitely and that the other members may arise in the manner suggested 
in the previous paragraph. All these lines are clearly visible on the plates, 
and are easily recognizable on the microphotometer records, fig. 2. These 
records were obtained from spectra excited by the 4047 A mercury line. 
The 4358 A mercury line, although intense on the curves, was filtered out 
to the point where it was incapable of exciting Raman lines. The peaks 
marked H are not due to Raman lines but to a halation effect produced by 
reflexion in the spectrograph during a long exposure. 

It is noteworthy that, since this group of lines remains unmodified in 
acetic deuteracid, the deuterium substitution has been effected entirely 
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in the carboxyl group, and supports the chemical evidence concerning the 
stability of acetic acid towards halogens.* 

The line m clearly arises from the CH 3 group. In “ light ” compounds 
containing the CH 2 group the frequency of 1430 cm 1 is encountered. 
This line is common to the three compounds containing CH 3 but does not 
occur in trideuteracetic deuteracid, in which the corresponding line is 
1093 cm '. It can therefore be stated, tentatively at any rate, that the 
frequency characteristic of the CD 2 group is in the region of 1100cm -1 . 

The line l —Again intensity considerations lead to these lines being 
classified together. Most probably their origin is in the CH 3 group and a 
slight modification is introduced when the carboxylic protium is replaced 
by deuterium. Support is lent to this view by the large modification 
found in the corresponding line for trideuteracetic deuteracid. 

Lines Unmodified by Deuterium Substitution 

The line n —This line arises from the carboxylic “ carbonyl ” group and 
occurs in the spectra of a large number of carboxylic acids. The hypo¬ 
thesis that this is an inner frequency of the carboxyl group is confirmed 
by the fact that the slight modification caused by deuterium substitution 
is the same in both the deuteracids; the value is 1683 cm 1 in CH 3 C0 2 H, 
but 1655 cm 1 in CH 3 CO a D, and 1657 cm 1 in CD 3 CO a D. 

The lines /, /, j —These very weak lines appear to be deformation 
frequencies associated with the carboxyl group since their position is 
unchanged in the “ heavy ” molecules. 

Lines Exhibiting Progressive Modification 

. The lines b, d, h —The most important member of this group is the 
intense line h. This has identical values of 900 cm -1 in acetic anhydride 
and acetic acid, and is found at 856 and 800 cm 1 in acetic deuteracid and 
trideuteracetic deuteracid respectively. It can be assigned to the C—C 
link since it is a well-established Raman frequency for aliphatic com¬ 
pounds containing this group. Progressive modification of the line is 
certainly to be expected, but it is interesting to note that acetic deuteracid 
gives a value almost numerically equal to the mean of the values for the 
completely “ light ” and completely “ heavy ” acetic acids. The same 
comment can be made regarding the other two members of the group. 
They are much weaker and are probably deformation frequencies, although 
a definite decision regarding their origin cannot be made. 

* Orton, Edwards, and King, * J, Chem. Soc.,’ p. 1178 (1911). 
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In conclusion, it should be pointed out that only a qualitative assign¬ 
ment of frequencies is possible unless the symmetry class of the molecule 
is known. If the symmetry class is known, then the product relationship 
of the frequencies for isotopic compounds can be worked out as has been 
done by Teller for benzene (private communication) and by Redlich for 
chloroform.* This method of attack, applied to acetic acid, might 
explain the several difficulties mentioned in the discussion and, in par¬ 
ticular, the magnitude of the shifts in lines exhibiting progressive modi¬ 
fication with increase in deuterium content. 

We desire to acknowledge our indebtedness to Professor F. G. Donnan 
for his continued interest in the work, and to Professor C. K. Ingold and 
Dr. E. Teller for their valued criticism and advice. 

Summary 

The Raman spectra of (CH 3 C0) 2 0, CH 3 C0 2 H, CH 3 CO a D, and 
CD 3 C0 2 D have been investigated. The three acetic acids give similar 
spectra, the lines of which are divisible into three classes (a) unmodified 
lines, (b) lines modified in CD 3 CO a D only, and (c) lines showing pro¬ 
gressive modification with deuterium content. This classification of the 
lines is of great assistance in establishing their origin in the molecule. 
Without knowledge of the symmetry class, however, only a qualitative 
assignment of the frequencies is possible. This has been made. The 
frequencies assignable to the CH S group are unmodified in CH 3 CO„D 
indicating that only the carboxylic protium has been replaced by deuter¬ 
ium. The frequency corresponding with the symmetrical C—D vibration 
is 2111 cm -1 and that corresponding to the CD 2 group is 1100 cm -1 . 

* ' Z. phys. Chcm.,’ B, vol. 28, p. 371 (1935). 
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The Diffusion of Gases Through Metals 

III—The Degassing of Nickel and the Diffusion of 
Carbon Monoxide Through Nickel 

By C. J. Smithells, D.Sc., and C. E. Ransley, B.Sc. 

(Research Staff of the General Electric Company, Wembley). 

(Communicated by R. H. Fowler, F.R.S.—Received January 13, 1936) 

[Plate 4] 

Introduction 

When a piece of metal prepared by a commercial process is heated for 
the first time in vacuo, a considerable amount of gas is usually evolved. 
With the more refractory metals like nickel or molybdenum, evacuation 
for a few minutes at 1000° C is sufficient to remove part only of the gas 
present, and prolonged heating for many hours is necessary before the 
evolution ceases to be measurable. It may be assumed that some part 
at least of this gas is derived from the body of the metal and must pre¬ 
sumably reach the surface by diffusion. The total gas is extracted much 
more rapidly if the metal is actually melted, and this method of estimating 
the gases in steel and other metals has been very generally adopted.* 

The fact that the evolution of gases from metals on heating depends 
upon a process of diffusion from the interior to the surface of the metal, 
and subsequent evaporation, has been established for the simple gases. 
The desorption of nitrogen from molybdenum,! and of hydrogen from 
hydrogen-charged nickel J has been shown to follow theoretical equations 
derived from Fick's diffusion law. In practice, the gases obtained from 
commercial metals often contain a large proportion of compound gases, 
particularly the oxides of carbon, but very little information is available 
on the diffusion of such gases through metals. 

Ryder§ studied the diffusion of carbon monoxide through steel. He 
gives no experimental details, but concluded that the usual diffusion laws 
were followed between 400° and 875° C, and that carburization took 

* Hessenbruch, ‘ Z. Metallkunde,’ vol. 21, p. 46 (1929); Reeve, 4 Amer. Inst. Min. 
Met. Eng.,’ vol. 113, p. 82 (1934); Chipman and Fontana, 4 Indust, and Eng. Chem. 
(Analytical Ed.),’ vol. 7, p. 391 (1935). 

t Norton and Marshall, 4 Trans. Amer. Inst. Min. Met. Eng.,’vol. 102, p. 287 (1932). 

X Euringer, 4 Z. Physik,’ vol. 96, p. 37 (1935). 

§ 4 Electrical J.,’ vol. 17, p. 161 (1920). 
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place above 900° C. On the other hand, Bramley and his co-workers* 
found that cementation of iron by carbon monoxide began at 750° C, 
and that the rate increased with temperature. In certain CO, C0 2 
mixtures the diffusion of oxygen into the metal was observed.! 

An attempt was made by Khitrini to measure the diffusion of various 
compound gases through iron, but the experimental conditions were such 
that no reliable results were obtained. 

The total quantity of gases that can be extracted from commercial 
metals§ by heating in vacuo is usually between 20 and 200 cu mm/gm, 
much of which is CO. The oxides of carbon frequently form a large pro¬ 
portion of the gases extracted, and sulphur dioxide and hydrocarbons 
are also found. In a previous paperfl we put forward a theory of diffusion 
which required that a gas molecule should be dissociated before diffusion 
could take place, and that activated adsorption was a necessary pre¬ 
liminary to the diffusion of a gas into a metal. The fact that compound 
gases are so frequently extracted from commercial metals raises the question 
as to the form in which they are present in the metal, and the nature of 
the diffusion process by which they escape. 

The present paper describes an investigation of the degassing of com¬ 
mercial nickel, which appears to throw some light on the diffusion of 
compound gases. The paper is divided into three sections:—1, the 
degassing of commercial nickel; II, the diffusion of CO through nickel; 
III, the diffusion of carbon, and of oxygen, through nickel. 


I—The Degassing of Nickel 
Apparatus and Technique 

In the degassing experiments, each sample of metal was sealed into a 
lamp bulb of about 80 mm diameter. The bulb was connected by wide 
bore tubing directly to a two-stage mercury diffusion pump and the 
analytical system arranged as in the diffusion experiments previously 
described.§ The apparatus was constructed entirely of glass and the 
use of taps was eliminated. 

It was found advantageous from many points of view to employ high- 

* ‘ Carnegie Schol. Mem. Iron and Steel Inst.,’ vol. 15, p. 17 (1926). 

t Bramley, Haywood, Cooper, and Watts, ‘ Trans. Faraday Soc.,’ vol. 31, p. 707 
(1935). 

t ‘ J. Exp. Theor. Phys. U.S.S.R.,’ vol. 4, p. 160 (1934). 

§ Hessenbruch, ‘ Z. Metallkunde,’ vol. 21, p. 46 (1929); Guillet and Roux, * Rev. 
Metallurgies vol. 26, p, 324 (1929). 

II ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 172 (1935). 
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frequency heating, and no difficulty was experienced in keeping the 
temperature constant within the accuracy of the pyrometer reading. The 
sample, in the form of a coil of wire, or a cylinder of sheet metal, was 
suspended from a lamp seal by three fine tungsten wires. Each sample 
was sealed into a fresh bulb. During heating the bulb and the high- 
frequency coil were kept cool by an air blast. 

Temperature measurement was made by means of a disappearing- 
filament pyrometer, carefully calibrated under black body conditions, 
and the observed temperature corrected for brightness by a factor deter¬ 
mined experimentally. Nickel cannot be maintained in a vacuum above 
1050° C without appreciable evaporation. When estimating the total 
gas content of a sample, therefore, it was held at 1050° C until the evolu¬ 
tion of gas ceased to be measurable. At higher temperatures a film of 
metal is deposited on the walls of the bulb and some clean up of gas 
takes place. 

The procedure in making a determination of total gas content was as 
follows. The bulb containing the sample was baked at 420°-450° C for 
\ hour, and as much of the rest of the apparatus as possible warmed with 
a blowpipe. Before heating the sample a cut-off test was made to ensure 
that there was no measurable evolution of gas from the apparatus. 
Freezing acetone was placed on a trap in the analytical system to freeze 
out water vapour, and on another to prevent mercury vapour diffusing 
back from the pump. The mercury cut-off was raised and a blank test 
made, the conditions being considered satisfactory when the pressure in 
the analytical system did not rise above 5 x 10 -5 mm in ^ hour. The 
sample was then heated to 1050° C until no further gas was evolved 
(usually about 2 hours), and the gas measured and analysed. Both 
Pirani and McLeod gauges were used. 

The gas extracted from nickel is mainly CO, with some C0 2 and H a , 
and small quantities of N a and water vapour. The proportion of water 
vapour was not measured, but was probably not more than 5%; any 
measurements would be doubtful owing to the readiness with which it 
is adsorbed by glass. The CO a was determined from the fall in pressure 
when liquid air was applied to a side tube, and the H 2 by diffusion out 
of the system through a palladium tube. Carbon monoxide and nitrogen 
were not usually separated, as the amount of nitrogen was found to be 
less than 5% of the total. The method of analysis, when used, was to in¬ 
troduce a known amount of oxygen by heating potassium permanganate 
in a side tube, then to compress a sample and ignite it by means of a 
platinum filament. The C0 2 formed was determined by freezing out 
with liquid air. 
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Determinations of total gas content were unaffected by altering the 
volume of the analytical system, showing that adsorption on the glass 
was negligible. The same results were also obtained on a duplicate pump 
system. 

Experimental Results 

Effect of Surface Contamination —Preliminary experiments indicated 
the important effect of surface contamination on the total amount of gas 
obtained from a sample. This point has been emphasized by Norton 
and Marshall* in their work on molybdenum. It is also well recognized 
by manufacturers of vacuum devices, all metal parts being cleaned by 
heating in hydrogen before assembly. We found that washing in tri- 
chlorethylene was effective in removing grease and dirt resulting from 
handling, and that if this precaution were taken, consistent results were 
obtained with any sample of nickel. 

The results of some tests made on one batch (A) of 1 mm wire over a 
period of 2 years are collected in Table 1. 

Table I— Gas Extracted from 1 mm Diameter Wire, Batch (a) 
Degreased in Trichlorethylene Only 


Pump Wt. of Vol. of Total 

Date of test system sample analytical gas 

gm system cc cu rnm/gm 

October 18, 1933 . No. I 0-80 990 23-5 

October 20, 1933 . No. 1 100 990 24-7 

September 20, 1935 . No. 1 1 00 725 25-1 

September 26, 1935 . No. 1 116 725 26-4 

November 11, 1935 . No. 2 1-40 560 23-4 

November 12, 1935 . No. 2 1-42 560 26 0 


These results show that neither changes in the apparatus nor the age of 
the sample affects the constancy of the results. 

In addition to surface contamination of the kind removed by tri¬ 
chlorethylene, gas is also derived from impurities worked into the surface 
layers of wire or sheet during manufacture. That such layers may be 
of appreciable thickness has been shown by Avery and Smithellsf for 
tungsten wire. An estimate of the amount of gas derived from this 
source was made by comparing the total amount of gas extracted from the 
same sample of wire when drawn to different diameters, and cleaned in 
trichlorethylene. The results given in Table II show an increase in 

* Loc. cit. 

t ‘ Proc. Phys. Soc.,’ vol. 39, p. 85 (1926). 
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total gas obtained as the wire diameter is reduced, and the surface per 
gram correspondingly increased. Assuming that the concentration of 
gas both in the body of the metal and per unit area of surface remains 
constant, the ratio of the gas derived from these two sources can be 
calculated. Taking the values given in column 4 of Table 11 as repre¬ 
senting the gas inside the metal, we obtain the values given in column 5 
for the concentration of gas on the surface, and their consistency appears 
to justify the assumptions. 


Table II— Effect of Surface-volume Ratio of Samples 



(Wires cleaned in 

trichlorethylene only.) 


1 

2 

3 

4 

5 


Wire 

Total 

Volume 

Surface 


diameter 

gas 

gas 

gas 


mm 

cu mm/gm 

cu mm/gm 

cu mm/sq cm 

Sample 1 ... 

. 0-45 

33-2 

19 

1*44 


0 30 

39*4 

19 

1 40 


0 15 

62*0 

19 

1*68 

Sample 2 ... 

. JO 

24* 7 

18 

1*78 


015 

64*3 

18 

1*78 


This form of surface gas is most readily removed by heating the metal 
at 950° C for 5-10 minutes either in a vacuum or in pure hydrogen. Loss 
of gas from the body of the metal is inappreciable in this time, and the gas 
remaining in the metal is now found to be independent of the surface- 
volume ratio of the metal. 

The Extraction of Gases from Commercial Nickel Wire —We examined 
. samples of nickel wire manufactured by many different methods,* but 
were unable to find any correlation between the gas content and the 
production process. The total gas content, after a few minutes’ heat 
treatment in hydrogen to remove surface gas, varied only from 12 to 25 cu 
mm with different batches of nickel; 84 to 98% of gas was CO, and 
the remainder H a and C0 2 . 

In view of the similarity of the results obtained with different wires, 
most of the subsequent work was confined to batch (A) of wire 1 0 mm in 
diameter. The quantity and composition of the gases evolved from this 
wire as the temperature was progressively increased is recorded in Table 
III. 

* We are indebted to Messrs. The Mond Nickel Company for supplying samples 
of nickel wire manufactured by different processes. 
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Table III—Evolution of Gas at Different Temperatures from 1 mm 
Diameter Wire. Degreased in Trichlorethylene Only 


Time of 
heating 

Temperature 

__ 

Gas cu tnm/gm 

_ 

Total 

min 

°C 

co a 

H t 

CO 


20 

750 

0*8 

2*3 

3*6 

6*7 

20 

850 

0*3 

0*3 

3*3 

3*9 

20 

950 

0*3 

0*3 

5*4 

6*0 

20 

1050 

0-5 

0*3 

4*5 

5*3 

20 

1150 

0*3 

M 

1*3 

2*7 



2*2 

4*3 

18* 1 

24*6 



Time of degassing (hours) 


Fig. 1—Rate of degassing 10 mm wire after degreasing with trichlorethylene. Com¬ 
position of gases: CO,, 6%; H 2 , 11%; CO + N„ 83%. 



Time of degassing (hours) 


F 10 . 2—Composition of gases: CO„ 6%; H„ 9-5%; CO + N„ 84-5%. 
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If the gas extraction is carried out at one temperature only, the types 
of curve shown in figs. 1 and 2 are obtained. These show the total 
evolution of gas at 950° C and 1050° C from degreased 1 mm diameter 
wire from batch A. The evolution is rapid at first, but falls off slowly to 
an asymptotic value. It will be seen that at 950" C degassing is a very 
slow process and is incomplete even after 8 hours. 

Effect of Heating in Hydrogen —An alternative method of investigating 
the course of degassing is to subject the wire to heat treatment for various 
periods of time, either in hydrogen or in a vacuum, and then determine 



Fig. 3—Effect of furnace treatment at 950“ C on gas content of nickel, t mm. 

diameter wire heated in furnace in dry hydrogen, ©; the same heated in vacuum, 

• #; O’ 15 mm diameter wire heated in furnace in dry hydrogen, x. 

the amount of gas remaining in the metal. Samples of the same wire 
as before were heated for different periods at 950° C in a silica tube 
furnace in dry hydrogen, and also in a vacuum of about 10 3 mm Hg. 
The gas subsequently extracted on the pump is shown in fig. 3. 

No difference is shown in the hydrogen content of the samples treated 
in hydrogen or in vacuo. Heating in hydrogen does introduce more hydro¬ 
gen into the metal but, owing to its high rate of diffusion, it is almost 
entirely removed by baking at 450° C. 

Effect of Thickness —The time required for complete degassing of 
molybdenum was found by Norton and Marshall to be approximately 
proportional tb the thickness of the metal. We have not investigated 
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this fully for nickel, but degassing is very slow with thick material. The 
rates of degassing of 6 mm diameter rod and of 1 mm diameter wire are 
compared in Table IV. 

Table IV— Effect of Wire Diameter on Rate of Degassing in 
Hydrogen at 950° c 


Time 

of 

Residual gas in cu mm/gm 



treatment 

6 mm diameter 

1 mm diameter 

15 min 

15*1 

12*6 

2 hours 

13*8 

5*1 

6 hours 

10 3 

2 0 

7+ hours 

9*8 

1 *6 


Effect of Exposure and Oxidation —Samples of wire which had been 
thoroughly degassed in hydrogen were left exposed in a laboratory 
atmosphere for periods up to 24 days, care being taken only to handle 
them with tweezers. There was no appreciable increase in the amount 
of gas which could be extracted. On the other hand, deliberate oxidation 
of the surface resulted in a definite increase in the gas content. A wire 
was heated in air at 950° C, drawn through a die and finally heated for 
15 minutes in hydrogen at 950° C. The gas content of this wire compared 
with that of a wire treated similarly, but in hydrogen only, is shown in 
Table V. 

Table V—Effect of Oxidation on the Gas Content of 1 mm 

Nickel Wire 


Treatment Gas extracted 

cu mm/gm 

15 min in H s at 950° C, then 8% reduction in diameter, then 
15 min in H s at 950° C . 11 0 

15 min in air at 950“ C, then 8% reduction in diameter, then 
15 min in Hj at 950° C . 17-3 


95% of the gas evolved from both samples was CO. 

Discussion 

There are two equations commonly used in connexion with diffusion 
problems. The first is Richardson’s equation:— 

D = Lj.V'P.r i ' T , (1) 

which relates the rate of diffusion D to the absolute temperature T, the 
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gas pressure P, and the thickness of the metal d, k and b are con¬ 
stants for each gas metal system. This equation has been shown* to hold, 
except at very low pressures, for all gas-metal systems where the gas 
diffuses through the metal into a vacuum. It is not applicable in this 
form to the diffusion of gas atoms within the metal and does not require 
any knowledge of the solubility. 

Fick’s linear diffusion law, which may be applied to the migration of 
gas within a metal, may be expressed by the equation: 

dc _ a <fc_ 

dt dx-' 

For the radial diffusion of gas in a round wire, this becomes 

j_ fV ^ 1 dc 

A ct dr* ^ r r> ' 

A particular solution of this equation given by Euringerf is of the 
form 

q — 2cA!r X e~ •**’“', (2) 

a 1 

where 

q is the rate of evolution of gas from the wire in ce/cm 2 /sec; 

c the initial concentration of gas in cc at N.T.P. in 1 cu cm of metal; 

r the radius of the wire in cm; 

t time of degassing in sec; 

A the “ diffusivity constant ” of the gas in the metal, and X„ — £<x/r, 
where the are the zeros of the Bessel function J 0 (X). 

Several assumptions are made in the derivation of equation (2). These 
are (a) at the beginning of the process the gas is evenly distributed through¬ 
out the metal, which is assumed to be homogeneous; ( b ) the mechanism 
of desorption is one of simple diffusion of the gas through the metal; (c) 
the concentration of the gas at the surface of the wire is zero. 

These assumptions are probably true in practice except for (c), which 
implies that the evaporation of the gas from the surface is rapid in com¬ 
parison with the diffusion to the surface. This probably holds for many 
gas metal systems, but there is evidence that in some, e.g., hydrogen and 
aluminium, J the rate of removal of the gas from the surface is a con¬ 
trolling factor in the desorption process. Similar evidence for oxygen 
and nickel is given later in this paper (p. 210). 

* Smithells and Ransley, ' Proc. Roy. Soc.,’ A, vol. 150, p. 172 (1935). 

t ‘ Z. Physik,’ vol. 96, p. 37 (1935). 

t Moreau, Chaudron, and Portevin,' C.R. Acad. Sci. Paris,’ vol. 201, p. 3 (1935). 
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Equation (1) may be written 

log q = log 2c Mr + log + er™-**** + e- 75 ’ 04 '"* + ...}• (3) 

At higher values of t, depending upon the numerical value of A/r 2 , the 
series very rapidly converges, and equation (3) may ultimately be written 

log q - log -5-8 Af/> 2 , (4) 

since terms of the series other than the first may then be neglected. This 
is by far the most useful form of the equation. 

If A remains constant, as in the degassing of a given wire at a constant 
temperature, we have for high values of t 

log q — A — B/. (5) 



Fig. 4—Rate of evolution of CO at 950“ C. Full line shows theoretical curve. 

The logarithm of the rate of gas evolution plotted against the time, 
should therefore give a straight line. The change in slope of this line 
with temperature will be directly proportional to the variation of the 
diffusivity constant with temperature. 

The degassing of wire 1 mm in diameter at 950° and 1050° C, figs. 1 and 
2, was repeated, with liquid air on the trap, and with the palladium tube 
heated continuously throughout the experiments. The evolution of CO 
only (assuming the nitrogen content to be negligible) was thus measured 
so that equation (2) which is only true for a single gas, should be applicable 
to the results. The rate of evolution of CO at these two temperatures 
has been plotted logarithmically against the time in figs. 4 and 5. 

It will be seen that the 950° C curve becomes reasonably linear after 
2 hours and the 1050° C curve after 40 minutes. The ratio of the slopes 
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of the two lines is 3-5 approximately. A duplicate experiment gave 3-7. 
We have, therefore, 

^1050 __ -i.c. 

u, 

“*060 

which is the temperature coefficient, over this temperature interval, of 
the diffusivity constant controlling the evolution of CO from nickel. 
This corresponds to a value of about 20,000 for b in equation (1). 

The actual slope of the linear portion of the curves is given by 5-8 A/r 2 , 
and thus the absolute values of A may be calculated, and the theoretical 
curves then derived from equation (3). These are drawn as full lines in 
figs. 4 and 5, and show fair agreement with the experimental points. 



Fig. 5 — Rate of evolution of CO at 1050° C. Full line shows theoretical curve. 

The absolute values of A obtained are 4 0 x 10 8 at 950° C, and 
}4 - 0 x 10 * sq cm/sec at 1050° C. This result is discussed in a later 
section. 

II— The Diffusion of CO Through Nickel 

The apparatus used for the diffusion measurements was fully described 
in the previous paper.* 

The preliminary experiments were made with tubes of the following 
specification:— 

dimensions: wall thickness 0-25 mm; outside diameter 2-5 mm; 
heated length 15’0 cm. 

analysis: Fe 0*13%, Mg 0-04%, C 0*012%, and only traces of other 
elements. 

* ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 172 (1935). 
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The carbon monoxide was prepared from formic and sulphuric acids, 
and dried by passing over KOH, CaCl a , and finally through a trap cooled 
in liquid air. This also removed any traces of C0 2 . A 2-litre bulb was 
filled with the gas, and sealed directly to the pressure side of the pump 
system. During all experiments a trap on the pressure system was kept 
immersed in liquid air to freeze out any water vapour or CO a evolved. 

With the tube at 900° C, and a pressure of CO of approximately 200 mm 
of Hg, quite a large amount of gas was at first collected in the analytical 
system, but consisted almost entirely of hydrogen, presumably present 
as an impurity in the carbon monoxide. This hydrogen diffusion de¬ 
creased during the further running of the tube, but was never entirely 
eliminated. 

Measurement of CO diffusion was complicated by the fact that the 
gas is decomposed by hot nickel, and deposition of carbon takes place at 
temperatures below 800° C. This deposition of carbon began on the 
subsidiary electrical leads to the diffusion tube, altering the emissivity, 
and so finally crept along the tube itself, making further measurements 
impossible after periods of more than 3 or 4 hours. The two most reliable 
measurements are given in Table VI. 

Table VI—Diffusion of Carbon Monoxide Through Nickel 




Rate D 

Pressure 

Temperature 

cc/sec/sq cm 

mm 

0 C 

for 1 mm thick 

235 

900 

3 x 

160 

900 

2-7 x 10~» 


Although this rate of diffusion is exceedingly small it is at least 10 times 
greater than the possible error due to evolution of gas from the apparatus 
itself. It is, however, quite insufficient to gccount for the rate at which 
carbon monoxide is extracted from nickel, and leads to the conclusion 
that the gas cannot be present in the metal as carbon monoxide. 

The most reasonable explanation of the desorption of CO from nickel 
is that the gas is derived from a reaction between dissolved oxygen and 
carbon, probably present in the metal as nickel oxide and nickel carbide. 
Oberhoffer and Piwowarsky* arrived at this conclusion in the case of 
steel. They obtained a very much smaller quantity of CO by dissolving 
steel in mercuric chloride in the cold than by heating the metal in vacuo. 

In order to confirm this hypothesis we have studied the diffusion of 
carbon and of oxygen through nickel, and determined the temperature 

* 4 Stahl u. Eisen," voi. 42, p. 801 (1922). 
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coefficients. The mechanism of the degassing process is explained in the 
light of these results. 


Ill—D iffusion of Carbon and Oxygen Through Nickel 

Since it was not possible to prepare nickel containing deliberate 
additions of both oxide and carbide, it was decided to make a preliminary 
study by depositing carbon on one side, and oxidizing the other side of 
the metal. This proved to be a most satisfactory method. A current of 
hydrogen containing 2% of acetylene was passed through a heated nickel 
tube until a layer of carbon had been deposited on the inner surface. 
The tube was then sealed at one end and mounted in the diffusion 
apparatus. A sufficient pressure of oxygen (3-4 mm) was maintained 
in the diffusion bulb to keep the outer surface of the tube in a slightly 
oxidized condition. On heating the tube in the usual way it was found 
that CO was produced inside the tube at the carbonized surface, and CO z 
was produced at the outer oxidized surface. By measuring the rate of 
evolution of each of these gases, the rate of diffusion of oxygen and 
carbon in opposite directions though the wall of the tube could be 
determined. 

The tube used for the final measurements had the same analysis as 
before and the following dimensions: outside diameter 2-60 mm; wall 
thickness 0-30 mm; heated length 15-0 cm. 

With both sides of the system open to the pumps, the tube was degassed 
at 950° C for several hours, and most of the glass work baked out. When 
a blank test showed that a negligible amount of gas was being evolved 
from the tube and apparatus under running conditions, oxygen was 
admitted to the diffusion bulb, and the tube run for some hours whilst 
preliminary measurements were made. A side tube on the diffusion 
bulb was kept immersed in liquid air to freeze out any C0 2 formed. 
The oxygen used was carefully dried over phosphorus pentoxide, and 
in some of the later experiments was introduced into the system by diffusion 
through a silver tube.* 

When a steady state had been reached a series of readings was taken over 
a range of temperature from 800° C- to 950° C with a constant pressure 
of oxygen of 3 *77 mm, which kept the tube visibly oxidized. The 
evolution of CO a on the oxidized side of the tube was measured at the 
end of a run by pumping out all the oxygen, removing the liquid air 

* This method of introducing pure oxygen is recommended by Taylor (‘ Rev. Sci. 
Instr.,’ vol. 6, p. 243 (1935) ), and is very satisfactory. 
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from the freezing tube and noting the increase in pressure. The CO 
was collected and analysed in the analytical system. 

The results obtained are summarized in Table VII. 


Table VII— The Diffusion of Oxygen and Carbon Through 



Nickel. 

Oxygen Pressure’ 3 -77 mm 





Rate of CO 

Rate of C0 8 

Measurement 

Temperature 

1 

evolution 

evolution 

No. 

°C 

TC K) 

cc/scc/sq cm 

cc/sec/sq cm 




for l mm thick 

for 1 mm thick 

14 

800 

0 000933 

0*26 x 10 8 

2*25 x 10 8 

9 

850 

890 

1 * 15 

7*4 

12 

875 

872 

2*23 

8*3 

13 

900 

852 

4*60 

10*0 

11 

925 

835 

9*95 

16*8 

10 

950 

818 

20*40 

24*7 



Fig. 6—Effect of temperature on rate of diffusion of carbon and oxygen through 
nickel. #, carbon ;©, oxygen. 

The logarithms of the diffusion rates are plotted against the reciprocal of 
the absolute temperatures in fig. 6, and it is clear that the usual diffusion 
law is followed in both cases. The values of b in equation (1), given by 
the slopes of the lines are 

nickel-oxygen 39,500, 
nickel-carbon 20,600. 



Sm it hells and Ranslev 


Proc. Roy. Soc., A, vol. 155, Plate A 



—Inner surface 
of tube 


—Oxygen rich 
layer 


-Oxidized 

surface 


Fig. 7. 
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In the range 950°-1050° C, these temperature coefficients may be 
expressed thus 

A ° 

nickel-oxygen -~^ n 0 — 11-5, 

^950 

nickel-carbon =3-6. 

The diffusivity constants cannot be calculated without knowing the 
solubilities of oxygen and carbon in nickel at these temperatures, but 
the value of the temperature coefficients is the information principally 
required from the diffusion experiments. 

By making reasonable assumptions of the solubilities of oxygen and 
carbon, the order of the diffusivity constants may be calculated. Fig. 7, 

Table VIII— Diffusivity Constants and Temperature Coefficients 

Temperature coefficient 

Diffusivity constant A, oso 


Metal 

Temperature 

<* 







Nickel .,,, 

900 

Carbon 

1*8 X 10 

Oxygen 

1-5 x 10 10 

CO 

Carbon 

Oxygen 

CO 


950 

3*7 

6-8 

4 0 X 10-" 

3*6 

11*5 

3*6 


1000 

7-2 

23*6 

— 

■— 

— 

— 


1050 

13-3 

78 0 

14*0 x 10~ 8 

— 


— 

Steel* .... 

900 

3-8 x 10-» 

_ 

— 

__ r 

_ _ 

_ _ 


950 

8-7 

— 

— 

4*7 

— 

— 


1000 

200 

7-5 X 10 ‘° 

.— 

.— 

— 

— 


* Bramley, Haywood, Cooper, and Watts, * Trans. Faraday Soc.,’ vol. 31, p. 707 (1935); Bramley and 
Jinkings,' Carnegie Schol. Mem. Iron and Steel Inst.,’ vol. 15, p. 147 (1926). 


Plate 4, shows a section through the wall of a nickel tube after an oxygen 
diffusion experiment. Not only has oxygen penetrated the grain boun¬ 
daries, but there is also a zone near the surface of the metal which appears 
dark after etching. This is probably saturated with oxygen, and if so 
will contain about 1*1% NiO.* Taking this figure for the solubility of 
oxygen, and 0*4% for the solubility of carbon,* the diffusivity constants 
given in Table VIII are obtained. The diffusivity constants for CO in 
nickel obtained from the degassing experiments are included for com¬ 
parison. 

Since it is of interest to compare these results with those obtained by 
Bramley, using an entirely different method, for the diffusion of carbon 

• ‘ Bureau of Standards,’ Circular No. 100, 1924. 





210 


C. J. Smithells and C. E. Ransley 


and oxygen in steel, their results have also been included in the table. It 
will be noticed that the diffusivity constants and the temperature co¬ 
efficients for CO from the degassing experiments are almost identical 
with those of carbon in nickel, but quite different from the values obtained 
for oxygen. 

The rates observed by Bramley for iron are of the same order as our 
values for nickel, and here also the rate of diffusion of carbon is much 
higher than that of oxygen. The temperature coefficients for carbon in 
iron and in nickel are also very similar. 


Diffusion of Oxygen Alone 

An attempt was made to measure the diffusion of oxygen through a 
nickel tube in the absence of carbon, using an uncarbonized nickel tube 
and various pressures of oxygen. The first measurements showed an 
evolution of CO a on the oxygen side of the tube and of CO at the inner 
surface, indicating the presence of some carbon in the nickel. This 
gradually became less and finally stopped. No oxygen was collected in 
the analytical system. It therefore appears that although oxygen diffuses 
through nickel it remains adsorbed on the surface, and in the absence of 
a reducing agent such as carbon the process comes to a standstill. The 
total amount of carbon corresponding to the CO and CO z collected 
represented 0 014% carbon in the nickel. Subsequent chemical analysis 
of the same material gave 0 012% C. 


General Discussion 

It has been shown experimentally that the direct diffusion of CO through 
nickel, if it should take place at all, is very slow, and cannot account 
for the rates of desorption observed when the metal is heated in vacuo. 
An alternative explanation of the desorption is that the gas, 80% of 
which is CO, is derived from dissolved oxygen and carbon. 

From the desorption curves of CO from nickel at 950° C and 1050° C 
the temperature coefficient of desorption in this range is shown to be 3 -6, 
which is nearly the same as the experimental value obtained for the diffu¬ 
sion of carbon through nickel. Although such close agreement may 
be to some degree accidental, the value for oxygen is so much higher, 
11-5, that there is no doubt that the diffusion of carbon is the process 
controlling the desorption. The absolute value of the diffusivity constant 
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obtained from the desorption data is also of the right order for carbon 
(Table VIII). The following conclusions may therefore be drawn:— 

(a) The CO desorbed from nickel at high temperatures is derived from 

dissolved oxygen and carbon, and is not present as CO molecules 
in the metal. 

(b) The controlling factor in the rate, at least in the later stages, is 

the diffusion of carbon from the interior of the metal to the 
surface. 

Commercial nickel always contains a small percentage of carbon, usually 
of the order of 0 03%, which is much in excess of that required to 
account for the CO desorbed. It appears, therefore, that carbon is in 
excess and the amount of gas extracted depends chiefly on the con¬ 
centration of oxygen. This is confirmed by an experiment in which a 
wire was completely degassed and then just visibly oxidized in a low 
pressure of pure oxygen on the pump. On again heating in vacuo, a 
further evolution of CO took place. 

These results are somewhat difficult to explain, for it would be natural 
to expect that the rate of degassing would be determined by the slower 
of the two diffusion processes involved, namely that of oxygen. A possible 
explanation is that the oxygen is already concentrated at or near the 
surface of the wire, if so the rate would be determined by the diffusion 
of the carbon. We have, however, been unable to obtain any evidence 
that this in fact occurs. Wires of various sizes have been taken and the 
surface removed by machining in a lathe. Even when the wire is reduced 
in this way to half its original diameter the amount of gas extracted per 
unit weight remains unchanged. We must therefore conclude that the 
oxygen distribution is substantially uniform throughout the cross-section 
of the wire. 

It may be possible to base an explanation on the assumption that the 
diffusion of oxygen is confined to the grain boundaries, whilst carbon 
diffuses through the lattice. There is definite evidence of grain boundary 
penetration in the photomicrographs shown in fig. 7, Plate 4. 

An alternative explanation is that the constants determined from the 
diffusion experiments with oxygen do not apply to the degassing experi¬ 
ments. The diffusion which we have measured involves three steps: 

(1) adsorption of oxygen and passage of oxygen atoms into the metal; 

(2) diffusion through the metal; (3) escape from the opposite surface. 

It is possible that the second process, which is the one chiefly concerned 
in degassing, is relatively rapid, whilst (1) and (3) are slow. This view 
is supported by the high activation energy involved, 19,700 calories per 
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gm molecule, and by the fact that oxygen could not escape from the 
surface in the diffusion experiments in the absence of carbon. On the 
other hand this hypothesis is difficult to reconcile with the very long 
periods of heating in hydrogen, which are required to degas nickel 
completely. One would expect the hydrogen to be almost as effective 
as carbon in removing oxygen from the surface. The explanation may 
lie in the equilibrium conditions for the system 

NiO + H 2 X Ni + H 2 0 

which, so far as we know, have not been investigated. 

The authors desire to tender their acknowledgments to the General 
Electric Company and the Marconiphone Company, on whose behalf 
the work was done which has led to this publication. 

Summary 

The problem discussed is the extraction of gas from commercial nickel 
by heating in vacuo or hydrogen. 

The first part states the facts concerning the amount and the nature 
of the gases evolved from nickel at various temperatures. Apart from 
easily detachable surface gas, the gas evolved is mainly carbon monoxide. 

In the second part the rate of diffusion of carbon monoxide is measured. 
The measured rate is far too small to account for the rate at which gas 
is evolved from the metal in the usual degassing processes. Consequently 
the hypothesis is pr^osed that the carbon monoxide is generated from 
carbon and oxygen, not combined with each other, contained in the 
metal. 

In the third part, measurements are made of the diffusion of carbon 
and oxygen through nickel with a view to testing the hypothesis. It is 
found that both carbon and oxygen do diffuse through nickel and that if 
both are diffusing at the same time carbon monoxide is given off. It 
seems certain that the carbon monoxide evolved in normal degassing 
arises in this way; it is likely that the rate of evolution is controlled by 
the rate of diffusion of the carbon. But since the rate of diffusion of 
oxygen is much less than that of carbon, it is not obvious why the diffusion 
of carbon, rather than that of oxygen is the controlling factor. An 
explanation is attempted, but the matter is not completely explained. 
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The Refractive Index of Gaseous Heavy Water 
By Clive Cuthbertson, O.B.E., F.R.S., and Maude Cuthbertson 
(Received March 4, 1936) 

The refractive index of heavy water, 100% pure, was found by Lewis 
and Luten,* and Lutenf to be less than that of normal water by 0-00456 
at 20° C for >.5893, and this result has been approximately confirmed by 
the work of Washburn, Smith, and Frandsen.J Tilton and Taylor (J. K.),§ 
and Taylor (H. S.) and Selwood.il* Luten, and Tilton and Taylor also 
measured the dispersion of D 2 0, and found that the curve was slightly 
flatter than that of normal water. Luten gives the figures shown in 
Table I. 


Table I 


6563 

5893 

5461 

4861 

4358 

1-32683 

1■32844 

I*32976 

1-33221 

1*33509 

0*00435 

0* 00456 

0-00473 

0-00491 

0 00516 


So large a diminution of the normal index is surprising, for, even if 
we assume that the D atom is identical with the H atom in refractive 
effect, and allow for the increase in the molecular volume of the D a O 
molecule above that of H a O, the change is greater than would be expected. 

It seemed, therefore, desirable to check these American results by deter¬ 
mining the index of heavy water in the gaseous state and comparing it 
with that of normal water vapour. 

The apparatus used was Jamin's refractometer, arranged as described 
in our paper on the refraction and dispersion of neon and helium,^] 
but modified for use with water vapour. A weighed quantity of water 
(0-06 to 0-08 gm) sealed up in a small glass tube about 0-2 cm in diameter, 
with a fine capillary end, was introduced into one of two quartz refracto¬ 
meter tubes (1 metre long), and both tubes were then evacuated and 
sealed. On breaking the capillary end of the small tube by a jerk the 
refractometer tube became filled with vapour and the surplus water 
condensed on the walls. After adjusting the two tubes in a furnace 

* • J. Amer. Chem. Soc.,’ vol. 55, p. 5061 (1933). 
t ‘ Phys. Rev.,’ vol. 45, p. 161 (1934). 
t ‘J. Chem. Phys.,’ vol. 1, p. 288 (1933). 

§ 4 Bur. Stand. J. Res.,’ vol. 13, p. 207 (1934). 

|| ‘ J. Amer. Chem. Soc.,’ vol. 56, p. 998 (1934). 
f 4 Proc. Roy. Soc.,’ A, vol. 135, p. 41 (1932). 
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between the Jamin plates, the temperature of the coldest point of the tube 
was noted, and the tubes were heated till all the water had evaporated. 
Using a mercury-in-quartz arc light the number of interference bands 
(A - 5462-23) which passed a cross-wire during this operation was 
counted, and to this was added a number appropriate for the vapour 
density in the tube at the initial temperature, allowance being made for 
the difference in vapour pressure of the two varieties of water.* The 
sum of these two numbers is the number of bands which would have 
passed the cross-wire if the initial density had been zero, and the final 
density that of the weight of water used, distributed evenly throughout 
the vdlume of the tube. Taking 


V- 


1 


NX 

L 


D 

d 


where N is the number of bands, L the length of the tube, D and d the 
standard density and the actual density of the vapour respectively, the 
refractive index is calculated in the usual way. 

As in our previous work, the standard density was taken as that in 
which the number of molecules per unit volume is the same as for hydrogen 
at 0° C and 760 mm pressure. For normal water this is 


0-00008995 x 


18-016 

2-016 


= 0 -00080384 gm/cc. 


The specimens of heavy water used were supplied by the Norsk Hydro- 
Elektrisk Kvaalstofaktieselskab. Their density at 20° C was 1-1049, 
corresponding to a concentration of 99 • 2%, on the assumption that the 
density of pure D t O is 1 -10765 at 20° C, and to an even higher con¬ 
centration if, as the Norwegian Company believe, this value should be 
reduced to 1-10714. 

Taking the molecular weight of D 2 0 as 20-027f the standard density 
of its vapour is therefore, 

^^ = 0-00089357 gm/cc, 


0-00080384 x 


and that of the specimens used is 

jij X (99-2 x 8-9357 + 0-8 X 8-0384) = 0-00089285 gm/cc. 


* Lewis and Macdonpld, ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 3057 (1933). 
t Bainbridge, ‘ Phys. Rev.,’ vol. 44, p. 57 (1933). 
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Normal Water 

The refraction and dispersion of normal water vapour were measured 
in 1912.* For the green mercury line the refractive index was found to 
be 1 -0002527, and the dispersion, within the visible region, could be 
expressed by the formula 

. _ 2-62707 x 10 27 
R 10697 x 10 27 - n 2 ' 

where n is the number of vibrations per second for the wave-length in 
question. 

Before commencing work on heavy water it was thought desirable to 
repeat this determination. Two series of experiments in 1934 had led 
to the value p — 1 = 0-0002531 for A — 5462*23. A third series in 
1935 gave 0-0002525. The mean of these two values is almost exactly 
0-0002527, the value found in 1913. 

To check the dispersion formula many experiments were made. Table 
II shows, in a condensed form, the results obtained in five of the best of 
these. In each experiment the number of bands which passed the cross¬ 
wire (A = 5462-23) was counted, and, for the other lines in the mercury 
spectrum, the initial and final fractions were recorded by photography 
and the whole numbers of bands estimated from the formula 

N,A, ^ ftp* fl a 2 
N 2 A 3 m„ 2 - n, 2 

on the assumption that the free frequency « 0 = V 10697 x 10 27 found in 
1912 was approximately correct. 

The first line in Table II gives the wave-lengths. The second shows 
the sum of all the green bands counted, and of the other bands estimated, 
in the five experiments. The third line gives the corresponding numbers 
of bands calculated on the assumption above. 

Table II —Dispersion of Normal Water (Gaseous) 

. 5462-23 4359-54 4078-97 4047-68 3342-42 3126-56 3022-37 2968-13 

. 776-85 989-8 1064-7 1073-8 1334-5 1064-6* 1503-8 1536-8 

. 776-85 989-6 1064-8 1073-8 1334-2 1064-0 1502-7 1535-9 

* Four experiments only. 

The concordance is satisfactory. The observed values agree perfectly 
as far as A = 3342 with those calculated; but afterwards the actual 
dispersion curve tends to become slightly steeper. 

* C. and M. Cuthbertson, * Phil. Trans.,’ A, vol. 213, p. 1 (1913). 


x 10 * . 

Bands observed ... 
Bands calculated... 
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Heavy Water (Refraction) 

Five series of experiments were made with three charges derived from 
two samples of heavy water, 99 -2% pure. The results are shown in 
Table HI. 

Table III 


Series 

No. of 

(n - 0 io 7 

of D a O 

Sample 


experiments 

mean 

gm 


1 

7* 

2498 

0-08018 

No. 1 

2 

6* } 




3 

5t ) 

2502 

0 06814 

No. 1 

4 

5* t 

2499 

0-07107 

No. 2 


. . / V V ( IV / ilU. A# 

5 4| I 

* Bands ascending; f bands descending. 

In the first, second, and fourth series the bands moved upwards. In 
the third and fifth series the tubes were interchanged so that the bands 
moved downwards, in order to eliminate the possible effects of “ drift 
The means of the last two pairs are shown. All three values agree 
closely, but the two pairs are slightly more trustworthy, and we think 
1 0002501 ± 0 0000002 the best value for the refractive index of heavy 
water, 99-2% pure, for the green mercury line. 

Heavy Water (Dispersion) 

The dispersion was measured in numerous experiments. The results 
of the last and best series of six are shown in Table IV in the same form 
as those of normal water in Table II. 


Table IV— Dispersion of Heavy Water (99-2%) 


X x 10« 

5462 23 

4359*54 

4078*97 

4047*68 

3342 42 

3132*59 

3126*56 

3022*37 

2968-13 

Bands 

observed 

1198-35 

1526*0 

1640*9 

1655*2 

2055-0 

1850*2 

2221*8 

1932*6 

1975 7 

Bands 

calculated 

1198-35 

1525*8 

1641*4 

1655*4 

2055 2 

1850*5 

2222*1 

1931*0 

1973-6 


The figures in the third line are calculated on the assumption that 
«o® 11,000 x 10 27 , giving a dispersion curve slightly flatter than for 

normal water. Here, again, the agreement is excellent, and again, there 
is a slight tendency for the observed curve to be steeper than the calculated 
in the extreme violet. It was not possible to read the fractions for lines 
beyond X — 2968 owing to imperfections in the quartz plates, and to the 
relatively large breadth of the image of the cross-wire. 
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Combining this result with the value ~ 1 ~ 0-0002501 for X — 5462-23 
we obtain for heavy water, 99-2% pure, 

, _ 2-6756 x 10 27 

** 11,000 x 10 27 - n 2 ‘ 

Remarks 

Both the refractivity and the dispersion curve of D s O are so nearly 
identical with those of normal water that the same figures may be taken 
for D 2 0 100% pure. It thus appears that the American observations 
that the index of liquid D s O is slightly less than that of normal water 
and the dispersion curve slightly flatter are approximately confirmed fo T 
the gaseous form. 

We have to thank Sir William Bragg and the managers of the Royal 
Institution for permission to carry out the work in the Davy-Faraday 
Research Laboratory, and the staff of the Laboratory for their assistance. 

We are also indebted to Mr. H. E. Coote for work on the quartz 
tubes. 


Summary 

The refractive index of “ heavy ” water in the liquid form has been 
found by American observers to be less than that of normal water by as 
much as 0-00456, and the dispersion curve to be flatter. 

In order to verify whether the same peculiarities exist in the gaseous 
form the refractive index for X = 5462-23 and the dispersion (XX 5462- 
2968) have been measured and compared with those of gaseous normal 
water. 

For D 2 0, 99 -2% pure, the values found are satisfied by the formula 

. _ 2-6756 x 10 27 

fA " 11,000 x lO 27 -* 2 ’ 

which gives a value, for X 5462-23, of 0-0002501 against 0-0002527 for 
normal water, and a flatter dispersion curve. 

The American observations on liquid D a O are thus approximately 
confirmed for the gaseous form. 
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The Measurement of Contact Potential Difference 
By C. W. Oatley, M.A., M.Sc., University of London, King’s College 
(Communicated by E. V. Appleton, F.R.S.—Received January 15, 1936) 

Introduction 

A number of measurements of the contact potential difference between 
pairs of dissimilar metals has been made during the last few years. The 
interest and importance of such measurements arise chiefly in connexion 
with the theoretical relation which exists between the contact potential 
difference and the work functions of the surfaces considered. This 
relation, due to Richardson,* * * § may be written 

V c = ^ + P, (1) 

where P is a correction for the Peltier effect which, in practice, is negligibly 
small. If </>% > </>!, the sign of V c will be such that surface 1 is positive 
with respect to surface 2. 

It has been pointed out by Compton and Langmuirf that equation (1) 
cannot hold for surfaces which are not homogeneous, since contact 
potential measurements would yield average values for the whole surface, 
while the magnitude of the work function, measured either by the photo¬ 
electric or the thermionic method, would be determined principally by 
the most electropositive portions of the surface. Farnsworth and Roset 
have shown that these considerations may apply even for clean metal 
surfaces, since recent measurements by Rose§ indicate that comparatively 
large contact potential differences may exist between different faces of 
crystals of the same metal, so that polycrystalline surfaces cannot 
necessarily be considered as homogeneous. 

While, therefore, equation (1) must be applied with some caution, it 
is clear that measurements of contact potential difference can yield a 
great deal of information concerning the thermionic properties of metal 
surfaces and the manner in which these properties are modified by the 
presence of adsorbed layers of other substances. 

* ‘ Phil. Mag.,’ vol. 23, p. 263 (1912). 

t * Rev. Mod. Phys.,’ vol. 2, p. 145 (1930). 

t * Proc. Nat. Acad. Sci. Wash.,* vol. 19, p. 777 (1933). 

§ ‘ Phys. Rev.,’ vol. 44, p. 585 (1933). 
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Previous Methods of Measurement 

The classical method of measuring contact potential difference, due to 
Kelvin,* was used in all the earlier determinations, but most of these 
have no theoretical significance owing to the fact that the experiments 
were carried out in air at atmospheric pressure, so that adsorbed films 
of gas must have been present. However, the method has been used 
more recently under conditions such that the metal surfaces could be 
satisfactorily outgassed in a good vacuum.ft 

A quite different type of method depends on the fact that, when electrons 
from a heated filament pass to a collecting electrode, the effective potential 
difference between anode and cathode is the algebraic sum of the applied 
and contact potential differences. Thus, provided saturation conditions 
do not prevail, any change in the contact potential difference causes the 
anode-current anode-voltage characteristic of the system to be shifted 
along the voltage axis by an amount equal to the change. Several varia¬ 
tions of this method have been used. In the work of Richardson and 
Robertson,§ Langmuir and Kingdon,j| and Reimann,4[ the change has 
been brought about by altering the nature of the cathode, for example 
by the activation of a thoriated tungsten filament or by forming on a 
tungsten filament a layer of oxygen or caesium. In such cases the 
contact potential difference measured is that which would exist between 
two surfaces corresponding to the two states of the cathode. Mdnch** 
and Kdstersft have measured the contact potential difference between 
pairs of metals by constructing exactly similar anodes of the two metals 
and arranging that the anodes can be substituted for each other without 
disturbing the filament. In Anderson’sJJ experiments a tungsten strip 
was used as anode and its surface was then changed by distilling barium 
on to it. In this way the contact potential difference between barium and 
tungsten was determined. A very' similar method was used by Forr6 
and Patai§§ who measured the anode-current grid-voltage characteristics 

* * Phil. Mag.,’ vol. 46, p. 82 (1898). 

t ‘ Phys. Rev.,’ vol. 44, p. 585 (1933). 

t Dowling, ‘Phys. Rev.,’ vol. 25, p. 812 (1925); Mdnch, ‘Z. Physik,’ vol. 65, 
p. 233 (1930). 

8 ‘ Phil. Mag.,’ vol. 43, p. 557 (1922). 

II ‘ Phys. Rev.,’ vol. 34, p. 129 (1929). 

H ‘ Phil. Mag.,’ vol. 20, p. 594 (1935). 

** ‘ Z. Physik,’ vol. 47, p. 522 (1928). 

tt ‘ Z. Physik,’ vol. 66, p. 807 (1930). 

tt ‘ Phys. Rev.,’ vol. 47, p. 958 (1935). 

§§ ‘ Z. Physik,’ vol. 63, p. 444 (1930). 
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of a triode and then found the voltage shift of the characteristics when 
sodium was distilled on to the grid. A somewhat different procedure 
has been described by M8nch.* He used a triode system and measured 
first the smallest retarding grid potential V x which was necessary to 
prevent the flow of electrons from cathode to grid. Similarly V 2 was 
the retarding anode potential which just prevented the collection by the 
anode of those electrons which had passed through the grid. Then 
V 2 — Vj was a measure of the contact potential between grid and anode. 

A quite different electronic method has been used by Rothe.f This 
depends upon the fact established by SchottkyJ that, when electrons flow 
from a hot filament to a coaxial cylindrical anode against a retarding 
potential, the logarithm of the anode current when plotted against the 
anode potential gives a straight line, so long as space-charge effects are 
negligible. When the anode-potential becomes positive, saturation 
current will flow and there will be a sharp break in the curve. Since the 
effective anode-potential differs from the applied potential by an amount 
equal to the contact potential difference between anode and cathode, this 
latter can be determined from the curve. 

Method and Apparatus 

In the present work the apparatus consisted of a cylindrical diode, the 
filament of which was made of pure tungsten and the anode of some metal 
whose contact potential with respect to tungsten was to be determined. 
Assuming the tungsten to be at zero potential, let the contact potential 
of the anode be V c volts. Then if V be the applied anode potential, the 
effective potential difference between anode and cathode is V + V 6 — V„. 
The object of the experiment was to determine V 0 by measuring the value 
of the axial magnetic field which would just prevent the passage of elec¬ 
trons from filament to anode. Since V is known, the contact potential 
difference V 0 can be obtained by subtraction. 

If a uniform magnetic field H be applied parallel to the axis of the 
system, it has been shown by Hull§ that an electron leaving the filament, 
of radius /•„, with initial velocity components 



will not reach the anode, of radius R, unless H is less than a certain 
critical value. 

* ‘ Z. Physik,’ vol. 47, p 522 (1928). 
t ‘ Z. tech. Physik,’ vol. 6, p. 633 (1925). 

J ‘ Ann. Physik,* vol. 44, p. 1011 (1914). 

§ ‘Phys. Rev.,’ vol. 18, p. 31 (1921). 
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In practice observations are of course made, not on a single electron, 
but on the flow of current between filament and anode. In consequence, 
when the strength of the magnetic field is increased, the current does not 
cease abruptly because different electrons have different initial velocities. 
Let H„ be the field-strength which reduces the anode current to one-half 
of its previous value. Then, to a sufficient degree of approximation, 

• V + V„ + V T - IVRM8 m, . (2) 

where e and m are respectively the charge and mass of an electron and 
V x is a correction for initial velocities, which 
is independent of V, V 0 , and H 0 , and which 
can be calculated from a knowledge of the 
filament temperature. If, therefore, H 0 2 be 
plotted against the corresponding value of 
V, the applied anode potential, a straight 
line should result, which cuts the axis of 
V at a value equal to — (V 0 + V T ). From 
this intercept V„ can be found. 

Since V e will be of the order of 1 volt, 
the method gives satisfactory results only 
if accurate observations can be made with 
values of anode potential not much in excess P 
of 10 volts. In the construction of the 
apparatus, therefore, every effort was made 
to conform as closely as possible to the 
theoretical requirements. The details of 
construction of the diode are shown in sec¬ 
tion in fig. 1. Two copper tubes A and B, 
of about 2 cm diameter and 0 • 1 cm thick¬ 
ness of wall, were joined rigidly by three 
copper bars p so as to be truly coaxial; the 
bars were hard-soldered to the tubes. These 
tubes formed the guard-rings to the anode 
C, which was fixed relatively to them by 
support wires b which passed through Pyrex 
insulating tubes held in position by flanges on the tubes. The anode 
itself was made of thin sheet metal, spot-welded at top and bottom to 
annular flanges which ensured that no appreciable change of shape occurred 
on heating. The filament was 0-012 cm in diameter and the arrangements 
for maintaining it in a central position are clearly shown in the diagram. 
The insulators / were of Pyrex tube, ground square at each end, and 
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the other parts were of copper, machined to fit these insulators. The 
support wires b and g were of constantan; this alloy is much stiffer 
than copper and is practically non-magnetic. The apparatus was used 
in a vertical position so that gravity kept the various parts in place and 
also, through the weight W, maintained a constant tension on the filament. 
It seems unlikely that the filament was out of centre by more than one- 
or two-tenths of a millimetre. 



Fra. 2. 


The apparatus was suspended by its connecting leads inside a large 
Pyrex tube P as shown diagrammatically in fig. 2. At its open end this 
tube was waxed to a brass ring Q which, with the brass head R formed a 
ground joint which was lubricated with Apiezon grease. A wide brass 
pumping tube S, about 3 cm in diameter, was ground and waxed into 
the head R, and a similar smaller tube T led to a McLeod gauge. A 
Pyrex tube M, closed at one end, passed through the centre of R and the 
junction was waxed. When the apparatus was in use, this tube was filled 
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with liquid air and thus served to trap any vapours from the waxed- 
or ground-joints which, of course, could not be baked out. It was 
expected that a certain amount of vapour would find its way past this 
trap, but cooling the bottom of the outer tube with solid carbon dioxide 
gave no measurable improvement in the vacuum. Two other liquid air 
traps were placed between apparatus and McLeod gauge and between 
apparatus and mercury diffusion pump respectively. With these arrange¬ 
ments, the advantages of a demountable assembly were retained, while 
the passage of vapours into the apparatus proper was effectively prevented. 
The tube, up to the level of the dotted line in fig. 2, could be baked out at 
a temperature of 500° C while the ground joint was cooled by a blast of 
air. The pressure in the tube was measured by means of an ionization 
gauge, placed just below the main electrode assembly, and when readings 
were being taken was about 10' ® mm of mercury. 

The requisite magnetic field was obtained by means of a pair of Helm¬ 
holtz coils, each about 20 cm in diameter, marked ZZ in fig. 2. Over the 
volume occupied by the anode, the field strength was constant to about 
one part in ten thousand and, since in actual value it rarely exceeded 
40 Gauss, the number of turns of wire on the coils was comparatively 
small. 

Current was supplied to the filament through the usual rotating com¬ 
mutator device, so that all parts of the filament were at the same potential 
while anode current was flowing. To avoid errors due to possible leaks 
in the commutator, the circuit was arranged so that the anode was at a 
negative potential while current was flowing through the filament. Over 
the interval of time required to make an observation, the electron current 
remained steady to within about 1%. 

. The voltage applied between filament and anode, and the current 
passing through the Helmholtz coil were both measured against a Weston 
cell on a simple type of Crompton potentiometer. 

Eddy-current heating apparatus was used when necessary to raise the 
anode to a bright red heat for purposes of outgassing. On account 
of the presence of hard-soldered joints, it was necessary to prevent the 
guard-rings from being heated at the same time. This was accomplished 
by cutting narrow axial slots in them and thus stopping the flow of eddy- 
currents. In the present experiments, the anode current was never greater 
than 30 microamperes, so that, before the application of the magnetic field, 
the effect of space-charge was negligible except at the lowest values of anode 
potential. It is not known whether this limitation is necessary, but it does 
not entail any disadvantages. 

A sufficiently accurate value of the filament temperature, which was 
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only required in the application of a correction for the initial velocities 
of the electrons, was deduced from the saturation value of the anode 
current. 


Corrections for Departures from Theoretical Conditions 


It will later be shown that readings of field current and anode voltage, 
taken with the apparatus just described, were consistent to within one or 
two parts in a thousand. Since it is hardly possible to construct appara¬ 
tus of reasonable size which is symmetrical to this degree of accuracy, 
it becomes important to investigate the effect of departures from perfect 
symmetry on the value obtained for the contact potential difference. 
This is particularly necessary since the percentage error in the value of 

this quantity is usually about ten times as great 
as the percentage errors in the readings from 
which this value is deduced. 

Consider any plane at right angles to the axis 
of the anode of an asymmetrical diode. In fig. 3 
let O, the origin of coordinates, be the point in 
which this axis cuts the plane, and let A be the 
centre of the cross-section of the filament, of 
radius r„. Suppose an electron to start from a 
point B on the filament, such that OB = b. Let 
OB be taken as the initial position of the radius vector. The simple equa¬ 
tions of motion of the electron must now be modified because the electric 
field is no longer entirely radial. Electron velocities normal to the plane 
can still be neglected since they will be small compared with velocities in 
the plane and, in addition, they affect the result only on account of small 
errors in the alignment of the electric and magnetic fields. Thus with the 
previous notation we now have 



— _ l — '\ g Her dQ 

dt 2 r \dt) m dr m dt 

— ( i dr i e d'\> 

dt v dt I m dt ' m db ' 


(3) 

(4) 


where + is the potential at any point. Integrating (4) with respect to 
t, we find 


where 
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When t = 0, r = b, and 

so that 

d% 
dt 

If the magnetic field has its critical value, when r becomes equal to'R, 
the energy of the electron will be wholly tangential and equal to 

This energy must also be equal to the sum of the initial kinetic energy and 
the loss of potential energy in travelling from filament to anode. Whence 

(R —) = \m (u 0 2 + v 0 2 ) + V>. 

Substitution from (5) gives 



i — [m 0 2 + v o 2 (1 — ) 

_ j'Htop ^ + mvo hQ J 


m HcR /. h® \ , 0 

2e 2m \ R 2 / + R- ‘ 


This differs from Hull’s original equation only by the addition of the 
terms in b and Q, which disappear when a symmetrical diode is used and 
the filament radius is negligibly small. If the diode is nearly symmetrical, 
these terms will be small, and an approximate treatment of their effect 
is therefore all that is required. In consequence we may assume that 
H 8 is proportional to V„ when the critical value is reached, and, from the 
equations of motion, it appears that the velocity of the electron at any 
instant will be approximately proportional to VJ. Therefore, since the 
paths of the electrons are independent of V a with critical magnetic field, 
it follows that Q will be proportional to V a *. Returning now to equation 
(6) it is possible to assess the effects of the various terms introduced by 
the asymmetry of the apparatus. On the left-hand side of the equation, 
the correction for initial velocities is reduced by mh*/2eR 8 and for any 
reasonable value of b, this will be quite negligible. On the right-hand 

side of the equation the expression (l ~ + g j replaces the 

single term HeR/2m. Since the added terms in b and Q are small and 
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approximately proportional to H, this change affects the slope of the 
H 2 — V 0 plot without altering its intercept. The remaining terms, 

r Hfoo /i _ P\ i mbv 0 Q | 

L 2 1 R 2 / cR 4 J* 

cannot be disposed of quite so easily. Rough calculation shows that 
they are likely to be small, but not quite negligible unless b is considerably 
less than 1 mm. However, their effect is greatly reduced by the fact that 
they vanish when H and V„ are equal to zero, and so cause curvature of 
the H 2 — V 0 graph without changing its intercept. Also, since in practice 
observations are made not on a single electron, but on a stream of elec¬ 
trons for which v 0 varies over a range of values both positive and negative, 
and since b varies from one point of the filament surface to another, the 
anode current will not fall abruptly to zero at one particular value of H, 
but will decrease gradually. However, if H 0 be the field-strength which 
causes the current to fall to one-half of its previous value, we should 
expect the effects due to the terms under consideration to balance out, 
and the H 0 2 — V„ curve to be linear. Absence of curvature in the 
graph may be taken to indicate that these terms are not influencing the 
result. 

The type of asymmetry just dealt with would arise from imperfect 
centring of the filament or from a lack of parallelism between the filament 
and the axis of the anode. Another possibility is that the magnetic 
field may not be parallel to the axis of the diode. In this case the com¬ 
ponent of the electron’s initial velocity parallel to the magnetic field 
will not change appreciably and may be neglected, so that the electron 
may be assumed to move in a plane normal to the magnetic field. The 
effective radius of the anode will thus depend slightly on the direction in 
which the electron is emitted, but, since the conditions will be the same for 
all values of anode voltage, the intercept of the H 0 2 — V„ graph will be 
unchanged, although the slope of this curve may be altered. 

In order to determine whether inclination of the magnetic field to the 
axis of the diode did, in fact, exert any appreciable influence on the 
measured value of the contact potential, two sets of readings were taken 
with a certain anode. In the first set the angle of inclination was made as 
nearly equal to zero as could be judged by eye, while in the second it was 
deliberately increased to about 3°. The difference between the values of 
the contact potential deduced from the two sets was only 0-04 volt, 
which is not much greater than the probable experimental error. Since 
the angle of inclination will normally be less than 1°, error arising from 
this cause may safely be neglected. 
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Correction for Initial Electron Velocities 

In order to correct for the initial velocities of the electrons it is necessary 
to calculate the fraction of the electrons for which (« 0 a + v 0 a ) is greater 
than some assigned value c 2 . This calculation is very similar to one 
carried out by Schottky* and may be done as follows. 

Let N be the total number of electrons, m the mass of an electron, 
and put h — \kT, where k is Boltzmann’s constant, and T the absolute 
temperature of the filament. Then the number of electrons for which 
v 0 lies between v and v -f- dv is 2N VTimfk e _ * mr ‘ dv. All electrons for 
which v 0 > c will be in the required category, and this number is given 
by 

2N \ JuvTr: I £ h ""' ■ dv. 


Of the electrons for which v 0 < c, only those will be in the required 
category which have u 0 > v'c 4 — r 0 4 . Since the total number of elec¬ 
trons having values of u Q between u and u + du is THhmu e . du, 
the number which, for a given value of v 0 « <•) between v and v + dv, 
have (« 0 2 + r 0 2 ) > c 2 is 

2N VTrnJv: t~ hmv ‘. dv [ _ 2hmu z~ hmn '. du — 2N \ htnjn z~ hmc '. dv. 


Hence, considering all possible values of v, the total number of electrons 
for which (w 0 a + t’ 0 2 ) > c* is 


N 


2 VTUrnfk z- hmr ' [ dv 2 Vhmn 

Jo Jr 


g- hmv* 



If c be expressed in equivalent volts, it follows from the above formula 
that the fraction of the total number of electrons for which (« 0 a + v 0 *) 
exceeds V equivalent electron volts is given by 

F (V) = 1 + 4* (VVefi T - ['^ e— . dx). 

\/7t \ JO / 

The graph of this function is shown in fig. 4 for several different values of 
filament temperature. 

In deciding upon the proper correction for initial velocities, consider 
first a symmetrical diode in which the initial anode current is so small 
that there is no appreciable space charge, and suppose the magnetic field 
to have been adjusted to reduce this current to one-half of its original 


* * Ann. Physik,’ vol. 44, p. 1011 (1914). 
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value. When the magnetic field is first applied, some of the electrons 
will be turned back from the anode but, since in practice the symmetry 
of the apparatus is never perfect, these will not all return directly to the 
filament. Thus a condition of considerable space charge will be built 
up even though the effect of space charge was negligible before the 
application of the magnetic field. Thus electrons will be caused to 
return to the filament both by space charge and by the magnetic field, 
but the latter will always be the controlling factor. Since the initial 
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anode current has been halved, it is clear that the value of (t/ 0 l + u 0 *), 
expressed in equivalent electron volts, for those electrons which just fail 
to reach the anode, is equal to V T where 

F(V T ) = i. 

Thus the value of V T to be used in equation (2) can be determined from 
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fig. 4, and a similar argument would apply if die initial anode curren 
were reduced to any value other than one-half. 

When the diode is not symmetrical, it is difficult to form a detailed 
picture of its internal action. Electrons which are deflected from the 
anode by the magnetic field are now less likely to return directly to the 
filament and may reach the anode at a second or later attempt. The 
built-up space charge should therefore be at least as great as in the sym¬ 
metrical case, and probably a large proportion of the electrons which 
return to the filament are caused to do so by the effect of this space charge. 
Some electrons, which normally would fail to reach the anode, may do so 
if the filament is not coaxial with the latter. However, consideration of 
the various factors involved, leads to the conclusion that, so long as the 
diode is nearly symmetrical, and so long as the initial anode current is 
reduced to such a fraction that the representative point lies on an approxi¬ 
mately linear portion of the relevant curve of fig. 4, then the proper 
correction to be applied for initial velocities will not be appreciably 
affected by the asymmetry. 


Results 

The experiments described below were carried out primarily with the 
object of establishing the validity of a method of measuring contact 
potential differences. The anodes were of pure metals and were out- 
gassed sufficiently to ensure stable and repeatable conditions, but it is 
not suggested that in all experiments the surfaces were those correspond¬ 
ing to clean metals. 

The following procedure was adopted in making the measurements. 
The applied anode voltage was set to some definite value and a reading 
was taken of the current flowing through the Helmholtz coil when the 
initial anode current had been reduced to half value. The current was 
then reversed and a second observation made. The two readings differed 
appreciably on account of the vertical component of the earth’s magnetic 
field, which amounted to 1 or 2% of the total field, so the mean value was 
used in the subsequent calculations. It can easily be shown that the 
horizontal component of the earth’s field has negligible effect. The 
difference between the readings taken before and after reversal of the 
ctirrent should theoretically be constant and this was found to be approxi¬ 
mately true, the deviations from constancy being attributed to slight asym¬ 
metry of the apparatus. Observations were made for a series of about 
ten anode voltages, increasing from zero to some value of the order of 
10 volts. 
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In calculating the results, it was unnecessary to work out the magnetic 
field strengths, since the same intercept was obtained by plotting the 
square of the field current against the applied anode voltage. The 
majority of the points thus plotted lay on a straight line, but frequently 
the points obtained with anode voltages less than about 2 volts deviated 
from this line by an amount much greater than the probable experimental 
error. Since this deviation was not always present, and appeared to 
depend on the previous heat treatment of the anode, it was attributed to 
adsorbed gas which was removed by the faster electrons. This explana¬ 
tion is in accord with the known liberation of gas from metal surfaces by 
electron bombardment. Points, the deviation of which could be explained 
in this way, were not used in the subsequent calculations. 

Since the intercept could not be determined with sufficient accuracy 
from the graph, it was calculated in the following manner. The readings 
were first taken in pairs and the mean slope of the line found in the usual 
way. Using this value of the slope, a value of the intercept was then 
calculated from the readings for each point. Finally the mean value 
of the intercept was obtained. 


Molybdenum 

The anode was made of thin sheet molybdenum, spot-welded where 
necessary after the insertion of a thin strip of constantan between the 
two molybdenum surfaces. The tube was baked out at 500° C and the 
anode was then heated to bright redness for some minutes by high 
frequency eddy-currents. A series of readings taken with anode voltages 
between 0 and 14 volts yielded the following values for the intercept: 
—0 62, -0-60, —0*61, —0-62, -0-63, —0-64, —0-62, -0-62, mean 
value -0-62 volts. 

A second set of readings taken four days later, with anode voltages 
between 0 and 10 volts and with anode current ten times as great as in 
the previous series, gave for the intercept: —0-63, -0-63, —0*60, 
-0-62, —0-62, —0-62, —0-60, —0-63, mean value -0-62 volts. 

Since the correction for initial velocities was 0-18 volt, and the work 
function of tungsten is 4-52 volts, the value of the work function of 
molybdenum deduced from the above results is 4*08 volts. This is 
excellent agreement with the recent work of Du Bridge and Roehr, which 
gave 4*15 volts.* 

An interesting set of readings was obtained with molybdenum which, 
after being outgassed, was allowed to stand for some days in a poor 


* ‘ Phys. Rev.,’ vol. 42, p. 52 (1932). 
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vacuum. The residual gas was then pumped out and the readings 
obtained are shown graphically in fig. 5. It will be seen that, when the 
electrons striking the anode acquired a velocity greater than about 6 
equivalent electron volts, the contact potential changed quite rapidly by 
about 5 • 5 volts—an effect obviously due to the presence of gas. Since 
the nature of this gas is unknown, the results cannot be interpreted with 
certainty and the curve is reproduced merely to show the applicability 
of the method to the investigation of problems of this kind. 



Volts 
Fig. 5. 


Zinc 

Since a satisfactory anode could not be made of sheet zinc, the metal 
was deposited electrolytically on an anode constructed of constantan. 
The thickness of the deposit was several tenths of a millimetre. The tube 
was baked to 300° C, at which temperature the vapour pressure of 
zinc is about 10 _8 mm of mercury. A considerable quantity of zinc was 
allowed to distil on to the side of the tube. A set of readings taken 
shortly after baking out gave consistent results leading to an intercept 
of —1 *27 volt. Two days later the tube was again baked out and three 
sets of readings were taken at intervals of about two hours. Each set was 
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consistent, but the intercepts obtained were —1*10, iumJ ~-0‘90 

respectively. During the period of observation the pressure did not rise 
above 10 * mm of mercury, but it is clear that progressive contamina- 
tion of the anode was taking place. The tube was therefore again baked 
out to evaporate the surface layer of zinc and thus produce a new dean 
surface. A set of readings taken immediately afterwards gave for the 
intercept nine values lying between —1 -26 and — 1 '35 volts with a mean 
of —1-30 volts. This is therefore taken as a lower limit for the intercept 
for a clean zinc surface and, after correction for initial velocities of the 
electrons, leads to a value of 3 -40 volts for the work function. 


Platinum 

Platinum was deposited electrolytically on an anode of constantan. 
In view of the known very great difficulty of outgassing this metal, it was 
not expected that satisfactory results would be obtained, but it seemed 
worth while to test the cleansing action of electronic bombardment. The 
first set of readings gave an intercept of —0 • 63 volt; after a further quarter 
of an hour’s heating at bright redness, a second set of readings gave 
—0-53 volt for the intercept. The corresponding work functions are 
4-67 and 4-77 volts respectively. In both cases the observations were 
very consistent, but the work functions obtained are much lower than the 
accepted value. It is to be concluded, therefore, that the electronic 
bombardment exerted no appreciable cleansing action in this case and 
that the adsorbed film of gas was very stable. 

Discussion 

The choice of a method of measuring contact potential difference 
depends to a great extent upon the circumstances of the experiment. 
When, as in the work of Rose, with different faces of two similar copper 
crystals, the contact potential difference is of intrinsic importance, the 
original method of Kelvin is probably as good as any. In the great 
majority of cases, however, the measurement of contact potential differ¬ 
ence is simply a means to the determination of the work function of one 
of the surfaces and it is then essential that the work function of the other 
surface should be accurately known. Under these circumstances, 
tungsten, in the form of wire or strip, which can be thoroughly outgassed, 
forms perhaps the only really satisfactory reference surface. The work of 
Anderson* has shown that clean tungsten, when cold, is particularly 


* ‘Phys. Rev.,’ vol. 47, p 958 (1935). 
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susceptible to contamination, even under good vacuum conditions, and 
it is therefore an advantage if the tungsten can be kept at a high tempera¬ 
ture during the measurement. 

When the surface under investigation consists of an adsorbed layer on 
tungsten, or of a metal which can conveniently be distilled on to tungs¬ 
ten during the experiment, the above requirements can be more or less ■ 
fulfilled in the methods used by Langmuir and Kingdom* Reimann,f 
Forrd and Patai,f and Anderson.§ When, however, investigations are 
to be made on a surface which, either on account of its high boiling point 
or because of its composite nature, cannot be distilled during an experi¬ 
ment, the only methods available in which hot tungsten is used as a 
reference surface, are that of Rothe|| and the one described above. The 
former does not appear to have been used in the more recent investigations, 
but, from the very careful work of Germer^ on the distribution of initial 
velocities of electrons, it seems probable that reliable results could be 
obtained only with very small anode currents, and that trouble with 
photoelectric currents might be experienced. Furthermore the critical 
observations are made with electrons of such low velocity that the clean¬ 
ing effect due to bombardment, observed in the experiments herein 
described, would be absent. 

When it is remembered that, in the highest vacua which can at present 
be obtained, the number of molecules of residual gas striking a surface 
is sufficient to form a monomolecular layer in a few seconds, it seems 
probable that the only way in which measurements can be made on 
truly clean surfaces is to arrange for some continuous cleansing action 
to take place during the course of the experiment. There seems to be no 
reason why this should not be done, using the method described above. 
The filament, on account of its high temperature, will remain clean and 
the anode could be bombarded with electrons of much higher velocity 
(during the periods when filament current is flowing) or with positive 
ions of some gas which is not adsorbed by the surface under investigation. 
Experiments along these lines are now in progress. 

In the experiments described above, the accuracy of measurement of 
contact potential difference was about ±0-02 volt. It is probable that 
the limit of accuracy was set by fluctuations in the condition of the anode 

• Ibid., vol. 34, p. 129 (1929). 
t ‘ Phil. Mag.,’ vol. 20, p. 594 (1935). 
t ‘ Z. Physik,* vol. 63, p. 444 (1930). 
g • Phys. Rev.,’ vol. 47, p. 958 (1935). 

|| ‘ Z. tech. Physik,’ vol. 6, p. 633 (1925). 
s ' Phys. Rev.,’ vol. 25, p. 795 (1925). 
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surface, and by errors in the electrical measuring apparatus (which could 
easily be improved) rather than by any inherent defect of the method. 

The author is greatly indebted to Professor E. V. Appleton for pro¬ 
viding laboratory facilities and for his interest and advice during the 
course of the work. Also to Mr. C. C. Paterson, director of the research 
laboratories of the General Electric Company, for a gift of pure tungsten 
wire. 


Summary 

The methods of measuring contact potential differences, which have 
been used hitherto, are discussed critically. A new method is described, 
which depends on the known relation between anode voltage and critical 
magnetic field in a magnetron, when electrons from the filament just fail to 
reach the anode. This method has the advantage that it enables the 
contact potential of a given surface to be measured with respect to a hot 
tungsten filament. The conditions under which it may be expected to be 
accurate are investigated in detail and typical results are given for surfaces 
of zinc and molybdenum. 
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Oblique Propagation of Electromagnetic Waves in a 
Slowly-Varying Non-Isotropic Medium 

By H. G. Booker, B.A., Christ’s College, Cambridge 
(Communicated by E. V. Appleton, F.R.S.—-Received January 16, 1936) 

1—Introduction 

The influence of the earth’s magnetic field on the propagation of wireless 
waves in the ionosphere has stimulated interest in the problem of the 
propagation of electromagnetic waves through a non-isotropic medium 
which is stratified in planes. Although the differential equations of 
such a medium have been elegantly deduced by Hartree,f it appears that 
no solution of them has yet been published for a medium which is both 
non-isotropic and non-homogeneous. Thus the work of GansJ and 
Hartree§ dealt only with a stratified isotropic medium, while in the 
mathematical theory of crystal-optics the non-isotropic medium is always 
assumed to be homogeneous, in the same way Appleton’s magneto¬ 
ionic theory|| of propagation in an ionized medium under the influence of 
a magnetic field is confined to consideration of the “ characteristic ” 
waves which can be propagated through a homogeneous medium without 
change of form. In applying to stratified non-isotropic media these 
investigations concerning homogeneous non-isotropic media difficulty 
arises from the fact that the polarizations of the characteristic waves in 
general vary with the constitution of the medium, and it is not at all 
obvious that there exist waves which are propagated independently 
through the stratified medium and which are approximately character¬ 
istic at each stratum. The existence of such waves has usually been 
taken for granted, although for the ionosphere doubt has been cast 
upon this assumption by Appleton and Naismith,f who suggest that we 
might “ expect the components (i.e., characteristic waves) to be continually 
splitting and resplitting ”, even if the increase of electron density “ takes 
place slowly with increase of height It is clear that, until the existence 
of independently propagated approximately characteristic waves has 

t 4 Proc. Camb. Phil. Soc.,’ vol. 27, p. 143 (1931). 

t 4 Ann. Physik,’ vol. 47, p. 709 (1915). 

8 ‘Proc. Camb. Phil. Soc.,’ vol. 25, p. 97 (1929); 4 Proc. Roy. Soc.,’ A, vol. 131, 
p. 428 (1931). 

H 4 J. Instn. Elec. Engrs.,’ vol. 71, p. 646 (1932). 

1 4 Proc. Roy. Soc.,’ A, vol. 137, p. 44 (1932). 



236 


H. G. Booker 


been established, at any rate for a slowly-varying non-isotropic medium, 
no mathematical justification exists for applying Appleton’s magneto¬ 
ionic theory to the ionosphere. It is with the provision of this justifica¬ 
tion that we are primarily concerned in the present paper. 

This problem has been previously considered by Forsterling and Lassen,f 
but we feel that their work does not carry conviction because they did 
not base their calculations on the differential equations for a non-homo- 
geneous medium, and were apparently unable to deal with the general 
case in which the characteristic polarizations vary with the constitution 
of the medium. 

In the present paper the general case is taken of a medium whose 
properties are described by a complex dielectric tensor whose com¬ 
ponents are slowly-varying functions of height. For wireless waves of 
not too long a wave-length the ionosphere is a special case of such a 
medium. The solution of the Maxwell-Hartree equations for this slowly- 
varying medium is achieved in § 4 by a method of successive approxima¬ 
tion based upon the solution for a homogeneous medium. Although 
the propagation of plane waves through a homogeneous non-isotropic 
medium has often been discussed, it is nevertheless necessary to give 
some attention in § 3 to a generalization of this discussion in order to 
prepare the way for the more general case of oblique propagation in the 
stratified medium. 

Two points of some practical importance emerge from the conditions 
under which the solution of § 4 breaks down. The first is concerned with 
the calculation of the critical electron density which must be attained in 
the ionosphere before reflexion of a given incident magneto-ionic com¬ 
ponent ensues. This has usually been done by expressing the condition 
that the direction of phase-propagation in the corresponding character¬ 
istic wave is horizontal. But in a non-isotropic medium the directions 
of phase- and of energy-propagation are not in general identical, and it 
is shown in § 5 that the critical electron density must be calculated by 
expressing the condition that the direction of energy-propagation, and 
not phase-propagation, is horizontal. 

The second point of practical interest is concerned with the determi¬ 
nation of the limiting polarization of downcoming wireless waves. No 
doubt has been entertained concerning the fact that this limiting polariza¬ 
tion is determined at a level in the ionosphere where the electron density 
is small. But this condition is satisfied by any level in the atmosphere 
from ground level, where the frequency of collisions of electrons with air 

t ‘ Ann. Physik,’ vol. 18, p. 26 (1933). 



Propagation of Electromagnetic Waves 237 

molecules is very high, up to regions where the collisional frequency is 
quite small. Baker and Greent have assumed that the appropriate 
value to take for the collisional frequency is small, while RatclifFe,^ taking 
a larger value, has obtained quite different results. A method for decid¬ 
ing what value of the collisional frequency is required in calculations of 
limiting polarization is developed in § 6. 


2—Differential Equations of a Stratified Medium 


Take axis-3 perpendicular to the planes of stratification and pointing 
vertically upwards, and let the 23-plane be the plane of phase-propagation. 
A plane harmonic wave of frequency kc/2n incident in the direction 
(0, sin 0, cos 0) causes the elements of volume of the medium to scatter 
coherent radiation of the same frequency, and Hartree§ has shown that 
the resultant electric intensity and displacement have the form of the 
real parts of ( A - 3 ). e xp (ifc ( c t — Sx 2 )} j 

D (.v 3 ). exp {ik (ct — S.v 2 )} ) 


( 1 ) 


where 


E"j - S 8 E X + Dj -0 
E" 2 + *SE' 3 + d 2 - 0 
«SE' 2 - S 2 E 3 + d 3 = 0 


( 2 ) 


Here S = sin 0 and a dash denotes differentiation with respect to h — kx 3 , 
which is height measured in units of vacuum wave-length divided by 2n. 
Alternatively, equations (2) may be deduced from Maxwell’s equations 
for a polarizable medium by eliminating the magnetic field and assuming 
that the variables separate. 

Let K a/S (h) denote the complex dielectric tensor of the medium at height 
K So that the relation between D and E at this height is 


D x - K u Ex + K 12 E 8 + K 13 E s 

D s - K 21 E x + K 22 E 2 + K 28 E 3 1- • 0) 

D 3 = K 31 E x + K 32 E 2 + K 33 E S ) 


The problem is to substitute for D from (3) into (2), and solve the resulting 
triplet of equations for the three components of E subject to the assump¬ 
tion that the components of the dielectric tensor are slowly-varying 
functions of hei gh t. We could set about this problem by eliminating two 
of the components of E, thereby obtaining for the remaining component 

t ‘ Proc. Inst Rad. Engrs.,’ N.Y., vol. 21, p. 1123 (1933). 

t ‘ Wireless Engr.,’ vol. 10, p. 363 (1933). 

| ‘ Proc. Camb. Phil. Soc.,’ vol. 27, p. 143 (1931). 



238 


H. G. Booker 


a linear ordinary differential equation of the fourth order. This equation 
would clearly be homogeneous (in the sense understood in the theory of 
differential equations), and so its complete solution would be a linear 
combination of four independent solutions. These four independent 
solutions would represent four independently propagated waves, and 
we have to prove that, if properly chosen and subject to a certain exception, 
each of these independently propagated waves approximates at each 
height to a characteristic wave in the homogeneous medium having the 
properties of the slowly-varying medium at that height. We shall not 
adopt the frontal attack upon equations (2) here suggested, but it is 
helpful to remember that the method we shall in fact use is equivalent 
to this frontal attack. 

We shall actually deduce our solution of (2) for a slowly-varying medium 
from the solution of (2) for a homogeneous medium by a method of 
successive approximation. Even the solution in the latter case, however, 
does not seem to have received much attention except in the case when 
S = O.f If, then, our treatment of the slowly-varying medium is not to 
be restricted to propagation normal to the planes of stratification, we 
must first investigate the solution of (2) for a homogeneous non-isotropic 
medium when S is not necessarily zero. It will be observed from (1) 
that this amounts to considering those waves in the homogeneous medium 
which have a prescribed variation of amplitude and phase with jcj and x if 
this variation being independent of x s . The advantage of investigating 
this type of propagation in a homogeneous medium is that, when we 
come to apply it to a medium stratified perpendicular to axis-3, Snell’s 
Law will be automatically satisfied. 

3—Homogeneous Non-Isotropic Medium 

Propagation through a homogeneous non-isotropic medium is investi¬ 
gated in terms of the waves which travel without change of form the 
medium. Such a characteristic wave we take in the form 

E — (P, 1, — T). exp (— ikqx 3 ), (4) 

where P and T describe its state of elliptical polarization, and q its phase- 
propagation. To determine P, T, and q we substitute from (3) and (4) 
into (2), and obtain 

(K„ - S« - q>) P + K ls — K 18 T = 0 ) 

K S i P + (K st — q*) — (K a8 4- Stf)T = 0 [. (5) 
K 81 P + (K 82 + S4)-(K 88 -S*)T = 0 ) 

t Cf. Appleton, * J. Instn. Elec. Engrs.,’ vol. 71, p. 646 (1932). 
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The first and third of equations (5) give 

P _ 1 

(K„ + S q) - K 12 (K 33 - S*) " (K a3 - S*) (K u - S 2 - 9 *)~K 31 K 13 


(K s2 + S q) <K U - S a - tf) - K»K 1 ; w 

and substitution into the second gives 

Ft?) = {(K 33 - S 2 )(K 22 - (?) - (K 23 f &7 XK m 4- S q)} (K n - S 2 - <f) 

- K 13 K 31 (K 22 - </ 2 ) + K 3l K 12 (K 23 + Sq) + K 2J K, 3 (K 32 + Sq) 

- K 12 K 21 (K 33 - S 2 ) - 0. (7) 

Since this is a quartic equation for q, it follows that there are in general 
four characteristic waves of the type considered. Their phase-propaga¬ 
tions are given by the roots of (7), and their polarizations by (6). 

Had we investigated this matter with the aid of the fourth order differ¬ 
ential equation mentioned in the previous section, we should have obtained 
a linear equation with constant coefficients, and (7) would have been its 
subsidiary equation. 

The roots of (7) are, in general, complex. Even if the coefficients are 
real, it is quite possible for pairs of complex conjugate roots to occur, 
and so we write 

q ~ l + n), (8) 

where 5 and r i are real. In order to investigate the significance of 5 
and v] we may suppose that S is real, an assumption which is always 
valid for the ionosphere. We then see from (1), (4), and (8) that the varia¬ 
tion of phase in a characteristic wave is given by the factor 

exp {ik (<ct — SXi — &*,)}, 

so that a vector in the direction of phase-propagation and of magnitude 
equal to the ratio of the velocity of light in vacuo to the phase-velocity 
of the characteristic wave would have components (0, S, £). Now S is a 
prescribed constant, and so the phase-propagations of the four character¬ 
istic waves given by (7) only differ in the 3-component of this vector. 
They may therefore be represented by four vectors in the 23-plane having 
a common 2-component, as indicated in fig. 1 by the long thin arrows. 
The variation of amplitude in a characteristic wave is seen from (1), (4), 
and (8) to be given by the factor exp (£y)* 3 ), and is therefore such that 
the planes of constant amplitude are parallel to the 12-plane and not, 
in general, coincident with the planes of constant phase. If S had 
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had an imaginary part, the planes of constant amplitude would have 
been inclined to the 12-plane. 

It will be observed that, when the roots of (7) are complex, the type of 
plane wave in a homogeneous medium here contemplated is more general 
than that usually contemplated owing to the fact that the planes of con¬ 
stant amplitude do not necessarily coincide with the planes of constant 
phase. If, however, the roots of (7) are all real, there is no variation of 
amplitude. The waves under consideration are then of the familiar type, 
but we are selecting, from all the possible plane waves of this type which 

medium, four according to an unfamiliar rule, 
namely those waves which have a prescribed 
variation of phase in the 12-plane. 

Now it is clear that there is no reason to ex¬ 
pect that two of the phase-propagation vectors 
indicated in fig. 1 point above the 12-plane and 
two below it, and indeed an unlimited number 
of examples to the contrary could easily be pro¬ 
duced. But it is equally clear that, when we 
come to apply this theory to a non-isotropic 
medium stratified parallel to the 12-plane, the 
four characteristic waves given by (7) will cor¬ 
respond to what, for the ionosphere, are called 
the upgoing ordinary, the upgoing extraor¬ 
dinary, the downcoming ordinary, and the 
downcoming extraordinary waves for a certain 
height and for the given angle of incidence. 
At first sight it is a little surprising, therefore, 
to find that the four phase-propagation vectors of fig. 1 do not in general 
split into two pairs, one representing upgoing phase-propagation and the 
other downcoming phase-propagation.f We shall see shortly that the 
true classification of the four characteristic waves into a pair of upgoing 
waves and a pair of downcoming waves is to be obtained by investigating 
the mean energy-flow in the characteristic waves, as represented by the 
Poynting vector. (For the purposes of the present paper it need not be 
assumed that the Poynting vector really represents a physical flow of energy; 
it may be regarded as introduced purely for mathematical reasons.) 

If the electric field is measured in electrostatic units, and the magnetic 
field of a characteristic wave is the real part of 

H (* 3 ). exp [ik (ct - S*a)} (9) 

t Cf. Schekulin, * Hochfrequenztech. u. Elektroakust.,* vol. 36, p. 180, § 6 (1930), 


can be propagated in the 
3 



propagation. 



Propagation of Electromagnetic Waves 241 

in electromagnetic units, then H is the vector product of (0, S, q) with 
E. We therefore deduce from (4) that 

H = (— ST — q, qP, — SP) . exp (— ikqx s ), (10) 

and hence that the components of the mean energy flow, W, are 

jWj = - (r/lfcc) . exp (2 At 7)X 8 ) . [S (P + P*) - (?*P*T + fPT*)] (11) 

- W, - (c/16tc) . exp (2kr lXa ) . [2S (PP* + TT*) + (q* T + qT*)] (12) 

W s - (c/16n). exp (2 *t)X 3 ) . [S (T + T*) + 21 (PP* + 1)] (13) 

where an asterisk denotes complex conjugate. The fact that the direction 
of energy-propagation in general differs from that of phase-propagation 
is obvious from these equations. This difference arises from the fact 
that there is in general a component of E along the direction of phase- 
propagation. 

In order to separate the general nature of energy-flow from the phenome¬ 
non of energy absorption, it is convenient to consider the special case of 
a non-absorbing medium. It is well known, and is easily proved by 
equating to zero the mean rate of increase of energy-density, that 
K.f> a — K aS * in a non-absorbing medium. The coefficients in the quartic 
(7) are then real, and the roots, if not all real, occur in conjugate complex 
pairs. In a characteristic wave corresponding to such a complex root, 
W s = 0. To prove this by direct substitution is laborious, but the result 
may be inferred by applying Poynting’s theorem to the closed surface 
formed by two planes x 3 — constant and a cylinder whose generators are 
parallel to the 3-axis. Since the energy-flow is independent of x x and 
x a , the flux of W out of the curved surface is zero. But the flux of W 
out of the closed surface is zero, since the medium is non-absorbing, and 
therefore W 8 must be independent of x a . This implies that either •») — 0 
or W 8 = 0. 

On the other hand, in a characteristic wave corresponding to a real 
root of (7), W 3 does not in general vanish. For, replacing q in (6) by 5, 
we obtain 

pp* _ {Ki 8 (K 82 + S5) - K 18 (K 88 - S 2 )}(K 31 (K a8 +S5) - K tt (K 88 -S»)} 

-{(k 88 - (R„ -RaW- 

- (K 8g ~ S») (K,„ - g) - (K„ + S g) (K 88 + SO 
(K 88 — S a ) (K u — S a — 5*) — K 81 K 18 
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by virtue of (7). Substituting into (13) we obtain 

W a . (I6n/c) {(K 33 - S 2 ) (K u - S 2 - ?) - K S1 K 1S } 

= S {(K„ + K 32 + 2S$) (K u - S 2 - £ 2 ) - <K m K 18 + K ls K n )} 

+ 2? (K 3S - S 2 ) (K n + K 22 - 2? - S 2 ) - (K 33 + S£)(K„-f-S5) 


from (7). Hence W 3 ^ 0 for a real distinct root of (7) although it 
vanishes for a real double root, as may also be seen by regarding such a 
root as the limit of a pair of conjugate complex roots. For a pair of 
approximately equal real roots of (7) ?F (£)/?!;, and therefore W 3 , has 
opposite signs. Since the effect of the coefficient of W 8 in (14) may be 
shown to be trivial, we conclude that real distinct roots of (7) occur in 
pairs giving opposite signs to W 3 . 

To sum up, we have the following classification of the roots of (7) in 
a homogeneous non-absorbing medium according to the values of K. s 
and S:— 

(i) Four real, distinct roots, giving two characteristic waves in which 
W 3 > 0 and two in which W 3 < 0. 

(ii) Two real, distinct roots, giving one characteristic wave in which 
W 3 > 0 and one in which W 3 < 0, together with a pair of conjugate 
complex roots, giving characteristic waves in which W s — 0. 

(iii) Two pairs of conjugate complex roots, giving characteristic waves 
in which W 3 — 0. 

(iv) Between the above cases are two transition cases in which a pair 
of equal roots of (7) gives a single characteristic wave in which W 8 = 0. 
Under these circumstances there are only three solutions of (2) of the 
type (4). It is well known, however, that a fourth solution of a slightly 
different type exists, but we shall not here be concerned with it. 

A characteristic wave for which W 3 > 0 we call an upgoing wave and 
one for which W a < 0 a downcoming wave, and we see that in case 
(i) the four characteristic waves consist of a pair of upgoing waves and a 
pair of downcoming waves. The short thick arrows in fig. 1 indicate 
the directions of the components of energy-propagation in the 23-plane. 
In cases (ii) and (iii) pairs of characteristic waves occur for both of which 
W 3 = 0, but for which y has opposite signs. It will lead to uniformity 
in our nomenclature if in these cases we call a wave for which yj < 0 an 
“ upgoing wave" and one for which 7) >0 a ‘‘downcoming wave". 
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in spite of the fact that their directions of energy-propagation are hori¬ 
zontal. 

Suppose that we have a homogeneous non-isotropic non-absorbing 
medium whose constitution can be varied continuously in such a way 
that its optical properties are at first indistinguishable from those of free 
space, then become those of case (i) (above), then those of case (ii), and 
ultimately those of case (iii). It may be shown that such a medium could 
consist of free electrons under the influence of a magnetic field, and that 
these various stages would be passed through as the electron density, N, 
increased from zero. Let case (i) exist for 0 < N < N t , case (ii) for 
Nj < N < N a , and case (iii) for N > N a . At N = N t and N = N 2 we 
have the two transition cases (iv) mentioned above, while at N — 0 we 



have free space. A graph showing the variation of the roots of (7) with 
N over the intervals in which these roots are real is clearly of the general 
form shown in fig. 2. That dZ/dN is infinite at A and B follows immedi¬ 
ately from the vanishing of dF/dZ here and from the fact, deduced by 
differentiating (7) with respect to the paramater N, that 

(0F/a5)(<ft/V/N)*O. 

It is convenient to have names whereby we can distinguish the pair of 
characteristic waves associated with the pair of roots of (7) which become 
equal at A from the pair of characteristic waves associated with the pair 
of roots of (7) which become equal at B. If we call one of these pairs of 
waves, say the former pair, extraordinary (characteristic) waves, and the 
other pair ordinary (characteristic) waves, we shall be adopting the 
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nomenclature in current use in connexion with the ionosphere. What 
we have proved in the present section is that, from the point of view of 
energy-propagation, though not necessarily of phase-propagation, the 
pair of extraordinary waves consist of an upgoing wave (corresponding 
to IA in fig. 2) and a downcoming wave (AR), and that a similar statement 
applies to the pair of ordinary waves. Moreover, in accordance with the 
convention adopted above, we are able to draw a distinction between 
“ upgoing ” and “ downcoming ” ordinary waves when N > N a , and 
between “ upgoing ” and “ downcoming ” extraordinary waves when 
N > N x in spite of the fact that the directions of energy-propagation in 
these waves are then horizontal. 


V 



The effect of introducing absorption into the medium is to make the 
coefficients, and therefore the roots, of (7) always complex. It may be 
shown that it is then no longer possible for W 3 actually to vanish, so 
that we may classify the characteristic waves into a pair for which 
W 8 >0, rj < 0 (upgoing waves) and a pair for which W 8 < 0, > 0 

(downcoming waves). Corresponding to fig. 2 we have a representation 
of the four roots of (7) in the complex plane of the general type shown in 
fig. 3, where the arrows indicate the directions of increase of N. As the 
absorption tends to zero, either W 3 -> 0 or tj -* 0, and the curves in 
fig. 3 form branch points at A and B, which correspond to the points 
A and B in fig. 2. 

Finally, we may point out that the analysis of this section in the special 
case where S = 0 is well known, q then becomes what is usually referred 
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to as the complex refractive index of the medium and denoted by g. — i‘x 
instead of £ + ir\. Equation (7) becomes a quadratic in with the result 
that fig. 2 becomes symmetrical about the N-axis, and the points A and 
B in fig. 3 coincide with the origin. The planes of constant phase are, in 
this case, parallel to the 12-plane and therefore coincident with the planes 
of constant amplitude. 


4—Propagation Through a Slowly-Varying Non-Isotropic 

Medium 

We are now in a position to proceed with the solution of (2) for a 
slowly-varying medium. First of all, we must give a precise significance 
to the term “ slowly-varying A function of h (— kx 3 ) will be described 

as “ slowly-varying ” provided its second derivative and the square of its 
first derivative are negligible. The first derivative itself will be described 
as “ small ” and its reciprocal as “ large ”. 

In terms of the components, K„ P (A), of the complex dielectric tensor 
of the stratified medium, we may define four triplets of quantities q, P, T 
by means of equations (7) and (6). If the functions K a(i ( h ) are slowly- 
varying, then each root of (7) which differs appreciably from the other 
three (that is, for which dFjdq is not small) is a slowly-varying function of 
h, for, by differentiating (7) with respect to h, we see immediately that 
(dF/dq)q' is small and (dF/dq)q" negligible. Further, if q is slowly- 
varying, so also are the corresponding expressions for P and T. An 
exception to each of the above statements about the slowly-varying 
nature of q , P, and T respectively occurs if that quantity should become 
large. A case in which P or T becomes large may, however, be avoided 
by adopting a different representation of polarization, and a method for 
dealing with a case in which a value of q becomes large will be indicated 
later. With this reservation, therefore, we may take it that q, P, and T 
are slowly-varying functions of h, except for values of h which make q 
approximately equal to a second root of (7). 

We are in search of four solutions of (2) which approximate for each 
value of h to the solutions of (2) discussed in the previous section. In 
such a solution the polarization would, in general, vary slowly with h, 
and this variation of polarization would be brought about by small 
differences between the phase-propagations of the various vector com¬ 
ponents of the electromagnetic field. This suggests that we should 
attempt to find a solution of (2) in which the phase-propagation of the 
a-component of electric intensity is represented by a phase-function 

vol. clv.—a. s 
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rh 

I n a dh, where n x , n 2 , n a differ slightly from a root of (7) and from one 
Jo 

another. Let us then transform equations (2) by writing 

E a -- A„. exp j— / j n a dh\ . (15) 

If we take n a to be complex, it will include the spatial variation of ampli¬ 
tude as well as of phase, and A a may then be considered constant. The 
result of the transformation is 


D, - (V + S 2 + /«',) E, = 0 
D 2 — (« 2 2 + in' 2 ) E 2 + Sw 3 E 3 = 0 
D s + S« 2 E 2 - S 2 E 3 = 0 

If we now substitute for D„ from (3), and put 

Ej: E 2 : E 3 == II: 1: - 0, 


we obtain 



(17) 


(Kjj — w x 2 —S 2 — in j) II -f- 1^12 K.j 3 0 0| 

K 21 II f (K 22 - w 2 2 - in\) - (K 23 + S» 3 )© - OU (18) 

K 31 n+ (K a2 + s« 2 )- (K 33 -S 2 ) 0 -o) 


(15) and (17) yield the two further equations 

II'- /(«*-«x) II 
0' - /(«, - n t ) 0 


, (19) 


and these, together with (18), make up five (exact) differential equations 
to determine n v , « 2 , n 3 , II, and 0. 

Put 

«„ — q + v a , (20) 

where q is a root of (7), and assume that v„ is small and v'„ negligible. 
Then (18) and (19) become 


(Kn - <7 2 - S a - 2?V X - iq') II + K l2 - K 13 0 - 0 

K S1 II + (K 22 - q 2 - lq^ - iq') - (K 23 + Sq + Sv 8 ) 0-0 
K„ II 4- (K 82 + Sq + Sv 2 ) - (K 83 - S 2 ) 0 - 0 

and 


( 21 ) 


I (v x — v 2 ) n — /rr 
( ( v 8 ~ © = /©'. 


( 22 ) 

(23) 
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By subtracting (5), (21) may be replaced by 

(K u - <? - S 2 ) (11 - P) - K ls (© — T) — (2<jrv x + if) II =0 (24) 

- K„ (n - P) - (K„ 4 S*) (W — T) — (2</v 2 + /*') - S0v 3 « 0 (25) 
Kgj (II - P) - (K 33 - S 2 ) (0 - T) + Sv 2 =0. (26 

If we elim inate v lt v 2 from (22), (24), (26), and v g , v 3 , from (23), (25), (26); 
we obtain two equations which may be regarded algebraically as linear 
in (II -- P), (0 — T), and solved in the form 

| “ “ p AO^0) [{SKl3 + 2( < K ™- SV^HHS©' + q') 

- {S (K 23 f S q) + (K 33 - S 2 ) (2 q 4- S0)} (2qlV + IT*')] (27) 

I 0 "■ T “ X(TT©) [{S (Kl1 _ “ q2) + 2K “ qX] > (S0 ' + q>) 

1 - {SK 21 + K 3 j (2 q + S0)} (2*11' + II*')], (28) 

where 

A (II, 0) - K 21 {SK„ + 2 <K„ - S 2 ) *11} 4 K 13 K 3l (2 q + S0) 

.{S (K n .S 2 - * 2 ) 4 2K 3I *IT } (K 23 + S q) 

- (K„ - S 2 ) (2* + S0) (K u - S 2 - * 2 ). (29) 

From (26) 

V 2 « [{(K 33 - S 2 ) (K u - S 2 - * 2 ) - K 13 K 3i} (S0' + q') 

- {K 21 IKS;, - S 2 ) - K 31 (K 23 + Sq)} (2*11' + II*')], (30) 
while (22) and (23) may be rewritten in the form 

v i / (II'/U) + v s ) 

v, = /( 070 )+v, ( 

The above algebraic transformation from the differential equations (18) 
and (19) to the differential equations (27), (28), (30), and (31) is subject 
to the restriction A 0, and has been performed in order to bring the 
differential equations into a form in which they are easily soluble by the 
method of successive approximation. 

Let us suppose that the particular root, *, of (7) used in (20) is not 
approximately equal to any other root of (7) for any value of h. Then 
we know that *', P', and T' are small for all values of h. If these quantities 
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were entirely neglected, we would revert to the case of a homogeneous 
medium dealt with in the preceding section, and the solution of the 
differential equations (27), (28), (30), and (31) would be simply 

II = P, 0 = T, vj - v a = v 3 - 0. (32) 

When q\ P', and T' are small, the solution is obtained by using the crude 
solution (32) in the right-hand sides of (27), (28), (30), and (31). In 
this way we obtain 

/17 ~ p = aTP 7T)K SK » + 2 (Ks3 ~ S2) qP} {sr+ q,) 

- {S (K 23 + S q) + (K 33 - S 2 ) (2 q + ST)} (2qP' + P q')} (33) 

© - t - T(bf ) t(S (Ku ~ S2 ~ q2) + 2K »* P > (ST ' + & 

- {SK 21 + K n (2q + ST)} (2 qP' + P q')) (34) 

«i - q ~ i (P'/P) -f («2 - q) (35) 

~ q = - K1 ^ r) [{(Kaa~ s 2 ) (K u - S 2 - ? 2 ) - K 18 K 3I } (ST' -f q') 

- {K n (K 33 - S 2 ) - K 81 (K m + S q)} (2qP' + Pq')] (36) 

n 3 - q^i(J'n) + (n 2 - q), (37) 

where we have now reverted to the quantities n a by means of (20). We 
have now solved the differential equations (18) and (19). That (33)-(37) 
are, to the order of approximation to which we are working, one solu¬ 
tion may be verified by direct substitution. There are altogether four 
such solutions corresponding to the four triplets of quantities q, P, T 
given by the four roots of (7). These four solutions of the differential 
equations (18) and (19) correspond to four solutions of (2) in which 
the electric intensity is obtained by substituting for n x , « a , n 8 from (35), 
(36), (37) into (15), and in which the polarization is obtained by substi¬ 
tuting from (33) and (34) into (17). These are the four solutions of (2) 
mentioned in § 2 as representing four waves which are propagated inde¬ 
pendently through the slowly-varying medium, and, remembering that 
the expressions for the five quantities n x , « a , w 8 , n, and 0 are approxi¬ 
mately equal to q, q, q, P, and T respectively, we see that these four 
solutions approximate for each value of h to the four solutions of (2) 
discussed in § 3. We have therefore proved that in general there exist 
in a slowly-varying stratified non-isotropic medium four independently 
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propagated waves which, at each stratum, closely resemble the character¬ 
istic waves appropriate to that stratum. These independently propagated 
approximately characteristic waves we shall refer to as the fundamental 
waves in the slowly-varying medium. The general solution of (2) is a 
linear combination of the four fundamental waves. 

Let us briefly consider the nature of the energy-propagation in these 
fundamental waves. We do not wish to write down here and discuss 
the expression for the Poynting vector of a fundamental wave. Such a 
discussion would follow almost exactly that of the energy-propagation in 
the characteristic waves of § 3, and so we will content ourselves with merely 
stating the result. The general result is that two of the fundamental 
waves are upgoing waves (W 3 >0, tj < 0), and two are downcoming 
waves (W 3 < 0, tj > 0). In the limiting case of a non-absorbing medium, 
however, we have W 3 = 0 in a fundamental wave corresponding to a 
complex root of (7); moreover W 3 is always independent of h, even in a 
fundamental wave corresponding to a real root of (7). 

The above general conclusion concerning propagation in a slowly- 
varying medium is, however, subject to an exception which is as important 
as the conclusion itself. The solution (33M37) breaks down if either 
(i) q' is not small, and/or (ii) A (P, T) is small, (i) arises if the particular 
root, q, of (7) under consideration is approximately equal to another root. 
So also does (ii), for, by substitution from (6) and (7), we find that 

A (P, T) — dF/dq. (38) 

It follows that the general solution of (2) is a linear combination of the 
four fundamental waves deduced in this section only in those intervals 
of h where no two roots of (7) are approximately equal. The remainder 
of the paper will be devoted to examining the significance of the exceptional 
strata where two roots of (7) are approximately equal and where, in 
consequence, the solution of (2) is of a more complicated nature than 
that so far discussed. 

5—Reflexion by a Slowly-Varying Non-Isotropic Medium 

It is clear that the fundamental waves discussed in the preceding section 
represent propagation through a slowly-varying non-isotropic medium as 
distinguished from reflexion from such a medium. Reflexion from a 
slowly-varying medium must, then, be bound up with the exceptional 
strata within which the general solution of (2) is of a more complicated 
form than a linear combination of fundamental waves. In order to 
clarify our ideas, let us consider a non-absorbing medium whose optical 
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properties are indistinguishable from those of free space for h < 0, but 
which, for h > 0, are such that we have case (i) of p. 242 for 0 < h < h u 
case (ii) for h v < h < h 2 , and case (iii) for h > h 2 . From fig. 2 we see 
that such a medium could consist of an ionosphere in which the electron 
density, N, is zero for h < 0 and increases to Nj as h increases to h y and to 
N 2 as h increases to h 2 . Let us take the intervals of h in which a pair of 
roots of (7) are approximately equal as 0 < h < e, h x — e < h < h t -f e, 
and h 2 — e < h < h 2 + e (see fig. 2). Then, in these intervals of h, the 
complete solution of (2) in terms of fundamental waves is not valid. 
The interval 0 < h < e is connected with the determination of the limit¬ 
ing form of the solution of (2) in the region h*C 0, and we postpone 
discussion of this interval of h to the following section in order to focus 
our immediate attention on the intervals h y — s < h < /», + e and 
h t — e < h < h 2 + e, which are connected with reflexion. 

In the intervals e < h < h 1 — t and h > h y + e we know, from the 
previous section, that two solutions of (2) are the fundamental waves 
corresponding to those roots of (7) which become equal at A (fig. 2). 
Similarly in the intervals e < h < h 2 — t and h > h 2 + e two solutions 
of (2) are the fundamental waves corresponding to those roots of (7) 
which become equal at B. In the intervals common to these two pairs of 
intervals, namely e < h < h x — e, hi + e < h < h 2 — e, and h > h 2 + s, 
we know altogether four solutions of (2), and in these intervals the com¬ 
plete solution of (2) is a linear combination of the four fundamental 
waves. As in the case of the characteristic waves of § 3, so in the case of 
the fundamental waves of § 4 it is convenient to be able to distinguish 
the waves corresponding to the pair of roots of (7) which become equal at 
A in fig. 2 from the waves corresponding to the pair of roots which 
become equal at B. The former pair we call extraordinary (fundamental) 
waves and the latter pair ordinary (fundamental) waves; each of these 
pairs consists of an upgoing and a downcoming wave. 

We are going to prove that the ordinary and extraordinary waves are 
independently reflected from the ionosphere, the interval 

Aj — e<A<h 1 -)-e 

being associated with the reflexion of the extraordinary wave and the 
interval h 2 — e</i<A a +e with that of the ordinary wave. Physi¬ 
cally, this means that we are going to show that an upgoing extraordinary 
wave is reflected as a downcoming extraordinary wave without any 
ordinary wave being scattered either upwards or downwards. Mathe¬ 
matically, what we have to prove is that there exists a solution of (2) in 
the interval h x — e<A<h 1 -fe which fits on continuously to the 
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“ upgoing ” extraordinary wave in the region h > h 1 + e and to a linear 
combination of the upgoing and downcoming extraordinary waves in the 
region c < h < h x — e. This is not obvious. What is obvious is that 
solutions of (2) exist in the interval h x — e < h < h t + e which fit on 
continuously to one linear combination of all the fundamental waves at 
one end of this interval, and to another linear combination of all the 
fundamental waves at the other end of this interval. What we have to 
prove is that the numerical multiples of the ordinary waves at h h x — e 
are, in fact, the same as those at h — h x + e, so that any difference 
between the linear combinations of the four fundamental waves at these 
two heights arises solely from a difference in the numerical multiples of 
the extraordinary waves. The proof is very simple and depends on the 
fact that the upgoing and downcoming ordinary waves are solutions of 
(2) even in the interval h x — e h < h x 4- e, since neither of the roots 
of (7) to which they correspond is approximately equal to any other root 
of (7) in this interval. We are thus led to establish the following 

Theorem —Consider a slowly-varying non-isotropic medium in which 
the four roots of (7) are </„ q n , q m , q iv , and suppose that, in the interval 
a < h < h, q t q n ht q m % q iv , and that no two roots of (7) are 
approximately equal for any other value of h. Then, for such a medium, 
there exist two solutions of (2), each of which, although of complicated 
form in the interval a < h < h, consists of a linear combination of the 
fundamental waves corresponding to q t and q u both for h < a and for 
h > h. (It is not asserted that the linear combination for ft < a is the 
same as that for h > h, and in general this will not be true.) 

For the proof, we recall the fact, pointed out in § 2, that the problem 
of solving (2) is equivalent to that of solving a homogeneous linear 
ordinary differential equation of the fourth order. Now two solutions 
of this equation are known for all values of h, namely the fundamental 
waves corresponding to q nt and q iv , and these may be used to depress its 
order from the fourth to the second.t Moreover, for h < a and h > h, 
the solution of the reduced equation is a linear combination of the funda¬ 
mental waves corresponding to q x and q n , which proves the theorem. 
The two solutions referred to in the statement of the theorem arise from 
the fact that the reduced equation is of the second order. They might, 
for instance, be taken to be those solutions which, for h > b, consist of 
only one fundamental wave, that corresponding to either q x or q n . 

Let us first apply this theorem to the intervals h r — e < h < h x + e 
and A a — c < h < h % + s in the non-absorbing medium previously under 

t See Ince, “ Ordinary Differential Equations,” p. 121. 
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consideration. The theorem shows that there exist two solutions of (2), 
each of which, although of complicated form in the interval 

/?! — e < h < /»i 4- e, 

consists of a linear combination of the upgoing and downcoming extra¬ 
ordinary waves both in the region e < h < hi — c and in the region 
/*>//! + £. The particular solution which consists of only the “ up- 
going ” wave in the region h > h 1 -f e represents the total reflexion of 
the extraordinary wave without any scattering of the ordinary wave. 
That reflexion must take place and is, in fact, total is obvious from the 
fact that the direction of energy-propagation in an extraordinary wave in 
the region h > h x + e is horizontal. In exactly the same way it follows 
from the theorem that the ordinary wave suffers total reflexion in the 
stratum h 2 — e < h < h 2 -f e without any scattering of the extraordinary 
wave. 

We have now proved, not only that the extraordinary and ordinary 
waves are independently propagated through and reflected from the 
ionosphere regarded as a slowly-varying non-absorbing medium, but 
also that the heights of total reflexion of these waves are those at which 
the corresponding pair of roots of (7) pass from real to complex con¬ 
jugate values via equality. These heights correspond to the points A 
and B in fig. 2. Now the critical values of electron density at which 
reflexion of the extraordinary and ordinary waves takes place in the 
ionosphere are often deduced upon the assumption that the direction of 
phase-propagation, and not energy-propagation, at the level of reflexion 
is horizontal. This method is equivalent to saying that the reflexion 
conditions are given by the zeros of the roots of (7), that is by the points 
D and E in fig. 2. We are now able to assert that this method of calcu¬ 
lating critical electron densities is in general wrong, and must be replaced 
by the method here deduced, which is based on the equality of two roots of 
(7) at the points A and B in fig. 2. In certain special cases, however, 
notably for vertical propagation, the two methods give the same result 
owing to the fact that fig. 2 is then symmetrical about the N-axis. Curves 
such as those of fig. 2 showing the variation of the roots of (7) with electron 
density should be of some practical value in determining the critical 
electron densities corresponding to a given angle of incidence. 

Let us now consider the effect of making the medium absorbing. 
From fig. 3 we see that actual equality of the roots of (7) is not attained 
in the intervals h x — s < h C h x + t and h t — e < h < A, -f e when 
the medium is absorbing. Provided that the medium is not too absorb¬ 
ing, however, we do obtain approximate equality, as indicated by the 
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ringed regions in fig. 3. Now it will be observed that the theorem of 
p. 251 is just as applicable to this case as to one in which the roots of (7) 
attain actual equality. This theorem therefore establishes the inde¬ 
pendence of reflexion of the fundamental waves even in an absorbing 
medium, although, as is easily seen from energy considerations, reflexion 
is now no longer total. 

We must now consider briefly an application of the theorem proved on 
p. 251 of a character quite different to that hitherto discussed. So far we 
have only applied this theorem to cases in which the roots, q x and q n , of 
(7) which are approximately equal in the interval a < h < b refer one to an 
upgoing fundamental wave and the other to a downcoming fundamental 
wave. Let us now apply the theorem to a case in which the fundamental 
waves corresponding to q, and q u are both upgoing waves or both down¬ 
coming waves. Suppose that the roots of (7) are quite different for all 
values of h except that those corresponding to the pair of upgoing funda¬ 
mental waves are approximately equal in the interval a < h < b. Then 
the theorem shows that the solution of (2) which consists of only one 
upgoing fundamental wave in the region h < a consists of a linear com¬ 
bination of both upgoing fundamental waves in the region h > b. This 
means that, although the upgoing fundamental waves are not in 
general independently propagated through the stratum a < h < b, 
nevertheless no reflexion of the upgoing waves is to be associated with 
this stratum. 

In a non-absorbing medium it may easily be shown, by consideration 
of energy-flow, that it is impossible for the pair of roots of (7) corre¬ 
sponding to the upgoing waves to become equal except for values of h 
above those at which the ordinary and extraordinary waves are totally 
reflected, and a similar statement applies to the pair of downcoming 
waves. Such equality of roots of (7) can, therefore, be of little practical 
interest, and we need not consider it further. 

In an absorbing medium, on the other hand, these strata in which the 
independence of propagation of the fundamental waves breaks down can 
play an important role, as has been shown by the writerf in connexion 
with the transition from quasi-longitudinal to quasi-transverse propaga¬ 
tion when incidence upon the ionosphere is vertical. For an absorbing 
medium the roots of (7) are always complex, and, in order to have equality 
of two such complex roots, two conditions have to be satisfied for the 
same value of h. In consequence an exceptional stratum in which inde¬ 
pendence of propagation of the fundamental waves breaks down usually 
occurs only under comparatively special circumstances. At a given 

t Booker, ' Proc. Roy. Soc.,’ A, vol. 147, p. 352 (1934); vol. 150, p. 267 (1935). 
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frequency it might occur in the neighbourhood of a unique angle of 
incidence, or at a given angle of incidence in the neighbourhood of a 
unique frequency. Passage through the unique conditions may con¬ 
veniently be termed a “ transition ”. A typical case of a transition 
condition for the upgoing fundamental waves is depicted in fig. 4 (cf. 
fig. 3), where the arrows indicate directions of increase of h and the rings 
indicate reflexion conditions. Y is a point where the roots of (7) corre¬ 
sponding to the upgoing fundamental waves are equal. It may easily 
be proved that, according as the transition condition is approached from 
one side or the other, the 4 -curve corresponding to one of the incident 
fundamental waves tends to X,YZ a or XjYZ.,, while that corresponding 


n 



Fio. 4—A transition condition depicted in the 4 -plane. 


to the other incident fundamental wave tends to X a YZ 2 or X a YZ! 
respectively. Consider one of these incident fundamental waves, say that 
corresponding to X^. On one side of the transition conditions this 
fundamental wave fits on continuously to the fundamental wave repre¬ 
sented by YZj and on the other side of the transition conditions it fits on 
continuously to the fundamental wave represented by YZ 2 , but during the 
transition conditions it fits on to some linear combination of both these 
fundamental waves. In other words, the net effect of the transition 
indicated in fig. 4 is to cause the reflected wave corresponding to a given 
incident fundamental wave to change from one fundamental reflected 
wave to the other via a linear combination of both. The effect of a tran¬ 
sition depends on the relation of the height at which it occurs to the 
heights of reflexion, but any particular case can be investigated along the 
lines indicated above. 
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Before finally leaving the theorem of p. 251, we must mention an appli¬ 
cation, not of the theorem itself, but of the method by which we have 
established it. It will be remembered that it was assumed in § 4 that the 
root, q, of (7) in which we were interested did not become large for any 
value of A. If it did, then q' would no longer be small and the solu¬ 
tion (33)—(37) would break down. The method used to prove the above 
theorem may, however, be used to prove also that this breakdown implies 
only what we may call a distortion of the fundamental wave in the interval 
of h in which q is large, and that it does not imply either reflexion of the 
wave or breakdown in its independence of propagation, unless, of course, 
a second root of (7) is also large. 


6—Propagation To and From an Isotropic Medium 

There remains to consider the circumstances of propagation in a 
slowly-varying transition layer connecting a non-isotropic to an isotropic 
medium. It is in such a transition layer that downcoming wireless waves 
acquire the polarization which we observe them to have at the surface 
of the earth. Unfortunately, when the medium is almost isotropic, the 
roots of (7) are approximately equal in pairs (</. fig. 2), and so this 
important case is one in which the solution of (2) in terms of the funda¬ 
mental waves of §4 breaks down. However, the breakdown is by no 
means so serious as those we have had under consideration in the pre¬ 
ceding section, for the case of equality in the roots of (7) with which we 
are now concerned is clearly exceptional inasmuch as it does not imply 
that the roots cease to be slowly-varying functions of h (cf. fig. 2). Thus 
the solution (33>—(37) does not break down because q', P', and T' cease 
to be small, but merely because A is small and tends to zero as the medium 
becomes isotropic. 

Suppose that we have a slowly-varying medium which is non-isotropic 
for h > 0, but isotropic for h < 0, and suppose that, for h > e, no two 
roots of (7) are approximately equal. For /? < 0 the roots of (7) are 
equal in pairs, and we may take the interval 0 < h < t to be that in 
which the roots are approximately equal in pairs. For h > e we know 
from § 4 that the complete solution of (2) is a linear combination of the 
four fundamental waves. The problem is to find the form in the region 
A < 0 of that solution of (2) which fits on continuously to a given funda¬ 
mental wave in the region h > t. To solve this problem we must go 
back to the differential equations (27), (28), (30), and (31), and re-solve 
them without assuming that A is not small. From these equations it is 
easily seen that, if we make reasonable assumptions about the way in 
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which the dielectric tensor tends to an isotropic tensor as h 0 (assump¬ 
tions which are certainly valid in the case of the ionosphere), then the 
quantities n x , n 2 , « 3 , and 0 are approximately equal to q, q, g, and T 
respectively in the interval 0 < h < z in spite of the fact that A 0 as 
h 0, but that it is not in general true that II % P. The solution of (27), 
(28), (30), and (31) for 0 < h < e is therefore to be obtained as follows. 
Replace 0 by T in the right-hand side of (27), thereby obtaining 

n - P = [{SK xs + 2 (K 33 - S«) gll } (ST' + q') 

- {S (K 23 + S q) + (K 33 - S 2 ) (2 q + ST)} (2*11' + Ity)], (39) 

which is a Riccati differential equation for II. The solution of (39) which 
we require is that which becomes identical with (33) for h > e. The 
solution is then completed by substituting this value of n in (28), (30), 
and (31), at the same time replacing 0 by T on the right-hand sides. 
Subject to our ability to solve (39), we are therefore able to obtain that 
solution of ( 2 ) in the region 0 < h < c which fits on continuously to a 
given fundamental wave in the region h > e. In order to find the form 
which this solution assumes in the region A < 0 we have only to calculate 
the limits to which the quantities n Jy n 2 , n 3 , 11 , and 0 tend as h 0 . 
The interesting quantity is lim II because it is not in general true that 

h -*■ 0 

lim II == lim P. 

A *+• 1) h o 

As a practical means of calculating the limiting polarization of down¬ 
coming wireless waves, this method is useless owing to the difficulty of 
solving (39). We can, however, deduce from (39) a rough criterion which 
probably possesses sufficient accuracy for practical purposes. Assume, 
for simplicity, that S ~ 0. Then (39) becomes 

4K 33 9 2 n' = i. a (n, T). (n - P), (40) 

and the roots of (7) are ± q 0 , ± q x , where g Q and q„ are the complex 
refractive indices of the ordinary and extraordinary waves. Now if 
I 9o — 9* I | 9o' I and | qj |, we know that the solution of (40) is 
(33) with S set equal to zero. On the other hand, if | q 0 —q m | < | q 0 ' | 
and | g x ' |, then A is negligible, and so it follows from (40) that the varia¬ 
tion of II with h is negligible. Hence we may say that a wave which is 
fundamental for h > s retains its approximately characteristic polariza¬ 
tion down to values of h where | q 0 ~ q* | is of the same order of magni¬ 
tude as | g 0 ‘ | and | qj |, but that, with further decrease of h, no further 
appreciable change of polarization takes place. 
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In conclusion, the writer wishes to thank Mr. J. A. Ratcliffe, who has 
inspired the present work, and Professor D. R. Hartree for most helpful 
guidance in its presentation. 


7—Summary 

A solution of the Maxwell-Hartree differential equations for any slowly- 
varying non-isotropic medium is investigated with a view to applying 
the results to the ionosphere. It is deduced that a plane wave incident 
upon the ionosphere (not necessarily normally) is in general split up into 
two magneto-ionic components each of which is propagated indepen¬ 
dently through the ionosphere. It is shown that the type of propa¬ 
gation experienced by these magneto-ionic components at each height 
is in general approximately the same as that of the characteristic waves 
in the homogeneous medium appropriate to that height. 

It is further shown that each magneto-ionic component is independently 
reflected from the ionosphere provided the electron density reaches a 
certain critical value. This value is calculated by expressing the condition 
that the direction of energy-propagation, and not phase-propagation, is 
horizontal. 

A method for determining the limiting polarization of downcoming 
wireless waves is also investigated, and it is shown that the magneto¬ 
ionic components retain their characteristic polarizations down to heights 
where the difference between their two complex refractive indices is of the 
same order of magnitude as the rates of change of either per wave-length, 
but that, with further decrease of height, no further appreciable change of 
polarization takes place. 
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Photoelectric Methods of Measuring the Velocity of 
Rapid Reactions 

1—General Principles and Controls 

By F. J. W. Roughton and G. A. Millikan (from the Physiological 

Laboratory, Cambridge) 

(Communicated by Sir Joseph Barcroft, F.R.S.—Received January 22, 

1936) 

Introduction 

Until 1923, no direct, generally applicable method existed for measuring 
the velocity of chemical reactions with half-periods less than about 
10 sec. In that year, however, Hartridge and Roughton’" extended the 
observable time range more than a thousandfold, by devising a method 
which could be used to follow reactions with half-periods ranging from 
10 sec (or more) down to 0 002 sec. A rough list of the rapid reactions, 
20 or so, which have since been measured in this way, has been given by 
Hartridge, Millikan, and Roughtonf in a recent discussion at the Royal 
Society. 

The principle of Hartridge and Roughton's method is as follows: the 
two solutions which are to react are placed in separate containers and 
driven thence into a special mixing chamber; the emerging mixed fluid 
passes down an observation tube, at various cross-sections of which the 
composition of the streaming fluid is determined by optical, thermal, 
electrical, or chemical analysis. If d is the distance in cm from the mixing 
chamber of the cross-section examined, and v is the linear velocity in 
cm/sec of the streaming fluid, the time for which the reaction has pro¬ 
ceeded before reaching the place of observation is simply d\v. Thus if the 
cross-section examined is 10 cm from the mixing chamber, and v — 
lOOcm/sec, the corresponding time — 10/100 — 01 sec. Observations at 
four or more cross-sections thus enable the usual type of concentration¬ 
time curve to be plotted, even when the time is measured in millisec 
(0-001 sec) as units. 

In their earliest work, Hartridge and Roughton analysed the com¬ 
position of the streaming fluid optically by means of the reversion spectro- 

* ‘ Proc. Roy. Soc.,’ A, vol. 104, p. 376 (1923). 
t ‘ Proc. Roy. Soc.,’ B, vol. 116, p. 185 (1934). 
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scope, which is specially suited for the measurement of substances, such as 
haemoglobin compounds, which have sharp absorption bands in the 
visible spectrum. This technique was well adapted for the original 
purposes of their research and wherever their experiments have been 
repeated with the more recent photoelectric technique, satisfactory checks 
have been obtained. Many biological reactions, involving colour changes, 
however, cannot be followed by the reversion spectroscope, e.g., reactions 
of nearly all oxidation-reduction systems, the reactions of haemocyanin 
with oxygen, and the reactions of C0 2 in aqueous solution (which, 
though not per se chromogenic can be made so by adding indicators 
to follow the accompanying changes in p f{ ). Another limitation of the 
reversion spectroscope technique is that the observations are both highly 
subjective and time-consuming, and, since the fluids must be kept in 
motion throughout, quantities up to 3 litres or more of each are required. 
In many cases of biological interest, this would be an inordinate, if not 
impossible, demand to meet. There was therefore strong need for a 
method of moving fluid colorimetry, which should be both more general 
and more economical in application. 

The first step in this direction was made by Hartridge and Roughton* 
who devised a spectro-camera, which could photograph simultaneously 
the absorption spectra of the streaming fluid at four or more points of the 
observation tube, the photographs being subsequently analysed at leisure 
by means of a densitometer. This technique was not, however, brought 
to fruition, since about 1928 reliable photoelectric cells came into general 
laboratory use, and at once promised to be more suitable. 

A start on this line was made by Roughton aided first by Dubois, and 
then by Stier, to both of whom best thanks are due. With observation 
tubes of 5 mm diameter or more (as in Hartridge and Roughton’s work) 
it was very easy to obtain reliable readings using only about 200 cc of 
fluid instead of 3 litres. Some such results were published in the paper 
of Brinkman, Margaria, and Roughtonf on the velocity constants of the 
C0 8 -H a C0 3 reaction, but no detailed description of the apparatus was 
given. This gap is repaired in the succeeding paper, since the technique 
has proved simple, yet accurate where there is a marked colour change, 
and thus may be of use to other workers. 

It was, however, realized at the outset that the rapid reaction method 
would have to be on a still more micro scale, if it could command a wide 

* ‘ Proc. Camb. Phil. Soc.,’ vol. 23, p. 450 (1926); ‘ J. Physiol.,’ vol. 64. p. 405 
(1928). 

t ‘ Phil. Trans.,’ A, vol. 232, p. 65 (1933). 
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biological field. A fluid consumption of 5-10 cc for the whole experi¬ 
ment was needed, instead of 200 cc. Two further lines of attack sug¬ 
gested themselves: (1) the simultaneous photoelectric analysis of the 
streaming fluid at 4 or more points as in Hartridge and Roughton's 
spectro-camera (t>. supra ); (2) the use of observation tubes of 1 mm dia¬ 
meter or less, since, with a reaction of given speed, the volume of fluid 
required would, ceteris paribus, be only 1 /25th of the volume required 
with a 5 mm tube. Of these possibilities (1) has not yet been developed 
and remains in reserve; (2) has been worked out by Millikan in the port¬ 
able micro-apparatus described in Part Ill of this series, and has been 
applied to a number of reactions, one of which is described in another 
paper. 

In the latter case mechanical reasons dictated the use of a differential 
colorimeter,* which had the unforeseen advantage of allowing more 
dilute solutions to be used. This had two beneficial effects: (a) it decreased 
still further the absolute amount of solute required; (b) since the half¬ 
period of reactions of orders higher than the first increases with increasing 
dilution, this technique has made it possible in such cases to measure 
higher velocity constants than was previouslypossible. There is no apparent 
reason why it should not be equally applicable to the macro-apparatus 
described in Part II. 

Any apparatus of the Hartridge-Roughton type must be controlled as 
regards efficiency of mixing and character of fluid flow in the observation 
tube. Certain tests of this kind were duly passed by the earlier apparatus, 
but the new photoelectric methods both required, and made possible, the 
development of more accurate and comprehensive tests. These are 
described in this paper, whilst in Part II and Part III of this series working 
details are given of the macro- and micro-photoelectric methods respec¬ 
tively. These last two papers may each be read independently of one 
another and of the present paper. 

I—Efficiency of Mixer 

Of the mixing tests used by Hartridge and Roughton, the thermal one 
proved most satisfactory for the photoelectric apparatus. It consists in 
following the heat course of an “ infinitely ” rapid reaction, i.e., one 
much faster than the ones we wish to study. Ionic neutralizations of 
acids by bases are of this type. They are mixed together in the kinetic 
apparatus and the percentage of the total heat evolved in the streaming 
fluid at various points in the observation tube is measured by means of an 

• Millikan, ‘ J. Physiol.,’ vol. 79, p. 152 (1933). 
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exploratory thermocouple. If, at a given point, the observed rise of 
temperature is x% of the total rise of the reaction, we consider the fluid 
at this point to be .v% mixed. 

Because of the small tube diameters, special needle thermocouples had to be 
developed, and to eliminate the necessity of guarding against slow temperature drifts, 
the couples were of the differential type which can be used to measure directly the 
temperature gradient down the tube. Fig. 1 gives a cross-section of one of the 
finished instruments, and indicates most of the constructional details. The supporting 
case is an 8- or 12-inch piece of the smallest hypodermic needle tubing available, filed 



Fig, 1 —Thermocouple used fortesting efficiency of mixing in both micro-and ntacro- 
, apparatus. 

down to about 0 3 mm outside diameter. The wire is 42 gauge enamelled copper and 
constantan, the most difficult junction being the internal butt-soldered joint, which is 
filed down to the diameter of the wire and shellacked before being slid into the case. 

Calibration experiments of the thermocouples showed that the “ effective junction ” 
was less than i mm from the actual junction in each case, and that the " blurring ” in 
sensitivity due to thermal conduction along the case and the wires amounted to less 
than 10% at a point 1 mm from the junction, and less than 2% 2 mm from the junction. 

2 N alkali was neutralized with 2N acid, the overall temperature rise being 13 ° C, and 
this could easily be determined to within a few tenths of 1% with a relatively low 
sensitivity galvanometer. 

Results of thermal mixing tests on ordinary commercial 3-way glass 
taps of bore 1 -3 mm and 1 9 mm respectively are shown in fig. 2. At 
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the faster rate of flow, mixture is 95% complete in about 0-01 sec, and 
hence such taps are adequate for reactions half complete in more than 
0 01 sec and might, if suitable corrections were worked out, be used for 
still faster reactions. This point is worth mentioning in view of the ease 
with which such taps may be obtained. 

For faster reactions the key of the ordinary three-way tap has been 
replaced by a four-jet bakelite one as described in Part Ill. The great 
improvement in mixing brought about thereby is shown by the typical 
curve obtained with such an apparatus and plotted in the same figure. At 
comparable rates of flow, mixing is about 97% complete in 5/10,000 sec. 



Fig. 2—Efficiency of mixing chambers. A, 4-jet micro mixer and, B, ordinary 3-way 

glass stop-cock. 

and 99% complete in 2/1000 sec. This means that as far as mixing 
is concerned, half reaction times of the order of one-half of one-thousandth 
of a second can be measured. 

II—Character of Flow Down the Observation Tube 

If the fluid moved down the observation tube as a solid body (mass 
flow), all parts of it would take the same time to pass from the mixing 
chamber to the point of observation, and since the chemical reaction 
would have proceeded to the same extent throughout, the measured 
figures for the time would be exact and not merely average values. In 
fact, however, the peripheral fluid travels somewhat more slowly than 
that in the centre, the discrepancy being greater the more nearly the flow 
is streamline. This results in a blurring of the time axis, which might 
indeed cause the observed concentration-time curve to deviate appreciably 
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from the true concentration-time curve of the reaction, and hence cause 
serious error in the computation of velocity constants. 

There was some a priori reason for supposing that this factor would 
enter more with narrow observation tubes than with the larger tubes used 
by Hartridge and Roughton, because the critical velocity (at which stream¬ 
line flow breaks down into turbulent flow in an indefinitely long pipe) 
is inversely proportional to the diameter of the tube, and becomes for 1 mm 
pipes about 1 -8 metres per sec, a speed which was not always exceeded in 
our kinetic experiments. It was therefore necessary to develop a method 
for measuring quantitatively the actual deviations from “mass flow”. 
The experiments described below show that these deviations are not 
large enough to make the results obtained by the method misleading. 


Colourless fluid Coloured fluid 



Before turning tap Immediately after Some seconds later 

Fig. 3—Method of measuring character of flow in observation tube. 

The method used for studying quantitatively the character of flow 
consists in following with a photocell the blurring of the boundary between 
two successive fluids as they pass down the tube, one coloured, the other 
colourless. It is illustrated in fig. 3. The usual arrangement was modi¬ 
fied in that the mixing chamber tap was replaced by one which would 
allow fluid from one feed pipe or from the other to pass to the observation 
tube, but not from both together. This key was fitted up in such a way 
that by simply releasing a trigger, it could be snapped from one position 
to the other by means of rubber bands, the whole operation taking only 
about one-fifth of a second. The sudden shift from colourless to coloured 
in the mixing chamber resulted in a sudden “ coloured wave ” passing 
down the observation tube. With mass flow the boundary between 
colourless and colour would remain absolutely sharp all the way down the 
tube; on the other hand, if the flow were perfectly streamline, there would 


T 2 



264 


F. J. W. Roughton and G. A. Millikan 


be a very gradual transition from one state to the other. The actual 
flow is somewhere between these two extremes. 

Fig. 4 shows the actual way in which light absorption increases with 
time as the “ coloured wave ” sweeps in front of the photocell fora micro- 
apparatus of the type described in Part II. Similar results would most 
likely be obtained with 3-way taps of capillary bore. The shift at points 
close to the mixing chamber is so rapid that it cannot be followed, but 
we can in effect stretch the time axis many fold by simply sending the 



Fig. 4 —Character of flow. Actual character of flow compared with different possible 
types, x 0-22 m/sec; • 0-25-0 77 m/sec; critical velocity =1-5 m/sec. 


fluid through a very long observation tube before passing it in front of 
the photocell. With a tube 6 or 7 metres long, the full development of 
colour lasts for several seconds, and can be followed with the ordinary 
equipment of the apparatus. The time scale is arbitrary, one time unit 
being taken as the time required for the appearance of 50% of the full 
colour. 

Curves corresponding to the experimental one of fig. 4 can be calcu¬ 
lated for three possible types of flow. It is interesting to compare them 
with that obtained by measurement. 

(a) Mass flow : velocity uniform throughout the diameter of the tube. 
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(h) Streamline flow : velocity vectors when plotted against distance 
from centre give a parabolic curve; zero velocity at wall, maximum 
(at middle of the tube) equals twice the average velocity. The 
change of colour will begin to take place in half the time that 
it takes to reach 50% completion, and the final colour will be 
approached only asymptotically. 

(c) Turbulent flow, relation between velocity and distance from centre 
taken from Prandl-Tiechen.* The “turbulent” curve is only a 
limiting one, since any transverse component of flow taking some 
of the fluid either towards or away from the centre will alter the 
flow so as to minimize the difference between the fast and slow 
moving portions. The true curve will thus lie between the “ tur¬ 
bulent ” and the “ ideal ” curve of fig. 4. 

The curve for observed flow is somewhat worse than the curve for 
turbulent flow, but much better than that for streamline flow. It does 
not appear to alter appreciably in character over a range of velocities 
from 0-25 to 0-75 m/sec (the critical velocity being about 1-5 m/sec). 
There is some indication, however, at the slowest flow rate tested, namely, 
0-22 m/sec (/.e., about 1/6 of the critical velocity) that there is here a con¬ 
siderable deviation towards the streamline type. The device thus appears 
rather unexpectedly to be reliable down to speeds of only 1/6 of the 
critical velocity, but for still slower rates of flow further corrections would 
have to be worked out. 

Calculation of the Error in Measuring a Bimolecular Velocity Constant 
Due to Deviation from Mass Flow 

For an approximate treatment let us divide the fluid passing down the 
observation tube into 10 equal blocks, each of which moves as a solid 
body, fig. 5. The respective times of arrival of the different blocks at 
any chosen point of observation, X, may be read off from the curve 
plotted in fig. 5. Thus, the first block arrives in a time of 0-781 units, 

1 unit representing the time required for 50% of the full colour to be 
attained at X from the moment of turning the tap. Similarly the second 
block at 0-823, the third at 0-866, and so on. 

Calculation shows that, with the type of flow curve given in fig. 5, the 
time at which 50% of the total colour is reached at X does not quite 
correspond with the average time of arrival of the fluid at X as measured 
with a stop watch and a measuring cylinder. A correction factor of 

* ‘ Aero u. Hydrodynamik,* vol. 2, p. 55 (1932). 
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2-2%* has to be applied in the treatment given below (v. column 3 of 
Table I). 

We can now apply our results to a typical reaction. Let us compare the 
true extent of the reaction with the extent as measured by the apparatus for 
a series of different times. Consider the kinetics of a simple bimolecular 



Fig. 5.—Character of flow; analysis of experimental results. 


Table I— Character of Flow in Observation Tube 
Its effect on computation of velocity constant of a bimolecular reaction 


Block 

Time of 
arrival 

Corrected time 
of arrival 

Contribution of 
each block; 
measured time 

1 

0*781 

0-76 

of arrival — i 
0*275 

2 

0*823 

0*80 

0*286 

3 

0*866 

0-85 

0*299 

4 

0 913 

0*89 

0*308 

5 

0*970 

0*95 

0*322 

6 

1*035 

101 

0*336 

7 

1*112 

1 *09 

0*353 

8 

1*235 

1*21 

0*377 

9 

1*403 

1*35 

0*403 

10 

1*670 

1*64 

0*451 


Total . 

Observed % ... 

True % . 

Difference % ... 


3*410 

34-1 

33*3 

0*8 


* No correction factor is required for streamline flow. 









267 


The Velocity of Rapid Reactions 

process, in which the concentrations of the two reactants are equal, and 
let the half reaction time be arbitrarily chosen as 1 time unit. The expres¬ 
sion for the time course of this reaction is: 


where y is the fraction of the total reaction completed at time t. If t = \ 
time unit, the reaction according to the equation will be 33-3% complete. 
What will the kinetic apparatus tell us ? From column 3 of Table I 
we see that block 1 has travelled for 0-76 x \ — 0-38 time units since 
leaving the mixing chamber, and by substitution in the bimolecular 

reaction equation, we learn that its reaction is 1 — -j— 77-75 = 27-5% 

1 ~|- 0*38 

complete in this time, and will contribute correspondingly to the total 
light absorption. Similarly for each of the other flow blocks, as recorded 
in column 4. These contributions added up and divided by 10 give us 
the observed extent of the reaction, which in this case is 34 • 1%. The error 
is thus found to be 34-1 — 33 -3 = 0-8%. 

The results for a number of different times, as given in Table II, show 
that the error rises from a very low value at the start of the reaction to a 
maximum of about 0 - 8 %, when it is about a third done, and then falls 
off again to a very low value as the reaction nears completion, and is 
thus less than the other experimental errors of the method. Similar 
results are obtained for unimolecular reactions. 


Table II—Character of Flow in Observation Tube 


Summary of results for bimolecular reaction 



1/10 

1/2 

1 

Time units 

2 

4 

(1) Mass flow—ideal 

Observed (/>., true) % . 

91 

33-3 

50*0 

66*7 

800 

(2) Actual flow, fig. 5 

Observed % . 

9-5 

34*1 

50*7 

67*0 

80-1 

Error % . 

0*4 

0*8 

0*7 

0*3 

01 

(3) Streamline flow 

Observed % . 

14 6 

40*1 

54*7 

68-3 


Error % . 

5*5 

6*8 

4*7 

1*6 



Calculations on the same basis have also been made for streamline 
flow down the observation tube and are given in Table II. In this case 
the discrepancies are found to be large enough to cause serious errors in 
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the computation of velocity constants, unless considerable correction factors 
are applied. For this reason we have sought to avoid streamline flow in 
the observation tube. 

It is concluded from the above analysis that for all reactions with smooth 
velocity curves the deviations from mass flow are not serious enough to 
invalidate the results obtained with it, unless the results are expected to 
be accurate to within 1%. Caution, however, must be exercised in the 
case of curves with sharp bends in them, especially in the neighbourhood 
of the bends. 

Conclusions 

The capabilities of the photoelectric apparatus as compared with the 
original Hartridge-Roughton method are summarized in Table III. It 
will be seen that the time range of the new method is fully as great, the 
economy of fluid far superior, and the range of available reactions much 
wider. The deviations from ideal mass flow have been quantitatively 
investigated, and the disturbing effects due to them have been shown to 
be negligible. This had been almost, but not quite conclusively, proved 
in the earlier work. 


Method 


Table Ilf 

Fluid Reactions 

requirements available 

Visual 


Half-periods 

Actually Probably 
measured measurable 


Original Hartridge- ca. 3 litres Haemoglobin and Down to Down to 
Roughton method other compounds 0 001 sec 0 0005 sec 

with sharp bands 
in the visible 
spectrum 


Photoelectric 


5 mm bore, T-tube mixer, 200-300 cc 
see Pan II 

2 mm bore, 3-way capil- ca. 50 cc 
lary tap mixer 

I mm bore special micro 20-30 cc 
mixer, see Part III 


Any colour Down to Down to 

reaction 0*01 sec 0*0005 sec 

Any colour Down to ? 

reaction 0 01 sec 

Any colour Down to About 

reaction 0*0005 sec 0*0005 sec 


Summary 

The need for an optical method of analysis of the moving fluid in a 
Hartridge-Roughton rapid reaction apparatus which shall be economical 
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of fluid, non-subjective, and applicable to a wide range of colour changes, 
has been met by the application of photoelectric cells. 

More accurate and comprehensive tests of both the efficiency of mixing 
and character of flow down the observation tube have been worked out. 

As shown in Table III, fluid economy has been improved ten- to a 
hundred-fold, and the range of measurable reactions greatly extended as 
regards colour, without any loss in time range. 


Photoelectric Methods of Measuring the Velocity of 
Rapid Reactions 

II—A Simple Apparatus for Rapid p H and Other Changes 
Requiring 200 cc or More of Each Reagent 

By F. J. W. Roughton 

(From the Physiological Laboratory, Cambridge) 

(Communicated by Sir Joseph Barcroft, F.R.S.—Received January 22, 

1936) 

Introduction 

In the course of their work on the velocity constants of the 
CO* + H*0 ^ H 2 CO s 

reaction, Brinkman, Margaria, and Roughton (1933) made some colori¬ 
metric observations on rapid p n changes with the aid of a photoelectric 
modification of the Hartridge-Roughton apparatus, designed by the 
writer and his assistant, A. Seeker. Fortunately no appreciable lag was 
caused by the p u indicators themselves, for controls showed that their 
intrinsic time of response is less than 0 001 second, whereas the half¬ 
periods of the processes studied were 0 01 second and upwards. No details 
of construction were given in the 1933 paper, and only minimum details 
of operation. Since, however, the apparatus can be quickly assembled, 
is simple yet accurate to work with, uses only moderate amounts of fluid 
(200 cc or more), and can obviously be applied to many other colour 
changes besides those of p a indicators, it has been thought fit to describe 
it more fully here. 
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Construction of Apparatus 

In their early spectroscopic work on rapid reactions, Hartridge and 
Roughton kept their observation tube fixed, and moved the light-source 
and the spectroscope to the several points of the tube, at which analysis 
of the streaming fluid was required. In photoelectric recording of the 
colour of the streaming fluid, it is better to align the light source and the 
photoelectric cell in fixed position, and to move the observation tube 
relatively thereto, by attaching it, together with the mixing-chamber, to 



an adjustable platform, by means of which any desired part of the observa¬ 
tion tube can be brought into the path of the beam of light illuminating 
the photoelectric cell. 

Fig. 1 shows the actual arrangement adopted, (i) An all-glass Hart- 
ridge-Roughton apparatus of type 2 or 3 (see Table I, Roughton)* is 
used. The mixing-chamber gives 98% mixing in 0-001-0‘004 second, 
and the diameter of the observation tube is 4-5 mm. (ii) The photo¬ 
electric cell—a Serpidex Cu-Cu 2 0 cell of early type (which could well be 
replaced by a more modern and sensitive type)—is fixed rigidly between 
two bars of wood B 1( B a by tightening two screws S x , S a . TTie photo¬ 
electric current is measured by a Moll micro-galvanometer, scale distance 

* ‘Proc. Roy. Soc.,’ A, vol. 126, p. 470 (1930). 
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4 metres, period 0-2 second, without any battery drive in the circuit. 
This could probably be replaced by a cheaper instrument {cf. Millikan, 
1936). (iii) A vertical hole, about 1 mm wider than the outside diameter 
of the observation tube, is drilled through B 1; to act as a guide for the 
observation tube. A second horizontal hole, diameter about 2 mm, is also 
drilled through B x so as to provide a path for the beam of light from the 
lamp source to the photoelectric cell. The length of the observation 
tube under illumination is restricted to 2 mm by fixing a small metal 
funnel into the horizontal hole on the lamp side of B x . A pointer attached 
to the adjustable platform indicates the part of the tube under examina¬ 
tion. The lower end of the vertical hole is expanded, so as to enable 
observations to be made to within 10 mm of the mixing-chamber. This 
distance could, if wished, be cut down to 5 mm. (iv) The light source, 
an accumulator-driven 6-volt motor headlamp, is fixed to a wooden bracket 
at right angles to Bj, and is enclosed on two sides by reflecting metal walls, 
which serve to concentrate more light on to the photoelectric cell, (v) The 
two reagents were placed in rubber-stoppered glass containers and driven 
thence to the mixing-chamber by compressed gas (pressure 0-3 to 1 -0 
atmosphere, according to speed of reaction being measured). When abso¬ 
lute constancy of relative delivery is required throughout the experiment, 
the syringe drive method of Dirken and Mook* and of Millikanf should 
be used instead. 


Description of an Actual Experiment 

The general procedure can best be explained by describing a particular 
experiment, e.g., on the rate of the reaction C0 2 + OH' > HC0 3 '. 

The two reagents were 0 042 M NaOH (called “ R ”) and 0-0175 M 
solution of C0 2 (called “ Y ”). Each contained also 0-01% tropoeolin O 
(p y range 11-1 (yellow) to 12-7 (orange-red)). When these had been 
placed in their respective containers, the 6-volt lamp was turned on, and 
after allowing 10 minutes for its light intensity to settle down, fluid Y 
was run through the observation tube for 5 seconds. This is usually long 
enough for the galvanometer reading to become steady to within 0-2 mm 
—let the reading be y v After 30 seconds (or other convenient interval), 
fluid R was run through the tube for 5 seconds, let reading be r v After 
the same interval, viz., 30 seconds, Y and R were driven together through 
the apparatus, reading = b. Repeat readings, first of R (= r 2 ) and then 
of Y (= y 2 ), were then taken in the same way and the value of (b — /■)/ 

* ‘ J. Physiol.,’ vol. 70, p. 373 (1931). 
t ‘ Proc. Roy. Soc.,’ A, vol. 155, p. 277 (1936). 
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(y — r ), where y ~ i O’j + v 2 ) and r = ^ {r 1 + r t ) calculated. Since 
these mean values of y and r corresponded in time with the reading b, 
errors due to drift in the intensity of the light, or in the sensitivity of the 
photoelectric cell were thus greatly reduced. 

The observation tube was then shifted to another position, and a similar 
s;t of readings taken, ( b — r)i(y — r) being calculated as before. Similarly 
with a third position of the tube and so on. 

Table 1A—Typical Experiment on Rate of Reaction 
C0 2 + OH' - HC<V 

Reagent R = 0 042 M NaOH -f 0 01% tropoeolin O 
Reagent Y - 1 0172 M CO a -f 0 01% tropoeolin O 
Galvanometer readings in cm deflexion 
Distance in cm from mixing 


chamber of point observed 

4*7 

8*7 

14*7 

4*7 (repeat) 

Corresponding time in seconds 

0*0292 

0*054 

0*091 

0*0292 

yi 

20*82 

20*68 

21*30 

20*90 


12 26 

11-82 

12*46 

12*30 

b 

14 51 

14-85 

1603 

14 66 


12-28 

11 89 

12-30 

12*28 

y a 

20-97 

20*70 

21-00 

20*78 

b - r 
y r 

Concentration of NaOH in 

26% 

34% 

41-6% 

27*7% 

molarity . 

0-0107 

0*0083 

0-0065 

0*102 


Temperature -- 15 5 C. driving pressure — 280 mm Hg. 
Relative delivery of Y: R:: 62 • 9: 68 • 8. 

Rate of flow of mixed fluid in observation tube — 26 -3 cc/sec. 


Table 1B—-Calibration Curve for 0 01% Tropoeolin O 


Concentration of 
NaOH (in 

molarity). 0 0031 



0 00563 0 0062 0 0124 0 0155 0 0169 0 0212 

49-4 45-3 23 0 17-9 14-5 10-7 


The rate of flow and relative deliveries of the two reagents were measured 
in the usual way. 

The results of this experiment are given in Table IA. The discrepancy 
of 1 -7% between the repeat values of (b — r)/(y — r) at 4-7 cm is rather 
higher than average, for in seven other duplicates with this indicator the 
discrepancies were 0 7, 0-6, 1-3, 0-8, 3 0, 1-3, 0-8—average value == 
1 - 2 %. 
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In the present case every “ b ” reading required about 60 cc of each 
reagent, so that with four such readings a total of 240 cc was used. To 
this must be added the small amount, say 10 cc, needed to fill the observa¬ 
tion tube each time for the y or r readings. These 10 cc can, of course, 
be used over and over again. 

Calibration Curve —The NaOH concentration corresponding to these 
values of (h — r)l(y — r) is read off from a calibration curve, obtained.by 
using, in place of the reacting mixture, a series of standards Sj, S a , S 3 , 



Fig. 2. 

etc., made up of 0 01% tropoeolin in NaOH solutions ranging from 
0-003 to 0 04 M. 

(s — r)/(y — r) was thence calculated in the same way as (b — r)/(y — r ) 
and plotted against NaOH concentration (v. Table IB and fig. 2). 
There was no evidence of any change in the calibration curve during the 
course of the experiment, or with shift of the observation tube. 

The lowest row in Table 1A gives the NaOH concentration as read off 
from fig. 2, it being assumed that the CO a and C0 8 " in the mixed fluid 
are without disturbing influence. 
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Range of Indicators Used 

Velocity experiments and calibration curves (using, as standards, buffer 
solutions instead of NaOH of graded molarity) have also been made 
with 0 004% solutions of six other standard p n indicators, namely (i) 
bromphenol blue (p„ 3 0 to 4-6, yellow to blue); (ii) bromcresol green 
(p u 3-8 to 5-4, yellow to blue); (iii) bromcresol purple (p n 5-2 to 6-8, 
yellow to purple); (iv) bromthymol blue (p n 6-0 to 7-6, yellow to blue); 
(v) phenol red (p n 6*8 to 8-4, yellow to red); (vi) alizarin yellow (p,, 10 
to 12, colourless to yellow). A large range of colours and />„ values has 
thus been investigated. 

Particularly numerous data were obtained with (iv) bromthymol blue, 
the calibration curve for which is given in fig. 3. 



Fio. 3. 

The discrepancies, in 29 duplicates, were, in the same units as before 
0, 0, 0-4, 0 5, 0 5, 0 6, 0-7, 0-8, 10, 10, 1-0, 10, 1-0, 1-1, 1-2, 1-2, 

1- 6, 1-6, 1-7, 1-7, 1-8, 2-0, 2-0, 2-0, 2-2, 2-2, 2*4, 2-4, 3-2; average- 
1 -34%. Similar data were obtained with (iii) bromcresol purple. Nine 
duplicates gave the following discrepancies: 0 4, 0-8, 1 -0, 1 0, 1 -4, 1 -6, 

2- 0, 2-2, 3-2; average =1 ‘50%. 

The experimental error, if taken to be half the discrepancy between 
duplicates, is on the average about 0-01 p u , and at most 0-025 p n , if the 
p n under observation is within 0-5 of the middle of the range of the 
indicator. Similar accuracy and repeatability were found in more limited 
data with the other indicators. 
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Other Colour Reactions 

From the above results, the method appears capable of estimating the 
percentage of the indicator, in one or other of its two forms, to within 
± l 0%. The method has not yet been applied to other colour reactions, 
but similar accuracy should be obtained if the colour changes are as 
large. 

The actual galvanometer deflexion, with yellow indicator solution, 
0 004%, in the observation tube was usually 20-40 cm, and was reduced 
by at least 30% when the deeper coloured form (red, blue, or purple) was 
substituted. With smaller colour changes or more dilute solutions, the 
reduction would be less than 30%, and the accuracy of the estimation would 
be correspondingly lowered, unless the present photoelectric cell were 
replaced by Millikan’s differential arrangement.* 

This consists essentially of a differential photoelectric cell (in place of 
our single cell) together with a pair of adjustable colour filters. The light, 
after passing through the observation tube, is split up into two halves, 
one of which passes through, say, a red filler, and the other through, say, 
a green filter (the filters being chosen according to the colour change 
investigated) before falling on the respective halves of the cell. The same 
order of accuracy can be obtained, as above, even when the colour change 
only reduces the galvanometer deflexion obtained when the single cell 
is used, by as little as 4%. It has the further advantage, when the latter 
effect is < 4%, of giving linear calibration curves, and hence of avoiding 
the need for intermediate standards S x , S 2 , S 3 , etc., this is specially a 
blessing when dealing with oxyhaemoglobin-haemoglobin mixtures or 
with other cases, in which the preparation of accurate intermediate 
standards is troublesome. 

Note on the Velocity Constant K llt(;0 , of the Reaction 

h 2 co 3 -*co 2 + h 2 o 

Further support for the present method is given by the agreement 
between the value of o,» obtained thusly with the values given by 
other rapid methods ( v . Table II). 

The reaction in all four cases was brought about by mixing HC1 with 
NaHCO a and its subsequent course was followed over a period of 0 to 
0-2 second. The extrapolated values at 18° C differ slightly from those 
previously published owing to the use of the higher, but more exact 


* ‘ J. Physiol.,’ vol. 79, p. 152 (1933). 
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value for the temperature coefficient of Ar H> oo,> derived from the recent 
work of Roughton (1935).* The “photoelectric” value agrees within 
experimental error with the thermal and conductivity values, but is appre¬ 
ciably higher than the electrode value. The latter technique, however, is 
possibly less accurate than the others when applied to moving fluids. „ 

Table II— Values of k HiCOt , the Velocity Constant of the 


Reaction H 2 C0 3 

* co 2 + h 2 o 


d [H 2 CO s ] ... k 
dt 

[H 2 co 3 ]. 

Extrapolated 

Method 


value 
at 18° C 

Rapid thermal (Roughton, 1935) . 

. 14 4 at 19*7" 

12*1 

Conductivity (Saal, 1928) . 

. 8 at 13 • 5“ 

12*7 

H 2 electrode (Saal, 1928) . 

. 12*5 at 20° 

10*2 

Photoelectric . 

. 9*5 at 15 3 

12*9 


Summary 

A simple photoelectric arrangement is described for analysing the 
colour of the streaming fluid in various parts of the observation tube of 
a Hartridge-Roughton apparatus. 

The method has been applied especially to the colour changes of 
indicators, with the aid of which rapid p n changes may be followed. 
Under favourable conditions an accuracy of 0 01-0 02 p u is reached, the 
distribution of the indicator between its two coloured forms being deter¬ 
minable to within about ± 1 0%. 

The validity of the method for rapid reaction studies is supported by 
the reasonable agreement between values, as given by it, for the velocity 
constants of the reactions (i) H 2 CO s -> CO a + H a O; (ii) CO* + OH' — 
HCOjj', with the values of these constants as given by other methods. 

The total amount of each reagent required for reactions of half-period 
> 0-02 second is about 250 cc. With faster reactions more fluid would 
be required. 

The application of the method to other colour changes is discussed. 

* Communication to Biochem. Soc., October 12, 1935. 
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Photoelectric Methods of Measuring the Velocity of 
Rapid Reactions 

III—A Portable Micro-Apparatus Applicable to an 
Extended Range of Reactions 

By G. A. Millikan 

(From the Physiological Laboratory, Cambridge) 

(Communicated by Sir Joseph Barcroft, F.R.S.—Received January 22, 

1936) 

[Plate 5] 

This paper describes the portable, micro form of the kinetic apparatus 
which has been under continuous development and use in this laboratory 
during the past six years. It differs from the simpler form described in 
the preceding paper in being capable of dealing with much smaller quan¬ 
tities of reactants, with more rapid reactions, and with a wider selection of 
coloured substances, whose kinetics can be studied over a larger concen¬ 
tration range. While specifically designed for the study of blood pigments 
of small and valuable animals, where sometimes only 1 or 2cc of material 
is available, the technique is equally applicable to any pigment reaction, 
either in the presence of air or under strictly anaerobic conditions. 

The method has been used for a number of different investigations on 
haemoglobins, muscle haemoglobin, haemocyanines, melanin, ascorbic 
acid (with Tillman’s reagent), and reactions involving p a changes (with 
indicators). In the course of these studies, the technique and apparatus 
have gradually assumed their present fairly definitive form, and the 
procedure has become considerably simplified. The device has also 
been brought into a compact, portable form, so that it may easily be 
carried in a car or train to the source of supply of perishable biological 
substances, or to a constant temperature room. It was in fact transported 
in the author’s car from Cambridge to Berlin in June, 1934, and was used 
for investigations at the Kaiser Wilhelm Institut fiir Zellphysiologie during 
that summer. 

Readers who are unacquainted with the general principle of the Hart- 
ridge-Roughton method are referred to in the first paper of this series 
(see also fig. 1). Before proceeding with a fuller description of the 
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apparatus, it may be as well to summarize the distinctive features of 
the design. 

(a) The “ micro ” condition has been satisfied by means of: 

(1) a very narrow observation tube ( ca . 1 mm diameter) with a 

correspondingly small mixing chamber; 

(2) a sufficiently sensitive photocell photometer to permit use of 

dilute solutions in narrow tubes; 



(3) a quick-reading electrical system, enabling a kinetic reading to 
be obtained on a flow of only 2 sec duration; 

(4) a positive, quick-operating fluid drive (start, three different 
rates of flow, and stop, all in about 5 sec—obtained by means 
of motor-driven syringes). 

(b) The general “ colour ” requirement has been met by means of the 
differential two-filter photocell colorimeter, which requires no am¬ 
plifier, and which minimizes the bad effects of turbidity and fluctua¬ 
tions in the light source. 
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(c) Portability has been achieved by the compact mounting of the 
different units on a single rigid framework. For convenience of 
operation, the reacting fluids are prepared and stored in ordinary 
Barcroft tonometers. As many as five reactions can be studied 
in rapid succession under strictly comparable conditions. 


I— Design of the Apparatus 
The device consists of four principal parts: 

1. The “hydraulic” system: fluid storage, selection, and propulsion. 

2. The mixing chamber. 

3. The observation tube, in which the reaction takes place. 

4. The “ reaction measurer ”: light source, optical system, filters, 

photocell, galvanometer. 


I—The Hydraulic System 

(a) Framework —Since absolute mechanical rigidity is essential both 
to ensure uniform fluid drive and for photoelectric photometry, the entire 
outfit is built around a steel framework, fig. 2, Plate 5, consisting of a 
heavy retort stand bearing three half-inch perpendicular rods, which are 
tied together at the top by a welded steel T piece. It is thus independent 
of any wall support, enabling it to be mounted on a turntable of the port¬ 
able radio type, which greatly improves the accessibility of the different 
parts. 

(b) Fluid Storage -The reacting fluids are stored before use in ordinary 
Barcroft tonometers. For reactions involving gases, the solutions are 
brought to equilibrium with the desired gas mixtures, and are protected 
from the air by toy balloons or football bladders also filled with the same 
gas mixture. This allows fluid to be drawn from the tonometers without 
altering the total gas pressure above it. The permeability of rubber to 
gas makes it unsafe to leave solutions in this way for more than about 
a day, and where rigorous exclusion of oxygen is required (as in muscle 
haemoglobin experiments) it has sometimes been necessary to insert in 
the tube a glass “ cupstick ”, the cup containing Fieser’s reagent to 
absorb the remnant, fig. 1. 

It is normally desired to measure at least two reactions comparatively, 
e.g., several p n s or several concentrations. To accomplish this, a quick 
and easy exchange of fluids is essential. Rubber “junction bungs” are 
provided above the syringes, each being drilled with five holes along 


U 2 
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the elements of a cone, so that the tonometer tips can be inserted in 
them. Choice of any of the five is made by opening the appropriate 
tonometer tap. 

(c) Fluid Drive —The principal requirement of the fluid drive is that 
it shall be as inflexible as possible, so that increased resistance caused, 
for example, by bits of coagulated protein sticking in the jets will have the 
minimum of effect in reducing the rate of flow, or in altering the relative 
delivery from the two sides. We have chosen a positive mechanical 
drive. The 1/20 h.p. motor has ample surplus capacity, and its shunt 
winding ensures nearly constant speed at varying loads for any given 
setting of the “ control resistance ” in the armature circuit. The rates 
of flow are checked from time to time with a stop watch and graduated 
cylinder. Power is transmitted to both syringes by means of a single 
reduction gear, wrapped wire, and “ pushing block This construction 
eliminates the possibility of fluctuating relative deliveries from the two 
sides. An automatic switch fastened to the driving block shuts off the 
motor when the end of syringe travel has been reached in either direction, 
providing protection for the apparatus. 

Pressures up to 2\ atmospheres are required to drive the fluids down the 
observation tube at 4 m/sec (required for reactions with half periods less 
than 1 millisec). Clamps and vices at the two points on the delivery 
tubes where rubber connexions could not be avoided prevent swellings 
or leaks due to these pressures. (These details may all be seen in figs. 4 
and 5, Plate 5.) 

2 and 3 —Mixing Chamber and Observation Tube 

Very rapid reactions call for the shortest possible distance between the 
mixing chamber and the point of observation along the observation tube. 
Accordingly these two parts are designed as a single unit, the mixing 
chamber being drilled out of the key of a tap, of which the observation 
tube forms one limb. This idea is not original, Roughton having used 
the same scheme in “ macro ” instruments, but it has peculiar advantages 
for the “ micro ” machine, of which the most important is the ease of 
cleaning out the very small jets when they become clogged. 

The key is made of transparent bakelite, and the holes forming the 
mixing chamber are drilled with dentist drills ground down to make 
■£ mm holes, according to the design of fig. 6, which shows the latest 4-jet 
mixer as well as a 2-jet model, with which nearly as satisfactory results 
have been obtained. 
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The following design features, which are common to both 2-jet and 4-jet mixers, 
merit attention. They can be seen in fig. 6. 

(а) The mixing chamber itself is placed at the very surface of the key, so that there 
will be a minimum distance from the point of mixing to the first point of observation. 
The jets are connected alternately by holes in the key to the two supply pipes, and 
following Hartridge and Roughton are drilled tangentially to give better mixing, and 
by their swirling action to retard the onset of harmful streamline flow in the tube. 

(б) A number of interchangeable observation tubes of varying internal diameters 
are available to suit different pigment concentrations and time ranges (cross-sectional 
areas: 0*52, 1 *02, 1 *72, 2*80 mm 1 ), the ends being taper ground to fit a corresponding 



Fig. 6 —Details of the mixing chamber. Both a 2-jet and a 4-jet type are shown. 
The end of the observation tube is taper-ground into the tap barrel in such a way 
that all dead space between mixing chamber and observation flibe is eliminated. 

hole in the barrel of the mixing chamber tap. It is necessary for accurate results to 
eliminate all “ dead ” spaces between mixing chamber and the tube. This is accom¬ 
plished by “ hollow grinding ” the end of each tube against the key or against a dummy 
key of the same size. The end of the tube is sealed with rubber solution, which is 
better than stopcock grease for such a small area of sealing. 

(c) The key carries in addition to the mixing chamber a single hole bored straight 
through, so as to register with a fourth “ calibration arm ” of the tap, when the key 
is turned through 60°. This allows a calibration fluid of known composition (usually 
samples of “ 0% reacted ” and 100% reacted) to drip directly through the observation 
tube, before and after each kinetic reading, from “ calibration reservoirs ” above the 
muting chamber. This rapid alternation of kinetic reading and calibration control 
makes it unnecessary to eliminate slow drifts, and more than any other single feature 
is responsible for the successful operation of the method. 
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The calibration reservoirs can be filled without any contact with the air, by means 
of a 10 cc syringe, not shown, which is connected to the exit end of the observation 
tube through a 3-way tap. This syringe can be filled directly during a kinetic run, 
and the fluid can then be forced back up through the observation tube again and into 
the calibration reservoirs through the turned mixing chamber key. 

(d) Varying the Length of Observation Tube —The optical system (including photo¬ 
cell) is kept firmly fixed, but the whole tube asserfibly, consisting of storage tonometers, 
driving syringes, mixing chamber, and observation tube is mounted on a single brass 
carriage (outlined in white in fig. 4, Plate 5) which slides up and down on the central 
support pillar of the skeleton, and can be clamped in any position, the tube length 
being read off from an appropriately placed scale. The “ time after mixing ” is then 
calculated from this tube length and the rate of flow. 

4— The “ Reaction Meter " 

The theory of the differential photoelectric cell colorimeter, which is 
used for measuring the extent to which the reaction has proceeded at any 
time, has been given elsewhere,* and a brief recapitulation will serve here. 
Radiation from a suitable source is concentrated by a lens system on a 
short length of the observation tube. Two colour filters placed side by 
side each transmit a portion of the light which has passed through the 
tube to the light-sensitive surface of the differential photocell behind 
them, as shown in the inset of fig. 1 (SAF selenium cell, Nuremberg; or 
Electrocell, Berlin, converted; or, with lower sensitivity, Weston photronic 
cell, converted). The filters are chosen to correspond with the colours 
of the initial and final solutions of the reaction being measured, so that 
as the reaction proceeds, less light will get through the “ initial colour ” 
filter, and more light will get through the “ final colour ” filter. Since 
the differential photocell measures directly the excess of light falling 
on one-half of the surface, over that falling on the other half, the initial 
direction of the photocell current will be reversed as the reaction pro¬ 
ceeds. Before making kinetic measurements one adjusts the “ photo¬ 
cell-filter unit ” from side to side until the halfway point of the reaction 
corresponds approximately to zero galvanometer deflexion, and clamps 
it fast. The accuracy is then almost independent of light fluctuations 
and even of a certain amount of turbidity of the solutions. Furthermore, 
the calibration curve is very nearly linear between the two endpoints, if 
one uses suitably dilute solutions, for which the colorimeter is well adapted. 
Measurement is a very simple matter, for one simply drips “ initial ” sub¬ 
stance through the tube, obtains a reading, then “ final ” substance, then 
the “ unknown ”, The calculation is a matter of linear interpolation 
between the two endpoints. 

• Millikan, ‘ J. Physiol,,’ vol. 79, pp. 152, 157 (1933). 
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For “ colourless to colour ” reactions, the same device also works 
perfectly well. Instead of no filter at all on the “ colourless ” side, it 
can be shown that stability increases without loss of sensitivity, if a filter 
of colour complementary to the other one is used. 

A light source should be chosen which emits as much energy as possible 
in those spectral regions where a large change in light absorption accom¬ 
panies the reaction. The accompanying table gives those filter-light 
combinations which have proved satisfactory in practice; it is not claimed 
that they represent the best combinations which might be obtained. The 
peculiar fitness of the Hg arc for the haemoglobin reactions is due to the 
coincidence of the Hb violet band with the very strong Hg line in the 
violet, and the equally fortunate coincidence of the 0 2 Hb bands in the 
yellow and green with the corresponding Hg lines in that spectral region. 

A cheap robust galvanometer is used: Pye; sensitivity, 10 8 amp.; 
resistance, 800 ohms; period, 1 -2 sec. 


Table I— Light Source-filter Combinations 


Reaction 

Concentration 

a / 

Light source 

Filters 

Hb > O a Hb . 

Hb -> COHb 

Hb metHb 

005 

Mercury arc 

Wratten 3, 34 
yellow* violet 

Hb >COHb . 

1*5 

Car head-lamp 

Wratten 25* 56 
red, green 

Hey -► O a Hcy . 

1 

Car head-lamp 
pointolite 

None* 

MB -► leuco MB . 

0 001 

Same as Hey 


Bromthymol blue* etc. 

Tillman’s dye* ascorbic acid .. 
Folin’s creatinine detmn .... 

ca. 0 001 

0*2 

picric acid 

Car head-lamp 
Car lamp 

Wratten 25 56 
Wratten 25 56 


* Non-differential set up. The differential type would be used to-day, with a light 
blue filter and a light orange or green one. 


Mutual Interaction of Factors Dictating Design (see fig. 7) 

In the design of an apparatus of this type, where the principal desideratum is to 
extend the range of usefulness to the greatest possible extent, three sets of factors have' 
to be taken into account. The first set are those limiting factors imposed by the 
problem itself: we can do very little about them. The second group consists of those 
limits which depend upon available apparatus. In each of these we welcome whatever 
improvement or increase becomes available from time to time; the " sky is the desired 
limit Finally these two groups of limiting factors combine to suggest an “ opti- 
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mum ” value for each of the third group of factors, which I have termed “ voluntary 
variables ” because they must be chosen at will. Each of the members of this third 
group is always acted upon in opposite directions by the different limiting factors of the 
first two groups, some tending to make a large value desirable (marked with a 4 - in 
fig. 7), others making a small value desirable (marked with a — in fig. 7), and the 
more rigorous the limiting condition, the more urgent is the increase or decrease of 
the voluntary variable. Since most of the relationships are of a linear or very simple 
form, it is quite probable that the complete mathematical treatment for the 15 mutually 
interdependent factors could be worked out, and a unique optimum solution found 



Fig. 7—Diagram showing mutual interaction of factors dictating design. 

for each of the “ voluntary variables Such a detailed analysis would probably be 
worth making if it was desired to extend the range of the instrument by another five- 
or ten-fold in any direction, in the present development, the chart has been found 
useful in advising the direction of any change in design; the optimum numerical value 
has usually been arrived at empirically. 


II—Apparatus Controls 

A detailed discussion of the new controls which have been developed 
in order to check the efficiency of mixing and the character of flow in 
the observation tube have already been given in the first paper of this 
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series. A summary of the results obtained on the micro-apparatus is, 
however, included here in order that all numerical data specifically 
relevant to this form of the appaiatus shall be available in a single paper. 
The tests of the efficiency of mixing, fig. 8, show that for flow rates greater 
than about 2-5 m/sec, the fluids are 97% mixed in the first 0-0005 sec, 
and about 99% mixed in 0 002 sec. Even for the slow rate of flow of 
1 m/sec 97% mixture is achieved in the first 0-004 sec. It is concluded 
that if high flow rates are used, the apparatus can deal with reactions 
whose half period is of the order of 0 -0005 sec or greater, and even with 
the slow rate of flow, half periods down to 1/250 sec may be measured. 
The tests on the character of flow are summarized in Table II, from which 



Fig. 8—Efficiency of 4-jet bakelite mixing chamber. • flow: 268 cm/sec; o flow: 
175 cm/sec; x flow: 100cm/sec. 

' Table 11—Character of Flow in Micro-Observation Tube 
For a bimolccular reaction 


Time units 

J/10 1/2 1*2 4 

True % reacted . 91 33-3 50-0 66-7 80 0 

Observed % reacted . 9-5 34-1 50-7 67-0 80-1 

Error % . 0 4 0-8 0-7 0-3 01 


it is seen that for a bimolecular reaction (and the results are similar for 
any smooth reaction curve) deviations from mass flow can at most cause 
an error of about 0-8%. A third component of the apparatus which 
can be independently controlled is the colorimeter. It has been shown 
both theoretically and empirically that the galvanometer deflexions are 
directly proportional to the concentration of one pigment in the solution, 
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provided that the solutions be sufficiently dilute. Thus, for an accuracy 
of 1% throughout the concentration range, the deflexion from “0%. 
reacted ” to “ 100% reacted ” must be less than 4% of the deflexion 
when one-half of the photocell is shielded from the light completely. 
This condition, which is easy to attain in practice, when fulfilled, enables 
us to calculate the unknown values of reaction extent by simple linear 
interpolation from the two calibration endpoints.* 

Ill— Accuracy and Range of the Method 
1 —Estimation of Probable Errors 

The possible errors to which the method is subject may be grouped 
under three categories: (1) “chemical” or “storage” errors; (2) 
“ hydraulic ” errors; (3) “ optical ” errors. 

The first group involves the difficulties encountered in any kind of 
chemical analysis, e.g., decay of active substances while in the storage 
tonometers, fading of dyes, denaturation of proteins during storage, 
photochemical decomposition of reactants before and during measure¬ 
ments, leakage of air into 0 2 -free solutions, only to cite a few of those 
which have actually caused trouble. These sources of error must be 
dealt with on their individual merits; in general, however, the practice 
of sandwiching experiments between controls has quickly revealed such 
errors, and duplicate readings made early and late in an experiment have 
shown whether serious changes have taken place in the reactants. Unstable 
reactants can often be stored in a stable form in one tonometer, and then 
transferred just before required to a “ nursing ” or “ activating ” tono¬ 
meter. A very much more elegant method for dealing with compounds 
of very short life has been described by Hartridge and Roughton. It 
consists of two mixing chambers in series. 

(2) The “ hydraulic ” errors—Insufficiently rapid mixing, lapses into 
streamline flow, and flexibility in the fluid drive have been dealt with 
above; they are summarized quantitatively in the table at the end of this 
section. An additional source of uncertainty, the “ fuzziness of the 
time axis ” caused by the finite length of the observation slit can easily 
be estimated for each individual set-up. It only becomes serious for 
very rapid rates of reaction. 

The principal source of optical difficulty has been mechanical un¬ 
steadiness of the optical system under the large forces required for the 
hydraulic drive. Even quite small displacements are fatal to photo- 

* Millikan, ‘ J. Physiol.,’ vol. 79, pp. 152, 157 (1933). 
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electric photometry, necessitating great rigidity in the framework of 
the apparatus. Fortunately, this source of error can easily be checked 
by comparing a “ stationary ” reading with a “ flow ” reading in a non¬ 
reacting fluid. With the balanced system of colorimetry, small fluctuations 
in the intensity of the light source tend to cancel each other out, but small 
changes of position of the optical components are serious. Filament 
lamps give little trouble, but when a mercury arc is used, a very steady 
type must be chosen; the capillary type has been found most suitable 
(e.g., Thermal Syndicate’s “ point source ”). Turbidity of solution causes 
little trouble, because all the light goes through the observation tube, and 
small unselective changes in transmission balance each other out. 


Table III 


Factor 

Efficiency of mixing . 

Character of flow . 

Linearity of light-measuring system .. 
Steadiness of time scale (uniformity of 
flow rate) 


Probable error introduced by this factor 

Less than 0 -5% for all times greater than 
2 millisec. 

Less than 0 8% throughout for all smooth 
curves. 

2-4% in practice. 

2-3% ( J greatest tolerated fluctuation 
in flow rates). 


A summary of possible errors, for which quantitative estimates can be 
given, is shown in Table III. 

These values were obtained for a fairly typical haemoglobin reaction 
using the 1 mm observation tube (the concentration of Hb being 1/100 
that of blood). The accuracy depends to some extent on the speed of 
the reaction being measured, the magnitude of the colour change involved, 
etc., .but the above figures are representative of normal operating con¬ 
ditions. 

2— Reliability of the Method —“ Overall ” Controls 

We have seen in paper 1 of this series how the component parts of the 
apparatus can be severally controlled. Of even greater value as checks 
are comparisons of the results obtained by the method with those derived 
as independently as possible. Three examples will be given: 

(a) Comparison of the Micro-Optical Method with the Macro-Thermal 
Method of Houghton—A reaction which it was possible to follow by both 
methods with identical concentrations of reactants was the CO uptake of 
concentrated haemoglobin solutions. The measurements with the present 
apparatus were in fact made on the residual solutions which Dr. Roughton 
and Dr. Bateman had just used for the thermal kinetic determinations- 
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It was gratifying to find that the two methods which differ in mixing 
chambers, observation tubes, methods of fluid drive, and criteria for the 
extent of the reaction, agree to within 3 or 4% over the whole range of 
the reaction. The results are plotted in fig. 9. 

(b) Comparison of a TJnimolecular Reaction with the Theoretical Curve — 
A reaction which Hartridge and Roughton had found to be unimolecular 
over a moderate range, viz., the dissociation of oxyhaemoglobin in the 
presence of excess hydrosulphite, was tested by the present method over 
a considerably greater range. Their result was fully confirmed, the 
standard deviation of the 42 measured points from the expected ex- 
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Fig. 9—Comparison of optical and thermal methods of measuring the velocity of a 
rapid reaction. Rate of CO uptake by reduced Hb solution. From Bateman 

and Roughton.*-endpoint; x thermal (Bateman and Roughton); © optical 

(present method). 

ponential curve being 3 -8%; this is of the same order of magnitude as 
the differences between duplicate readings, fig. 10. 

(c) Quantitative Agreement of Kinetic and Equilibrium Data —Probably 
the most stringent test which can be applied to the method is that of 
using it to calculate an equilibrium constant from two opposing velocity 
constants, and comparing this result with that obtained directly by static 
equilibrium methods, as had previously been done on blood haemoglobin 
by Hartridge and Roughton. We have had occasion to apply the present 

* ‘ Biochem. J.,’ vol. 29, pp. 26, 35 (1935). 
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technique to two systems in which the equilibrium state can be interpreted 
on the basis of the simplest mass action considerations, namely dialyzed 
limulus haemocyanin,* and mammalian muscle haemoglobin,! each of 
which possesses an hyperbolic dissociation curve. The results of these 
measurements are given in Table IV. 



Fio. 10—A unimolecular reaction as measured with the micro-kinetic apparatus. 
About 2 cc of blood were used for this experiment, o flow: 58 cm/sec; 
O flow: 85 cm/sec; • flow: 125 cm/sec; --o-- Hartridge-Roughton data, same 
reaction, 1923. 

Table IV 

Velocity constants Equilibrium constants 


Reaction „---» --v Difference 

. A'on kaff Kkln K.ut /o 

O, + Hey - O.Hcy. 1500 7-4 202 216 6 

O, + Hey - OjHcy. 2100 7 4 284 216 31 


O a + Mgb — 0,Mgb .... 19000 36 6 520 495 4 

CO + Mgb - COMgb .. 300 0 043 7000 9500 26 

Since the combined experimental uncertainties of the three quantities 
involved amount to nearly 50%, the observed differences lie well within 
expected limits, and this degree of agreement between figures differing 
among themselves by nearly a thousandfold provides evidence for the 
general reliability of the kinetic data. 

* Millikan, ‘ J. Physiol.,’ vol. 79, p. 158 (1933). 
t Millikan, ‘Proc. Roy. Soc.,’ B, vol. 120, p. 366 (1936). 
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3— Range and Possibilities of the Method 

(a) Time Range —The time range of the present apparatus is from 0 -0008 
sec to about 0-50 sec. By the simple expedient of suddenly stopping 
the fluid in the tube and following the subsequent course of the reac¬ 
tion in the stationary fluid by means of the galvanometer, this range 
can be extended on the long side for any desired period. At the short 
end of the scale, the limiting factors are the mechanical difficulties 
associated with ever faster rates of flow such as leaks and irregularities. 
But we have no reason to suppose that we have yet reached any absolute 
limit in this direction. In the measurement of very rapid reactions, small 
tubes possess one intrinsic advantage over large ones. The ultimate 
limit to the speed of mixing is determined by the rate of diffusion across 
the small blocks of homogeneous fluid delivered by the mixing jets, and 
this rate will be determined by the absolute size of these blocks, i.e., by 
the maximum distance of solution A from solution B at the moment of 
mixing. This distance can be kept shorter in a simple 4-jet mixer leading 
to a 1 mm tube than in a much more complicated 16-jet mixer leading to 
a 5 mm tube. 

A second means of approach to the measurement of very rapid reactions 
(if their order is higher than the first) is the reduction of concentration of 
the reactants, thus slowing up the absolute rate for a given velocity 
constant. We have already seen how the differential form of photo¬ 
electric colorimeter is peculiarly adapted to this condition, nor has the 
limit of its possibilities in this direction yet been reached. 

(b) Pigment and Concentration Range —Even with the simplest colori¬ 
meter and low sensitivity galvanometer, pigment solutions so dilute 
that their colour can scarcely be seen in the observation tube with the 
naked eye can quite easily be measured. The usual concentrations which 
have been found suitable for haemoglobin, haemocyanin, and several 
indicator dyes have been given in Table I. 

The method should not be limited to the visible part of the spectrum. 
Colourless proteins and vitamins have characteristic absorption bands 
in the ultra-violet and infra-red portions of the spectrum, which could 
be used as criteria of reaction. The detachable glass observation tube 
would have to be replaced by a quartz one for the short wave ultra-violet 
region, and for spectral regions where suitable colour filters are not 
available, a monochromator would have to be used, but no change in 
principle would be involved. 
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(c) Temperature Range —Water jacketing of the apparatus has not proved 
practicable, but its portability enables it to be taken to cold or warm 
rooms or to be placed in a simple air thermostat. The available tem¬ 
perature limits will be imposed by the comfort of the operator, but will 
normally include the biologically important range. 

1 should like to express my great indebtedness to Dr. F. J. W. Roughton, 
who introduced me both to micro and photoelectric methods of kinetic 
measurement, and who has in addition inspired many of the details of 
this form of the Hartridge-Roughton apparatus. My thanks are also 
due to the laboratory mechanic, L. Hall, who constructed much of the 
apparatus, and helped with the design of many of its component parts. 


Summary 

The HaTtridge-Roughton continuous flow apparatus for measuring rapid 
reactions has been modified so as to fit it for— 

(a) reactions involving any kind of colour change (pigment reactions, 
and those involving indicators); 

(/>) small quantities of material; 

(c) easy transport. 

It has been used in the present form for several years in the study of small 
quantities of biological substances. 

The reacting fluids are forced by motor-driven syringes through two 
converging tubes to a mixing chamber, whence they pass down the micro¬ 
observation tube, of approximately 1 mm internal diameter. The extent 
of the reaction is measured by means of a simple photoelectric cell colori¬ 
meter. 

Control experiments checking the efficiency of mixing, the character 
of flow down the tube, and the overall performance of the apparatus, have 
shown it adequate to deal with processes whose half reaction time is 
greater than about 0-0005 sec. 

When used for haemoglobin reactions, a complete kinetic curve can be 
obtained on 0-2 cc of blood (diluted about 200 times in the observation 
tube). 
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Description of Plate 

Fro. 2—Steel framework of the apparatus. 

Fro. 3~~The micro-kinetic apparatus. For transport the apparatus is packed into the 
box on which it is standing. The lamp (mercury arc) photocell, and galvano¬ 
meter are mounted on sorbo rubber in another box of about the same size 
together with the Barcroft tonometers and other spares. 

Fro. 4—Close-up of the micro-kinetic apparatus. The assembly outlined in white 
ink, consisting of storage tonometers, driving syringes, mixing chamber, and 
observation tube, slides as a unit up and down the framework pillar, in order 
to vary the tube length. The optical system remains fixed. 

Fig. 5—The mixing chamber and observation tube as viewed from the light source 
(with the condensing lens removed). 


Influence Lines for the Wave Resistance of Ships—I 
By Einar Hogner, Fil. Dr., Docent in the University of Uppsala 
{Communicated by T. H. Havelock, F.R.S.—Received January 24, 1936) 

From the known approximate solutions of the problem of ship wave 
resistance we may, with the degree of accuracy of these solutions, investi¬ 
gate the influence of a change of ship form upon the wave resistance. 

The problem not being linear, it is of course, having regard to the 
mutual induction between the different parts of the ship’s surface, not 
possible to indicate the influence of a finite change at one point as inde¬ 
pendent of that at another point. But for infinitesimal changes the 
problem may be considered as linear and in this case the solution can be 
given in a form very suitable for use in designing practice, viz., by con¬ 
structing “ influence lines ” as sections of “ influence surfaces ” indicating 
the change in wave resistance for unit change of displacement at the 
different points of the surface of the hull. These curves show immediately 
at what points a given form should be modified in order to reduce the 
wave resistance and allow an estimate of the tendency and magnitude 
of the variation of the latter for a projected change of form. 

Consider the recently proposed “ interpolation formula ” for the wave 
resistance R on deep water, derived by regarding the ship as equivalent 
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Wave Resistance of Ships 

to a uniform distribution throughout the displaced volume of doublets 

with the density -—— -: and parallel to the ship’s velocity*: 

Z7T (2 — a) 

R 


a 

where g — acceleration of gravity, p = density of the water, v = uniform 
speed of the ship, k g!v 2 , L, B, D, V, — length, beam, draught, dis¬ 
placement of the ship, v, y, z — orthogonal coordinates in a right-hand 
system, the .rv-plane coinciding with the originally undisturbed water- 
surface, the positive A-axis with the direction of the ship’s velocity, and 
the 2-axis positive downwards. This interpolation formula gives the 
Michell formula by putting « — 0 and, in the argument of cos and sin, 
}' ; ; 0. 

The ship possessing longitudinal symmetry, we denote by V 0 /2 the 
displacement of one (e.g., the starboard) longitudinal half of the original 
ship. All quantities referring to the original ship-form we shall denote 
by index zero. When, keeping L, B, D constant, we alter the ship-form 
infinitesimally and symmetrically to the midship plane, the increase of 
displacement on each side being AV/2, the wave resistance is changed from 
R„ to R 0 + AR. The alteration of form is expressed by increasing the 
coordinates y (x, z) of the surface of the hull by Ar (a, z). Thus, 
neglecting higher powers than the first of the A-quantities, we get: 

2 jjj e - k2,u ' 1,1 ^° n s [Aw vV 4 1] cos [kyu vV + 1 ] dxdydz + 

V,:2 

+ 21J j" e~ kz{ “' ‘ ” ^ [Aw yF-T ] cos [kyu V« 2 +I ] dx dy dz = 

4V/2 

= N“ f + 2 fj *’**''' 0 si°n V'«?TT1 x 

Si/ 

N AN 

X cos [kyu Vm 2 + i ] A>’ (x, z) dx dz ----- + > 

* Hogner, “ Schiffsform und Wellenwidcrstand " in “ Hydromech. Probl. d. Schiffs- 
antriebs,” ed. by G. Kempf and E. Foerster, Hamburg, 1932, pp. 109-114. 


N r . 
K\ ' 


2 pff 

re (2 — a) 2 


-5 f'"(N r * + N *)(«* + \r-du 

V J -~00 

11 [k ( V + yu) \/(7TT] dx dy dz 


LBD f (L 2 + u) (B 2 + u) 1/2 (D 2 + u) >' 2 du, 

J n 


VOL. CLV.—A. 


X 



294 


E. Hogner 


where denotes the projection on the midship plane of the longi¬ 
tudinal half of the hull’s surface. 

Now we take Ay (x, z) = 0 except for x = jc 8 , z — z a . At these points 
on each side we change the displacement symmetrically by the quantity 


i 4*V — || Ay (x, z) dx dz. 


or by A S V on one side, and for this change we obtain: 
A s N r 


A 8 NJ 1 " tin ^ kx * V'm 2 + 1] COS [Ay s (v 3 , z B ) u y/u* + 1], 

Writing: 

R - R 0 + AR « — (IV + N m 2 ) (u 2 + 1) ™du + 


+ 


- (2 8 - ;^ )2t ,„ j n (N 0r AN r + N w AN ( )(u 2 + 1) 3/2 du, 


we have for the increase in wave resistance A 3 R caused by the increase 
in displacement just mentioned the expression: 

A k R = - (2 ^ P f) 2 A " V j H t N o>- cos VuHT) fN w sin (kx H y/lf+ T)]. 

e -b» (w* + i) cos [ky^u Vn 4 + 1) (w 2 + 1) 3/2 du. (1) 


From this expression we can, when the ship-form is given, for every 
section of the hull construct “influence lines” for the wave resistance, 
which for every point of the section give A S R for A„V = 1 or for 
A*G = p g A g V : " 1. 

In a second paper a more complete treatment of the formula (1) for 
ship-forms of considerable generality will be given. Here the calculations 
are performed only for a simple case but with some numerical detail. We 
choose for this a vertical post with uniform water plane section of a 
parabolic form: 



For this kind of ship, having also transverse symmetry, the expressions 
for the wave resistance are reduced to: 


tc (2 — a) 2 d« 


f* tv (u 2 + 1) 3/2 du 
Jo 


AR ” c N - AN - ( "* + 1 * ) 


(2) 
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We introduce the dimensionless quantities: 

\ — 2x/L, 7) = 2y!B, i — z/D 
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( 3 ) 


p = (AL/2) a/m 2 + 1, q -■= (AB/2) . w a/m* + 1 
Po = ^L/2, ~~ AB/2 

and write the equation of the starboard side of the hull: 

ri= l- ’ (4) 

Further integrating with respect to z from 0 to oo we get : 

N„ r — 41| j • > cos [A.v a/m 2 + 1 ] cos [kyu \iP 1] dx dy dz — 


V./4 


LB f* f-f* 


*1 

cos {pi) cos {qy]) di) di 

Jo Jo 


A (m 2 + 1) 

—7 , L . B - . , ( cos pc, sin [q (1 - £ 2 )] di = 

<7* (m 2 + 1) J,, 


LB 


V (-YrfilL " (1 _ cos (/>£)</J[, (5) 


qk(u* + l),r„ |2v 4 1 

Af,Nr “ 2 F (m^+ 1) f , C ° S C ° S ^ (1 ~ ^ ^ = 

LB ^cos(^)[_l . 


4A(m 2 + 1) 


choosing A 7) ^ 0 only for i and j At) (£) */£ i A rt A. 


( 6 ) 


Performing the simple integrations in the expression of N 0f we obtain: 


N 0r A (m 2 + 1) 
LB 



4 cos p — 
p 



+ <7 4 {.}■ 


( 7 ) 


The quantity A g A. LB/4 is evidently that displacement per unit 
draught, half of which added at each of the two symmetrical lines 
x — jc s , y = ± y 8 , causes the increase A S R in the wave resistance. 


x 2 
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From (6) and (7) we form the following expression: 


4N„ f A fi N f W+ 1 )»'* 

L*B*A b A 

_ _ cos [ Pc, (1 — |s) Vu' 1 4- 1 ] f cos \p a (1 4- 5J Vu 2 + 1 ] 

4- l) 3 ' 2 + 

, sin [/? 0 (1 — 5g) Vk 2 + 1] + sin [pp (1 + 5 B ) yV 4- 1] , 

Po (w 2 + 1 ) 2 

ql | (1 - (n 2 4- !)»/» 8 120 

2 i P j » v^+i)'^ + 

(1 - 5s 2 ) 2 , 8 _ 120 

/V (« s + i y* ' />o 4 (m 2 + ip p 0 « (m 2 + 1) 6 ' 2 • 

. [cos ( p 0 (1 — 5b) Vu 2 + 1) + cos (p 0 ( 1 + 5s) Vm 2 4- 1)] + 


(1 ~ Ilf 


48 120 n — p 2 \a 

+ /V(« 2 + D ~ /V (? + l ) 2 + A, 3 (« 2 +l) 


/V‘ (M 2 + l ) 2 Po 7 («*+»)*- 


[sin (/» 0 (1 — 5 S ) Vu 2 4 1)4- 


+ sin (/? 0 (1 + 5s) Vm 2 + 1)] / 4“ (Jo* { 


In order to obtain the increase in resistance according to (2) we now 
have to integrate the expression on the right-hand side of (8) with respect 
to u from u — 0 to u — 00 . The integrals thus appearing are of the 
types: 

f* cosfxvVF 1) 

Jo (m 2 4- l)" +3/2 

-- I 1 cos 2n+1 <f> cos (x sec </>) </<£ — (—) n+1 P 2n+1 (x) (9) 

Jl) 

I" Sin (^ ' Z-] 7 ^i l , > du = cos2 " * sin sec <f>)d<f> = ( ) n P a „ (x) 


The functions P 2n+1 (x) and P a „(x), when n > — 3/2 and — 1 respec¬ 
tively are well known and were introduced by Havelock in treating wave 
problems. For x > 0 they are also given by the relations: 

n .P n ~ x (P„_j 4 - P„ 3 ) — 1) P„„ 2 

P- 2 (x) = (7t/2) Y 1 (x) 

P_ t (x) - (tt/2)Y 0 (x) 

P 0 (x)- (tc/2) xY 0 + (tc 2 /4) x (Y„Hj - Y X H 0 ) 
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Y being the Cylinder function of the second kind and H being Struve’s 
function (Y and H in Watson, “Theory of Bessel Functions,” pp. 64, 328, 
and the tables, pp. 666 697). 

For n — 3/2 and --1 respectively the above integrals become 
divergent. However, the physical import of the problem is not altered 
if, when integrating with respect to z, we do not integrate exactly to the 
water-surface z — 0 but only to z — 8/A:, 8 being a small positive quantity, 
which afterwards is made = 0. Thus we can retain a factor in the inte¬ 
grand that vanishes exponentially when u takes infinite real values, con¬ 
sequently it is always possible to displace the infinitely remote parts of the 
path of integration out into the complex w-plane. Thus our integrals 
get a definite sense for all values of n. Putting generally: 

n 6“' -i >1- ~'« r ^ l 

P,(.V) = Re (— |)- +1 lim - ===== - — du, 

Jo tv« + 1 )' 

we find easily, when x > 0, for integral values of m > 1: 

(ii) 

The recurrence formula in (10) is then valid for all values of n. 

Now integrating (8) in the manner just described and introducing the 
abbreviation: 

- {P,[p«(l - 5»>1 I P,bo(l + m = H\, (12) 

TC 


we get for the fraction A 8 R,/A S A the following relation: 


. 1? . g* r N 0r A s N r («• + 1) 3/ - du = 

A S A ApgL a B a re L 2 B-A 8 AJ<, 

» — ~ ~ X l\ + ^ | - ( ‘P 3 + 'P-l)™ 

Po a Po 2 1 /V 

~ X (T x + Tj) - 11° (T x + r a ) I- + To) + 

Po Po Po 


+ ^ ( l F 0 + T a ) + ^ (T, + 'F 4 ) j + (lo * 
P 0 Po ' 


(13) 


The factor multiplied by q 0 * in (13) is finite when |i; 8 | 1, which can 

be shown by considering the integral over the rest in formula (8). The 
calculation of further terms on the right-hand side of (13) is now only a 
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matter of computation as all the functions which occur are of a known 
type. 

The above-mentioned method of integrating out into the complex 
w-plane can be used also in some cases of ordinary calculation of wave 
resistance. Then, for the form here considered, we have to integrate 
squares of quantities such as the right-hand side of (7), said squares 
being divided by V u l + . Transforming the products of sines and 
cosines into sines and cosines with the double argument, we obtain 
expressions of the same types as in the present case. 

Now introducing the Froude number/= v/VgL, putting p 0 — 1/(2/*) 
and characterizing by its weight 

= 9 .g. A s A.L.B/4 (14) 

the total increase per unit draught of the displacement (the increase at 
being A S G at one side or A a G/2 at each side of the midship 
plane) we transform (13) into: 

Q „ 4/ 2 ( v Fj - 2/*M' 2 ) + 

+ 0 ~ (^a+'F 1 )~16/ 2 (T_ 1 +T 1 )-960/«(T- 1 +T s )4- 

+ (1 - Wl'F-s + X F 0 ) + 192/ 4 (T 0 + T 2 ) + 1920/"( v F 2 + 4' 4 )j + 

+ ~ . {.} = Q. + g . Q 1 + g • Q,w (15) 

For the present we shall confine ourselves, as Q Jlcst is finite and B 4 /L 4 
is a comparatively small quantity, to construct influence lines, neglecting 
terms of the order of magnitude of the 4th and higher powers of B/L. 
Thus the quantities Q 0 and Q L have been calculated as functions of 
x 8 — . L/2 for two values of the Froude number /, namely /= 0-25 

at the upper slope of the third hump in the curve of wave resistance and 
corresponding to merchant ship conditions and/= VO-2 ~0-447 near 
the top of the first hump and corresponding to the conditions of extremely 
fast ships. The half-parts of the corresponding curves, which are sym¬ 
metrical about x =■- 0 (the index S now being omitted), are shown in the 
annexed figs. 2, 3, 5, and 6. For special values of B/L it is easy to com¬ 
bine these curves to curves for Q, i.e., to influence lines for the wave 
resistance in a certain scale. From the figures it is evident that for 
ordinary values of B/L (except perhaps for the largest ones) the quadratic 
term is of little importance when |x| is not too near to L/2 so that for 
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such points the curve for Q 0 may often be considered to represent the 
influence line for the wave resistance with a sufficient degree of accuracy, 
provided of course that Q K „ st is not very large. If we had started from 
the Michell formula, we should have had Q = Q 0 and a ~ 0. 

The above considerations are not valid for x = 0 and for |x| — L/2. 
A discontinuity (not indicated in the figures) that appears at x — 0 depends 
on the fact that for this point also the quantity a must be varied and gives 
an additional alteration of the resistance when the beam is varied (cf 
below). At |jc| — L/2 the ordinates of the curves of Qi become infinite, 
and the convergency of the development (15) fails. But it is seen from the 
curves that the predominant influence of the first term extends to the im¬ 
mediate neighbourhood of the ends of the form. 

As the influence lines have been located in the figures they immediately 
show how the boundary of the water plane section should be displaced at 
every point in order to obtain a reduced wave resistance. Both the 
directions and the relative magnitudes of the alterations are indicated. 
This indication is independent of additional conditions, e.g., the pre¬ 
serving of a certain displacement. In the figs. 1 and 4 the improved 
lines have been designed under the supposition that Q 0 represents Q 
with a sufficient accuracy. The alteration of the wave resistance is 
represented on a certain scale by the volume enclosed by a plane and a 
surface, whose distance from the plane at every point is the product of 
the corresponding ordinate of the influence surface by the transverse 
alteration of the form. A simultaneous increase AB of the beam B gives 

an additional increase ——- • -=-- AB of the wave resistance. 

2 — a 0B 

The wave-lengths of the influence lines at the middle of the “ ship ” 
here considered are slightly less than the lengths of free waves moving 
with the corresponding velocities of the ship. The negative ordinates of 
the influence lines near the fore perpendicular indicate the advantage of a 
bulbous bow. For a high speed vessel fuller ends, and for a slower one 
sharper ends are indicated as good. Further the rather changing character 
of the wave resistance properties of the different parts of the surface 
of the slower ship is to be noticed. This gives an explanation of the 
difficulty proved in trying to find laws from experiments for the resistance 
in the region of the third hump of the resistance curve. 

Summary 

The recently proposed “ interpolation formula ” for the wave resistance 
of ships and, as a special case of it, the Michell formula are used for 
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constructing “ influence lines ” for the wave resistance. The influence 
lines can be drawn for every section of the hujl and indicate the increase 
in wave resistance for an infinitesimal unit increase of displacement, 
altering the latter at one point or symmetrically at one point on each side 
of the ship. The influence lines thus give a survey of how to modify 
the ship’s form in order to reduce the wave resistance and they give means 
to calculate the alteration of the latter by a projected change of form. 
The computation is carried out for a vertical post with parabolic water 
plane section. 


The Freezing Point of Palladium 

By F. H. Schofield, B.A., D.Sc., Physics Department, National Physical 
Laboratory, Teddington, Middlesex 

(Communicated by Sir Joseph Petavel, F.R.S.—Received January 27, 1936) 

1—Introduction 

The International Temperature Scale, which has been in force since 
1927,* is based on certain values assigned to the boiling and freezing 
points of pure substances and on specified means of interpolation between, 
or extrapolation beyond, these points. The highest basic point of the 
scale is the freezing point of gold, defined as 1063-0° C, while for extra¬ 
polation from this temperature use is made of the Wien law of radiation 
with a certain value of the constant c a - Though any temperature above 
1063° C is thus completely defined without reference to further fixed 
points, determinations of such points are of considerable value. In 
particular, they serve to indicate the degree of reproducibility of the 
scale by the various users of it, and, when well authenticated, to provide 
secondary standards for its realization. 

Probably the most important of the fixed points referred to are the 
freezing points of palladium, platinum, rhodium, and iridium. The 
first-mentioned point has been the subject of considerable investigation 
in the past and a value of 1555" C has been assigned to it in the list of 
secondary points given in the appendix to the specification of the Inter¬ 
national Temperature Scale. 

* ‘ Trav. Mem. Bur. Int. Pds. ct Mes.,’ vol. 18, p. 94 (1927). 
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Some years ago the author determined the melting point of the metal* 
by observations carried out on small specimens in the form of wire and 
foil. Since then considerable improvements have been introduced, par¬ 
ticularly by workers at the National Bureau of Standards, U.S.A., in 
the technique of observing high temperature freezing points whereby 
substantial ingots of metal, heated by electric induction, may be used. 
This method has been adopted at the standardizing laboratories of 
Germany, Great Britain, and the United States of America for deter¬ 
minations of the freezing point of platinum with very satisfactory results.f 
It has been thought advisable in view of the experience gained to apply 
the improved methods to a re-determination at the Laboratory of the 
freezing point of palladium. 

II—Method and Apparatus 

The method of experiment was the same as that employed by the 
author for determining the freezing point of platinum. J In that investi¬ 
gation, the determination was made by means of an optical pyrometer, 
and the successive use of two rotating sector discs which gave the following 
reductions in brightness for light of about 0-66 g., viz.: 

(1) From the freezing point of platinum (about 1773° C) to 1270° C. 

(2) From 1270° C to freezing point of gold (1063° C). 

Since the second sector gives a reduction in brightness from the freezing 
point of palladium (1555° C) to 1270" C, it was only necessary in the 
present investigation to employ this sector twice, the intermediate tem¬ 
perature being the same as for platinum. The advantages of the two- 
stage system of reduction, which were described in the author’s paper on 
platinum, apply with rather less force here owing to the smaller tempera¬ 
ture interval involved. It was therefore planned, while relying mainly 
on the two-stage determination, to carry out check measurements with a 
sector giving a reduction in one step from palladium to gold. 

The apparatus consisted of the high-frequency furnace which had been 
employed for platinum and into this was inserted the assembly shown in 
section in fig. 1. It will be seen that the palladium ingot was contained 
within a crucible and had projecting into it a closed-end tube which was 
cemented into the lid of the crucible. The parts just mentioned were 

* * Proc. Roy. Soc.,’ A, vol. 125, p. 517 (1929). 

t The values found at the National Bureau of Standards, the National Physical 
Laboratory, and the Physikalisch-technische Reichsanstalt were respectively 1773 • 5° C, 
1773 -3° C, and 1773-8° C. 

t ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 792 (1934). 
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made of pure thoria, which material was also used in powder form for 
thermal insulation of the crucible. The outer container was of silica 
and this was connected by a wax joint to the Pyrex extension on the 
top of which the pyrometer prism was affixed. Within the apparatus a 


moderate vacuum of the order of 0 • 1 
mm of mercury was maintained. The 
prism formed a permanent part of the 
optical system of the pyrometer, and the 
fixing of it directly on the tube obviated 
the need for an intermediate window, 
the transmission of which would have 
had to be determined. As a measure 
of precaution the prism was removed 
and cleaned before the commencement 
of each day’s run, though in no case was 
any depreciation in the value of the 
freezing point observed during the work¬ 
ing period extending over several hours. 

Ill—P urity of Metal Specimen 

The specimen of metal used was one 
specially purified by the Mond Nickel 
Co., Ltd., and kindly lent by them to the 
Laboratory for the purpose of the in¬ 
vestigation. It was received in the form 
of sponge which was converted into an 
ingot of the required size by compression 
in a steel mould into pellets, followed by 
one or two meltings in a thoria crucible. 
The ingot so made had an axial hole 
drilled in it to clear the sight tube and 



the apparatus was assembled when cold 
as shown in fig. 1. 

Great care was taken to prevent con¬ 
tamination of the metal at every stage 


0 / 2 3 * S 


cm 


Fig. 1—Assembly for melting of 
palladium. 


of its preparation and use, and as a check on its purity, spectrographic 
analyses* were made at several stages. For purposes of comparison 


* All the spectrographic analyses included in this paper were supplied by Dr. Barr 
Of the Metallurgy Department, National Physical Laboratory, and were made by 
the carbon arc method. 
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specimens used in some previous investigations, including one at the 
Bureau of Standards, were also analysed spectrographically. 

In addition, measurements were made of the thermal E.M.F. of several 
of the specimens of palladium against each other, and of the ratios of 
their electrical resistances at 100° C to those at 0° C, which measurements 
are known to afford very sensitive indications of chemical purity. The 
comparisons which were thus made with the Bureau of Standards speci¬ 
men, kindly lent to the Laboratory for the purpose, were of particular 
value since this specimen had itself been compared* with those used by 

Table I—Comparison of Specimen Used in Present Investigation 


with Those Used in Some Previous Investigations 

Thermal 

Spectrographic analysis! E.M.F. 

Particulars of specimen* - - -1100 C-20 C Rioo 'Ro 

Ag Ca Cu Rh Ru Zr against 

B.S. No. 138 
microvolts 

1922 Nela. 4 2 3 2 — — — — 

1929 B.S. No. 138 . — — 2 -. 0 1-377 

1929 N.P.L. (j. & M.) . 2 2 I — — 0 1*377 

1935 Mond sponge. 1 2 I — — — — — 

1935 Mond after 10 melts_ 1 2 1 — — 1 - 95 1*380 

1935 Mond after 30 melts .... -90 1 * 379 

1935 Mond after 40 melts .... 1 3 2 I — 2 ~40 1*378 


* “ Nela " represents specimen used by Nela Research Laboratory; B.S, No. 
138 ” specimen used by Fairchild, Hoover, and Peters. 

“ N.P.L, (J. & M.) ” specimen by Johnson Matthey Sc Co., used by author in 1929; 
“ Mond ” specimen by Mond Nickel Company used in present investigation. 

t The numbers indicate the degree in which the element is present: 1 signifies very 
faint trace, 2 faint trace, 3 heavier trace, 4 probably determinable by gravimetric 
analysis. 

other investigators, e.g., by Day and Sostnan and by Hyde, Cady, and 
Forsythe. The results of the tests referred to above are summarized 
in Table I. 

The following information may be added with regard to the last two 
columns of the table. The values of both the thermal E.M.F. and 
electrical resistance ratio were found to be considerably affected by the 
temperature at which the wire was annealed. For example, one specimen 
of palladium wire gave a value for Ri 00 /R 0 of 1 *371 when annealed to 

* See “ A New Determination of the Melting Point of Palladium ” by Fairchild, 
Hoover, and Peters, ‘ Bur. Stand. J. Res.,’ vol. 2, p. 931 (1929). 
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|100° C, and 1 380 when annealed to near the melting point. All wires 
were therefore annealed to 1500° C, or over before the above-mentioned 
measurements were made. 

The inferences to be drawn from the table as to the purity of the 
specimens seem to be as followsThe values of R 100 /R 0 are as high or 
higher than any previously published, the maximum of which was 1-377.* 
A high value of this ratio generally connotes a high degree of purity so 
that all the specimens tested would seem to be exceptionally pure with a 
definite advantage in this respect in favour of the material used in the 
present investigation. The latter conclusion is confirmed by the fact 
that the E.M.F.s of the 1935 specimens are negative relative to the other 
two. The spectrographic analyses are useful in showing the high absolute 
purity of all the specimens, but they allow no definite conclusions to be 
drawn as to their relative degrees of purity for which the other tests 
would seem to be more valuable. 

While, as stated above, the 1935 specimen appears to be somewhat 
purer than the others examined, the difference is probably insignificant 
for the purposes of the present investigation. According to Fairchild, 
Hoover, and Peters,t a positive E.M.F. of 2500 microvolts at the melting 
point, equivalent to some 2000 microvolts at 1100 ’ C, corresponded with 
a lowering of only 2 • 3" C in the freezing point of the particular specimen 
as compared with their own. On this basis the negative value of about 
100 microvolts at 1100° C would mean a raising of the freezing point 
by the quite negligible amount of 0-1“ C. 


Ill—-M easurements of Melting and Freezing Points 

The measurements made on the ingot of palladium consisted of the 
usual time-temperature observations during the period of freezing or 
melting of the metal. Specimens of the curves obtained in this way are 
shown in fig. 2, while a summary of the values for melt and freeze together 
with data of the ingots are given in Table II. 

The following comments may be added. The forms of freezing curves 
were on the whole very satisfactory, a large proportion of them being of 
the quality shown in fig. 2. The length of the halt was varied in the 
ratio of two to one without noticeable change in value. No appreciable 
undercools were observed. With the melts, the halt was generally shorter 
than in the freezes, and the forms of the curves were not so good on the 

* Holborn, 4 Z. Physik,’ vol. 8, p. 58 (1921). 
t ‘ Bur. Stand. J. Res.,’ vol. 2, p. 931 (1929). 
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Table II—Melting and Freezing Points of Palladium. Summary of 

Values 

Values of melting points Values of freezing points 


Mass of 

Sector 



ingot 



No. 

gm 



of 

119 j 

Pd-1270 

\ 

< 

1270~Au 

1 

D 

119 + 60 



4 

119 + 60 

1 > 


7 

119 + 60 

•• 


5 




Mean 

162 




(reconditioned 

Pd-Au 


2 

ingot) 






Average 



Average 


deviation 



deviation 

Mean 

from mean 

No. 

Mean 

from mean 

° C 

U C 

of 

°C 

°C 

1553*9 

0*4 

6 

1554*4 

0 3 

1554*1 

0*4 

8 

1554*1 

0*4 

1554*4 

0*3 

7 

1554*7 

0*3 

1554*3 

0*8 

3 

1554*6 

0*5 

1564*2 


Mean 

1554 4 


1554*2 

0*2 

2 

1554*8 

0*6 



Fig. 2—Example of curves for melting and freezing points of palladium. 


average. As is shown, however, in Table II no appreciable difference 
was found between the mean values for melting and freezing points. 

It will also be seen from Table II that three different sizes of ingot were 
used, ranging from 119 to 179 gm, and that most of the observations were 
taken with the sector, which covered the range in two stages and had 
previously been used for determining the freezing point of platinum. As 
already explained, it was intended to rely mainly on this sector, but as a 
check, readings were commenced with another sector giving a direct 
step down from the palladium to the gold point. So far as they went, the 
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observations with the latter sector confirmed those with the former, but, 
as the apparatus then broke down and it was not convenient to re¬ 
assemble it, the work was discontinued. 

The single pyrometer lamp used was the same as that employed in the 
platinum determinations. Its calibration was checked at the conclusion 
of the work by observations at the gold point and comparisons with other 
lamps and was found to have remained constant within the limit of repro¬ 
ducibility which is considered to be about ± 0-2° C. 


IV—Discussion of Results 

The figures given in Table II show a high degree of reproducibility. 
Thus the probable error of the mean of the 24 experiments on which the 
freezing point is based is only ± 0 07" C. The absolute value of the 
point, 1554-4° C, is, however, subject to a number of sources of error, 
similar to those dealt with in the author’s paper on the freezing point of 
platinum, and it is not considered that the overall limits of error can be 
placed much lower than was estimated on that occasion, namely ± 1 ° C. 
The result is compared with some recent determinations in Table III. 

Table III— Determinations of the Melting or Freezing Point of 
Palladium by Ratio of Brightness Measurements 

Value on 

Observers Form of specimen International 

Temperature Scale 
°C 

Hyde, Cady, and Forsythe (Nela Re- Wire . 1557 

search Laboratory), 1915 

Hoffman and Meissner (P.T.R.), 1919 Ingot . 1556 

Fairchild, Hoover, and Peters (N.B.S.), Ingot . 1553-6 ; fc 0-5 

1929 

Schofield (N.P.L.), 1929 . Wire and cone . 1555 ± 2 

Schofield (N.P.L.), 1935 . Ingot (heated inductively) 1554-4 ± I 

The latest value confirms, within the estimated limits of error, the 
figure of 1555° C recommended in the specification of the International 
Temperature Scale. 

Acknowledgments have been made in the course of the paper for 
assistance received in various ways. In addition the author desires to 
record his indebtedness to Mr. C. R. Barber, B.Sc., Assistant in the 
Physics Department, for his share in the optical observations and for 
making all the electrical measurements mentioned in § III. 
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Summary 

The freezing point of palladium on the International Temperature 
Scale has been determined by measuring the ratio of brightness, for a 
certain wave-length, of black-body radiators held at the freezing points of 
palladium and gold, the latter being the basic point of the scale for all 
high temperatures. The experimental procedure was similar to that 
adopted at the Laboratory and elsewhere for determining the freezing 
point of platinum and the value obtained, 1554-4 ± 1" C, confirms 
that of 1555° C recommended in the specification for the International 
Temperature Scale. 


A Theory of Electrokinetic Effects in Solution; 
Reactions Between Ions 

By E. A. Moelwyn-Hughes, Laboratory of Colloid Science, Cambridge 

(Communicated by E. K. Rideal , F.R.S.—Received January 30, 1936) 

Reactions of varying kinetic type are now known possessing rates and 
energies of activation which are the same in the gas phase as in certain 
solvents. Their discovery served to establish a normal behaviour, by 
investigating departures from which the study of solvent action may 
rightly be said to commence. The suggestion has recently been made 
that abnormal behaviour is to be traced, in the majority of cases, to 
electrostatic disturbances.* It is the object of this paper to investigate 
the extent to which an elementary consideration of the electrostatic 
forces between ions can account for the anomalous rates with which 
they react in solution. 

Integrating the equation 

d In k _ E a m 

dT ' RT 2 ’ { f 

upon the assumption that E A is independent of temperature, we have 

k — Z A . e~ K d KT , (2) 

where Z A and E A are the Arrhenius constants which characterize the 
reaction. Normal behaviour coincides with the identity of Z A and 

* Moelwyn-Hughes and Sherman, * J. Chem. Soc.,’ p. 101 (1936). 
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some standard collision frequency, Z, which, for our purposes, we shall 
take to be the value given by the kinetic theory of gases, namely: 



(3) 


If, therefore, we express the bimolecular velocity coefficient, k, in the 
units of litres per gram-molecule-second, a measure of the departure 
from normal behaviour is given by the factor, P, defined as 



so that the Arrhenius equation takes the form 

k = PZ . £r K * ,RT . (5) 

Reactions are regarded as fast, normal, or slow, according as P exceeds, 
equals, or is less than one. Let it be assumed that the true energy of 
activation may be resolved into two components, E and E„ the latter 
denoting the electrostatic contribution to the total energy. Let it further 
be assumed that chemical reaction sets in whenever two reacting ions 
collide with energy equal to or greater than E + E,. The theoretical 
expression for the velocity constant is therefore 

k^z. e KIHr . <r E - /RT . (6) 

In order to compare E with E A , we clearly require the appropriate expres¬ 
sion for the electrostatic energy E.. Since this is a function of the 
dielectric constant (D), we require also a knowledge of the temperature 
variation of D. The method of comparison, and the solution of the 
problem for a particular form of E„ have been given elsewhere.* The 

result, however, contains terms such as ^ l + g • )> concerning the 

sign and magnitude of which it is not possible to be clear unless arith¬ 
metical steps are taken. The same disadvantages are shared by later 
elaborations of the earlier treatment.f 


The Variation with Temperature of the Dielectric Constant 

of Liquids 

Examining a number of somewhat similar liquids, AbeggJ concluded 
that the expression D -■ c. e~' r,lw held for them all, c having a value 

* Moelwyn-Hughes, “ The Kinetics of Reactions in Solution,” p. 199, Oxford, 
1933. 

t Svirbely and Warner, * J. Amer. Chem. Soc.,’ vol. 57, p. 1883 (1935); La Mer and 
Kamner, Ibid., p. 1674. 

t ‘Ann. Physik,’ vol. 60, p. 54 (1897); cf. Abcgg and Seitz, ‘Z. phys. Chem.,’ 
vol. 29, p. 242 (1899). 
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characteristic of the liquid. Later work, however, has shown that the 
numerical factor also should be replaced by specific values.* In point 
of fact, the relation 

D = c . e~ LT (7) 


seems to hold with considerable accuracy for all the liquids examined. 
Taking Akerldf’s data for acetone and the alcohols; those of Morgan 
and Smythf for hexane, ethyl bromfde, and chlorobenzene; and the 
remainder from “ Tables Annuelles de Constants donn6s ” (1930 and 
1934), we find the values of L given in Table I. The constant c has no 


relevance for our work. 

Table I 


Liquid 

Dio'o 

L x 10* 

l/L (° abs) 

Hexane . 

1 891 

0*714 

1401 ] 

Carbon tetrachloride ... 

2-246 

0-843 

1187 

Benzene . 

2*282 

0-876 

1142 j 

Chlorobenzene . 

6-649 

2-89 

346 1 

Chloroform . 

4*53 

3*33 

300 j 

Acetone . 

31-00 

4-63 

216 

Water . 

800 

4*63 

216 

Ethyl bromide . 

9-354 

4 91 

204 

Nitrobenzene . 

35-79 

5*21 

192 * 

Methyl alcohol . 

32-47 

5-39 

186 

Ethyl alcohol . 

25-0 

6-02 

166 

Tertiary butyl alcohol . 

9-705 

8-80 

114 ' 


(LT — 1) at room 
temperatures 


Negative 


About zero 


Positive 


The important factor is (LT — 1), according to the sign of which 
solvents appear to fall into two distinct classes, separated by a third 
class—not so well defined—for which the term is almost zero at ordinary 
temperatures. 


Evaluation of the Factor P for Ionic Reactions 
The electrostatic energy of two ions of charges z A t and z u z is 

E, = z B t <f> A , (8) 

where <j> A is the mean electrostatic potential at a distance r from the ion 
A. The well-known expression of Debye and Hiickel is 

(9) 

* Lowry and Jessop, ‘ J. Chem. Soc.,’ p. 782 (1930); Akerldf, ‘ J. Amer. Chem. Soc.,’ 
vol. 54, p. 4125 (1932). 

f ‘ J. Amer. Chem. Soc.,’ vol. 50, p. 1547 (1928). 
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k is related to the ionic strength, j, by the equation 




8?tN J 
1000 DfcT 


( 10 ) 


Using the approximation e ' r = 1 — k r, the electrostatic energy at low 
concentrations is 

E. = (1 - K r). (11) 

Equation (6) therefore takes the form 

k — z .e E ' RT . 0 * r) ' (12) 

which was first deduced by Christiansen,* who showed it to lead, at 
constant temperature, to the relation 

In k = b + q . z A z u y'J (13) 

The derivation of equation (13) is due to Bronsted,| and its verification 
to him and his collaborators, who have shown the experimental value of 
q to be approximately equal to that required by theory. We are here 
concerned with the term b, which determines the order of magnitude of 
the velocity of reaction. 

The experimental relation (5) may be compared with the theoretical 
relation (12) by substituting into the latter the values of Z, D, and k given 
by equations (3), (7), and (10). Eliminating k from the resulting expres¬ 
sion and equation (1), we have : 

E a = iRT + E ^fii! (LT - 1) (1 - |*r), (14) 


which is the same as the former solution} except that — d In DjdT has 
been replaced by L. Eliminating E from equations (12) and (14), we 
have 


P = <? + * 


_!*a 

e k\1r 



(15) 


The expression for P is thus independent of the precise collision formula 
adopted for Z, and depends only on its temperature variation. Moreover, 
the expression is resolvable into two components, one of which involves 
neither the temperature nor the ionic strength. This should correspond 

* ‘ Z. phys. Chem.,’ vol. 113, p. 35 (1922). 
t Ibid., vol. 102, p. 109 (1922). 
j “ Kinetics of Reactions in Solution,” p. 199. 
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to the value of P at infinite dilution, since 

p = e+i. e . (15a) 

The experimental values of P, although liable to considerable uncertainty, 
seem to have the order of magnitude required by this equation. Table II. 

Table II 

Ionic type 


Reaction 

Reference 

Zk 

Zh 

P (observed) r 

in A (calc.) 

[Cr(H,0)J+++ + CNS .... 

/ 

-f 3 

- 1 

1 09 x I0+* 

1*67 

[Co(NHj) Br]++ + OH .. 

a 

1 2 

- 1 

1 39 x 10+ 8 

1*37 

NH,+ + CNO”. 

b 

41 

-- 1 

3-83 y io+* 

3*48 

XH+ xBr . 

c 

4-1 

1 

2 46 x 10H 

3*85 

XH+ + Cl- . 

d 

4-1 


4 *76 x !()+* 

2*98 

CIO 4- oo- . 

e 

— ] 


3-19 x 10 s 

1-60 

CIO + CIO a . 

e 

— 1 

— 1 

2-83 > 

: 10 8 

1-57 

C,H,.C:C.COO- f■],- . 

. / 


— 1 

4-83 > 

10 4 

1 -28 

C'HjCI. COO- + S t O„ - 

8 

-- 1 

—2 

3-92 > 

10 5 

1 -85 

CH.Br . COO- f SjO, 

8 

j 

~2 

7*64 x 10 8 

3-66 

[Co(NH,) Br]++ + Hg 44 .. 

a 

1-2 

4-2 

4*30 x 10~ 4 

5-57 

AsO, — | TeO, . 

h 

■ 2 

— 2 

6*77 X 10-* 

3-10 

S*0 4 "f S . 

i 

. 2 

-2 

6 *07 > 

< 10 8 

1-96 


/—Bjerrum, ‘Z. anorg. Chem./ vol. i 18, p. 131 (1921). 
a —Bronsted and Livingston, * J. Amer. Chem. Soc./ vol. 49, p. 435 (1927). 

A—*Walker and Hambly, * Trans. Chem. Soc./ vol. 67, p. 746 (1895); Warner and 
Stitt, 4 J. Amer. Chem. Soc.,’ vol. 55, p. 4807 (1935). 

c—Soper and Jones, ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 643 (1934). X stands for 
chloracetanilide. Wc consider the velocity of conversion to be too rapid to be 
explicable on a true ternary collision basis, so we postulate the rate-determining step 
as above, or XC1 4 - H 1 , either of which is consistent with the facts, 
rf*-Harned and Seitz, * J. Amer. Chem. Soc./ vol. 44, p. 1476 (1922). 
e— Foerster, 4 Z. Elektrochem./ vol. 23, p. 137 (1917). 

/— Moelwyn-Hughes and Legard, ‘ J. Chem. Soc./ p. 424 (1933). 
g— Kappanna, 4 J. Indian Chem. Soc./ vol. 9, p. 382 (1932); La Mer and Kamner, 
loc. cit. 

/r—Straup and Meloche, 4 J. Amer. Chem. Soc./ vol. 53, p. 3331 (1931), 

/—-Jellineck and Jellineck, ‘ Z. phys. Chem./ vol. 93, p. 325 (1919). 

Some of the data quoted here suffer because no systematic allowance can 
be made for the simultaneous effect of temperature, ionic strength, and 
concurrent reactions on the velocity. For fuller details, reference must 
be made to the original literature, or to Chapter VII {op. cit ), from 
Tables 17 and 18 of which the P values quoted here have been taken. In 
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a general way, however, it appears that the present theory is able to 
explain in large measure the powerful positive and negative deviations 
from normal behaviour exhibited by ionic reactions in aqueous solution. 

The Variation of E a with Ionic Strength and with Temperature 

The difference between two values of E A determined at different ionic 
strengths but within the same temperature interval is found from equation 
(14) to be 

(E a )., - <E a )„ = § (LT - 1) K - k 2 ) (14a) 

which is independent of r. Applying it to the reaction NH 4 + + CHO - -* 
(NH 2 ) 2 CO in water at 50° C, E A should decrease by 265 calories per 
gram-mole as j is raised from zero to 0 -376; Svirbely and Warner ( loc. 
cit.) find a decrease of 340 calories. Applying equation (14a) to the 
reaction between thiosulphate and bromacetate ions, in water at 12-5" C, 
E a should increase by 123 calories as the molar concentration of the 
reactants is raised from 0 002 to 0 005; La Mer and Kamner {loc. cit.) 
find an increase of 1 30 calories. The latter authors conclude that equation 
(14) is satisfactory, but the former authors consider the discrepancy of 
75 calories to be real, indicating the necessity of a more complicated 
expression for <f> A . In a method involving extrapolation, however, an 
experimental error of this amount is not excessive, particularly for a 
reaction having an E A value of over 23,000 calories. 

Differentiating equation (14) with respect to temperature gives us 

= 1R - {LT-*? (LT - 1)*j. (14 b) 

The numerous investigations of the temperature coefficient of E A for 
the bromacetate-thiosulphate reaction agree in showing the coefficient 
(dE A /dT)j to be negative, but differ somewhat in the absolute values which 
they afford. Such a state of affairs is not surprising, because the antici¬ 
pated magnitude of {dEJdT)j is seen from equation (14) to be small, in 
agreement with the experimental fact that the Arrhenius equation (1) 
holds well as a first approximation. The data afford the following values 
of (dE A !dT)j: -25 calories per gram-mole-degree (Kappanna, loc. cit.); 
— 13 calories*; -8-64 calories (La Mer and Kamner, loc. cit.). The 
smallest of these values is probably the most accurate; the corresponding 
parameters are j = 0-020 and T — 293-1°. Inserting these figures into 

* Fraulein von Kiss and Vass, * Z. anorg. Chem.,’ vol. 217, p. 305 (1934). 
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equation (14b), r becomes 1 -50 A, in agreement with the value given in 
Table II. 

An estimate of the temperature corresponding to a maximum or a 
minimum value of E A is found by equating expression (14b) to zero. 
While the present treatment is not sufficiently refined to lend much value 
to speculative extrapolation, it may be mentioned that E A for reactions 
between similarly charged ions appears to increase progressively from 
temperatures not far above the absolute zero. The equation for a minimum 
value of E a reduces, at low concentrations, to the form 

U-T - (LT) 2 , 

which becomes identical with Bjerrum’s equation (ioc. cit.) when LT — 1. 

Judging from the only example which is available for comparison, the 
present theory is inadequate to explain the solvent effect. The rate of 
formation of methylurea from the corresponding ions in aqueous solution 
is in perfect agreement with equations (12), (13), (14), and (15), taking the 
value of r given by Stokes’s law.* In ethyl-alcoholic solution, however, f 
there appear discrepancies, towards the understanding of which the investi¬ 
gator suggests the possible temperature variation of r. (We are indebted 
to Miss Miller for helpful information on items not yet published.) 

It is a pleasure to record my indebtedness to Professor E. K. Rideal, 
F.R.S., for stimulating discussions on the theme as a whole, and for correct¬ 
ing explicit items in my first draft of this work. I have also to thank the 
Department of Scientific and Industrial Research for a grant which enables 
me to work in this Department as the Professor’s Research Assistant. 


Summary 

Bimolecular reactions in solutions are regarded as having normal velocity 
when the velocity constant k equals Z. e~ EA,RT . E A is the energy of 
activation given by the Arrhenius equation, and Z is a theoretical collision 
frequency. A measure of the abnormality in the rate of reaction is given 
by the term P in the equation k — PZ . e“ Ei/BT . 

The study of ionic reactions has hitherto been confined almost entirely 
to measuring the relatively small change in rate brought about by changes 
in the concentration at a fixed temperature. The present paper deals 

* Miller, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 288 (1934). 
t Idem., ibid., vol. 151, p. 188 (1935). 
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with the absolute magnitude of the velocity, and attempts to interpret 
experimental values of P as high as 10 +8 and as low as 10 -7 . 

Attributing the deviation from normal behaviour to electrostatic 
attraction, for which the expression of Debye and Hiickel is introduced, 
theoretical equations are derived for P, and for the variation of E A with 
temperature and ionic strength, which appear to be in satisfactory agree¬ 
ment with experiment. 


The Internal Conversion Coefficient for y-Rays 
By H. R. Hulme, N. F. Mott, F. Oppenheimer, and H. M. Taylor - } 
(Communicated by C. D. Ellis, F.R.S.—Received January 30, 1936) 

1—The theory of the internal conversion of y-rays has recently been 
discussed by several authors.} The purpose of the present paper is to 
make a summary of the results achieved, to compare them with experi¬ 
ment, and to attempt a new theoretical interpretation in terms of a nuclear 
model. 


1.1— Definition of Internal Conversion § 

In most radioactive transformations, the product nucleus may be left 
in an excited state. In making a transition to a lower state, it can give 
energy either to a y-ray, or to an extra-nuclear electron, which is thereby 
ejected from the atom.|| We denote by g dt the probability per time dt 

t Much of § 2, especially the “ empirical ” internal conversion curve (tig. 2), is based 
on results obtained by Mr. Oppenheimer. Owing, however, to Mr. Oppenheimer’s 
absence in America, the other authors have not been able to show him the final 
manuscript, and must therefore take responsibility for it themselves. 

t Swirles ‘ Proc. Roy. Soc.,’ A, vol. 116, p. 491 (1927); vol. 121, p. 447 (1928). 
Casimir, ‘ Nature,’ vol. 126, p. 953 (1930). Fowler, ‘ Proc. Roy. Soc..’ A, vol. 129, 
p. 1 (1931). Hulme, ibid., vol. 138, p. 643 (1932). Taylor and Mott (I), ibid., vol. 
138, p. 665 (1932); (II) vol. 142, p. 215 (1933). Fisk, ibid., vol. 143, p. 674 (1933). 
Fisk and Taylor, ibid., vol. 146, p. 178 (1934). Ellis and Mott, ibid., vol. 139, p. 369 
(1933). Mott, ‘Ann. Inst. Henri Poincari,’ vol. 4, p. 207 (1933); ‘Handb. der 
Phys.,’ vol. 24, p. 809 (1933). Jaeger and Hulme (‘ Proc. Roy. Soc.,’ A, vol. 148, 
p. 708 (1935)) have calculated the internal conversion with production of pairs, 
obtaining good agreement with the rather uncertain experimental evidence. 

§ Rutherford, Chadwick, and Ellis, “ Radiations from Radioactive Substances,” 
p. 512. 

II We discuss later whether this takes place by direct coupling, or whether the y-ray 
is first emitted and then absorbed. 
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that the nucleus, initially in a given excited state, makes a transition to a 
given lower state, emitting a y-ray. We denote also by b dt the prob¬ 
ability per time dt that the same nuclear transition occurs, accompanied 
by the ejection of an extra-nuclear electron. The extra-nuclear electron 
may be ejected from the K, L,, L n , etc., levels of the atom. The corre¬ 
sponding probabilities are denoted by b K , b u , etc., where 

b — b K + b u + .... 

Let / be the total probability per unit time that the transition takes 
place, so that 

/=* + *• 


Then the internal conversion coefficient a is defined by 

« - b\f 


We have, further, internal conversion coefficients for the K, L, ..., levels 
respectively, defined by 

*k ~ b K /f, — bjjf, 

etc. The ratio between the number of y-rays observed, and the number 
of, say K electrons, is 

«k/0 - «)• 


The title “ internal conversion coefficient ”, suggesting, as it does, that 
the y-ray is first emitted and then absorbed by the extra-nuclear electrons, 
is rather misleading, in view of the modem theory, according to which the 
emission of electrons may equally well be due to direct interaction between 
the nucleus and the atom. It is to be emphasized that the present theory 
includes the effects of direct interaction as well as of y-ray emission with 
subsequent re-absorption. In fact, in the present theory no sharp dis¬ 
tinction can be made between them (cf. Taylor and Mott, II). 


1.2 —Electromagnetic Field of a y -Ray 

In order to calculate the internal conversion coefficient, we must make 
some assumption about the field which is to represent the y-ray. There 
are, of course, an infinite number of possible fields. The simplest is 
that of a Hertzian dipole, for which the I.C.C. has been calculated by 
Hulme; it has also been calculated for quadripole radiation by Taylor 
and Mott, and for magnetic dipole, quadripole, and octopole by Fisk. 
The scalar and vector potentials of some of these fields are:— 

A 0 = ,S4 0 e Myt -)- 64 0 * e Myt 1 
A 64 e~ 3wM + 64 * e' lirM J • 


( 1 ) 
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where, with q — 2kv/c and B a constant. 
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For the magnetic quadripole and octopole, cf Fisk, loc. cit. 
The energy radiated by either dipole field is 


g 0 4rc 2 B 2 v/3 he 


( 2 ) 


quanta per second, by the quadripole field 

g 0 = 48^ B 2 v/5/jc. (3) 

According to non-relativistic quantum mechanics, the dipole field (1) 
is the field radiated by an electrically charged particle (without spin) in 
a transition where its angular momentum / changes by unity. Moreover 
in atomic systems these are the only transitions which are allowed by 
the selection rules, transitions for which A/ ^ 1 having a probability 
smaller by a factor of the order of magnitude 

/ radius of radiating system \ 2 ^ 

\ wave-length of radiation / ’ ^ ’ 

than that of the dipole transitions (A/ = 1). One would therefore expect,. 
a priori , that the field radiated by most strong y-rays would be dipole. 
The original calculations of Hulme for dipole radiation, while giving 
excellent agreement with experiment for some y-rays, gave much too 
small an I.C.C. for others. This led Taylor and Mott to calculate the 
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I.C.C. for quadripole radiation, which gives a larger value. They were 
encouraged to do this by the fact, pointed out by Gamow and Delbriick,t 
that if a‘nucleus were built up of a-particles only, or of any one kind of 
particle, so that the mass centre and electrical centre would coincide, the 
dipole moment would vanish. Hence it may be shown} that the selection 
rules would be reversed, the dipole transitions becoming less probable 
than those for which A/ — 2 or A/ — 0,§ again by the factor (4). In 
these transitions, again according to non-relativistic quantum mechanics, 
a quadripole field is emitted. 

With the two curves available, it was possible to divide the observed 
Y-rays into two classes, according as the I.C.C. lay nearest to the dipole 
or quadripole curves.|| As we hope to show in this paper, however, 
there seems to be definite evidence that for soft y-rays (2 — 3 x 10 6 e.v.), 
the observed values are about twice as great as those calculated assuming 
quadripole radiation. 

Modern ideas of nuclear constitution, however, lend no support to the 
view that the mass centre and electrical centre coincide in all transitions,^ 
giving zero dipole moment; in fact, in the optical transition in which the 
diplon is disintegrated by y-rays, the dipole moment certainly does not 
vanish.** 

We have therefore to look for a new reason why the “ quadripole ” 
transitions should be allowed. The question is discussed in §3, where 
we come to the conclusion that the -field of y-ray lines other than dipole 
are more likely to be a mixture of quadripole and of one of the magnetic 
terms than to be pure quadripole. There is therefore no theoretical 
reason why, for the non-dipole lines, the values of the I.C.C. plotted 
against frequency should be expected to lie on a smooth curve. 

On the other hand, since there is no experimental evidence that they 
do not lie on a smooth curve, and since it is very useful to have empiri¬ 
cal curves in order to deduce approximate y-ray intensities from (3-ray 
measurements, we shall in this paper construct the best curve we can for 

t ‘ Z. Physik,’ vol. 72, p. 492 (1931). 

} Taylor and Mott, loc. cit., i, $ 4. 

§ The transition / = 0 -* / — Ois absolutely forbidden. 

|| C/, for example, Ellis, ‘ Rep. Int. Conf. Phys.,* London, vol. 1, p. 43 (1934). 

1) The proof that this is so in Taylor and Mott, loc. cit., I, is based on a misconception 
of Heisenberg's theory. 

** Bethe and Peierls, ‘ Proc. Roy. Soc.,’ A, vol. 148, p. 146 (1935). It is of interest 
in connexion with § 3 to note that Fermi (‘ Phys. Rev.,' vol. 48, p. 570 (1935)) has 
brought this work into better agreement with experiment by taking into account 
magnetic dipole radiation and has shown that, in the formation of a deuteron from 
a proton and a neutron, the y-rays emitted ate magnetic dipole in character. 
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the non-dipole lines, bearing in mind that the assumption that these 
points can all be put on a single curve may possibly prove to be false. 


1.3 —Method of Calculation and Approximations Made 

The probability h dt that an electron is ejected due to any of the fields 
(1) is given by 


b = (yj E J +/*{—«? « Pi (J4 o)} dx 


( 5 ) 


where is the initial state of the electron, and <\i f one of the final states, 
normalized so that one electron crosses unit area per unit time. p x and 
a are the matrices introduced by Dirac. The summation is over the 
(two) possible final states. 

The number of quanta g n dt ejected per time dt in the absence of the 
outer electrons is given by equation (2) or (3). In the earlier papers on 
the subject it was assumed that the number of y-quanta escaping from 
the atom would then be obtained by subtracting the number of electrons, 
and would thus be (g 0 — b) dt. It has, however, been shown (Taylor 
and Mott, II) that this is incorrect; the number of quanta escaping from 
the atom differs from g 0 only by a factor of the order of magnitude 1 /137, 
which may be neglected. The total nuclear transition probability per 
unit time is thus greater than it would be if the extra-nuclear electrons 
were not there; these electrons therefore must be considered as reacting 
on the nucleus. 

The correction thus introduced is important for soft y-rays, for which 
* is comparable with unity, but not for hard y-rays, where a is small. 

We may thus write, for dipole radiation, and, say, K-conversion 





( 6 ) 


where is the wave function of the K state. The unknown constant B 
of course drops out from this expression. 

The integrations were carried out exactly, without making any approxi¬ 
mations. The wave functions Vo were the exact solutions of Dirac’s 
relativistic wave equation for an unscreened nuclear field of potential 
Z ejr. The only sources of error (assuming that the dipole, quadripole, 
or other field assumed is the right one) axe;— 


(a) Neglect of Screening—We do not believe this to be important, 
because the energy of the ejected electron, even for soft y-rays (~ 150 kV) 
is always much greater than the difference between the screened and un¬ 
screened potential energies anywhere in the atom. Moreover, the similar 
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calculation ,of Hulme, McDougall, Buckingham, and Fowlerf on the 
external photoelectric absorption of y-rays of comparable energies gives 
good agreement with experiment. 

(b) In the integrations (5) and (6) the dipole and quadripole forms for 
the field of the y-ray have been used at all distances from the centre 
of the atom, while it is clearly incorrect to use them within the nucleus 
(r < 10 12 cm). However, unless the field within the nucleus is un- 

0-5 


0-4 


03 

a 

0-2 


01 


01 02 0-3 0-4 05 0-6 

la 

Energy (millions of volts) 

Fios. la and lb —Internal conversion coefficient, calcu- 
ED, electric dipole; EQ, electric quadripole; MD, magnetic dipole. Fig. lb 
The experimental points shown are x RaB and RaC (Ellis and Aston); ©Ra 
the bottom of the arrow denotes the value of the I.C.C. if the y-ray has intensity 

expectedly great, this should not introduce an error greater than the 
small fraction 

radius of nucleus 
wave-length of y-ray' 

t ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 131 (1935). 
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The criterion for the validity of the perturbation theory from which 
formula (5) is derived, which is the same as that always used in discussing 
the photoelectric effect, is here that the mean lifetime of the excited 
nuclear state is long compared with the period of a y-ray; this is in fact 
the condition for the existence of a sharp y-ray line. 


1.4 —Results 


(a) Conversion in the K Shell —The results, for dipole, quadripole, and 
magnetic dipole radiation are shown in fig. 1. Magnetic quadripole, 
octopole, etc., give considerably higher values (Fisk and Taylor, loc. 



Energy (millions of volts) 
lated for Z -• 84. The quantity is <* K — b K /(b + g). 
shows the first two curves extended to the region of harder y rays. 

(Stahel and Johner); f ThB and ThC", deduced from p-ray intensities alone; 
unity; if the y-ray has smaller intensity, the I.C.C. may have any greater value. 

cit.). The experimental points shown will be discussed below. 

The calculated internal conversion coefficient is approximately pro¬ 
portional to Z 3 , at any rate for hard y-rays. 

(i b ) Conversion in the L Shell —L conversion amounts to not more 
than 20% of the K conversion, and is discussed below (§ 2.5). 
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2—Comparison with Experiment 

The experimental determination of the internal conversion coefficient 
is subject to considerable error. We shall discuss the data with the follow¬ 
ing questions in view 

(1) Can the experimental values plotted against /tv be fitted to two 
empirical curves ? 

(2) Can these curves, within experimental error, be identified with the 
calculated quadripole and dipole ones ? 

The following experimental material is relevant:— 

K Conversion —(1) The direct measurements of Ellis and Astonf on 
the internal conversion coefficients of RaBC and RaCC', and of Stahel 
and JohnerJ on the y-ray of Ra. 

(2) Measurements of the intensities of the homogeneous groups of a- 

particles emitted by ThCC", coupled with measurements of the intensities 
of the (3-ray lines. ’ 

(3) Measurements of the intensities of the (3-ray lines in ThBC and 
ThC"Pb. The y-ray intensities have not been measured; but information 
about them may be obtained from— 

(a) The measurements of L. H. Gray§ on the total energy of the y-rays 

of ThC. 

(b) The principle that the number of y-rays per disintegration, p, can 
in no case be greater than unity. 

(c) The speculations of Ellis and Mott|| on the continuous (3-ray 

spectrum, which show that certain y-ray lines have intensity equal 
or nearly equal to unity. 

L Conversion —(4) A measurement by J. A. Gray and O’Leary for RaD. 

(5) The ratio of the intensities of the K and L (3-ray lines is given by 
the theory, and has been estimated for a number of rays.f 

2.1— The Direct Measurements of Ellis and Aston for RaBC and RaCC' 

These values, published in Rutherford, Chadwick, and Ellis’s book, 
were compared with theory in our earlier papers. Both the intensity 

t ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 180 (1930). 

t * J. Phys. Rad.,’ vol. 5, p. 97 (1934). 

§ Unpublished. We are indebted to Or. Gray for allowing us to use his results. 

|| ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 502 (1933). 

51 Rutherford, Chadwick, and Ellis, “ Radiations from Radioactive Substances,” 
p. 364. 
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measurements of the [3-ray lines, and the determination of the photo¬ 
electric cross-sections, on which these results are based, are subject to 
large errors, amounting altogether to 20% or more. Nevertheless, since 
the theoretical values of the I.C.C. vary by a factor of 100 in the energy 
range considered, the experimental values will have some significance. 
They show at least that the I.C.C. is not a smooth function of the fre¬ 
quency. They are consistent with the assumption that the measured 
values can be put on two smooth curves, though they cannot be said to 
prove it. 

The values are shown on fig. 1. We note:— 

(1) The good agreement with the dipole curve for the strong RaCC' 
line 6 12 x 10* e.v. 

(2) The fact that the values of the I.C.C. for soft y-rays seem definitely 
higher than the theoretical quadripole curve, and near to that for the 
magnetic dipole. 

We may remark here that the l.C’.C. for the line of energy 14-12 x 10 5 
e.v. is certainly very great, since the y-ray line has not been observed. 
An explanation of this has been given by Fowler (loc. cit.), which is 
discussed further below. 


2.2 —Measurement of Stahel for Ra 
Stahel and Johner (/or. cit.) find for Ra (Av — 1-9 x 10* e.v.) 

a — 0-27. 

The value is in good agreement with the theoretical quadripole value, 
as is shown in the fig. 1. 

2.3 —Thorium CC" 

. The excitation probabilities of the different nuclear states of the element 
ThC" are known from the relative intensities of the «-ray groups emitted 
in the disintegration ThCC", which have been measured with con¬ 
siderable accuracy.t 

Unfortunately, however, the [3-rays of ThC" are extremely weak, and 
fall in a region of the spectrum where there is considerable continuous 
background. The visual estimates of EllisJ are therefore not sufficiently 
accurate to enable a determination of the I.C.C. to be made, though they 
enable one to state whether the line is dipole or quadripole. This has 
been done by Ellis and Mott (loc. cit.) who find that most of the lines are 
quadripole. 

t Bowden and Lewis, * Proc. Roy. Soc.,’ A, vol. 145, p. 235 (1934). 
t ‘ Proc. Roy. Soc.,’ A, vol. 138 , p. 318 (1932). 
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2.4 —ThBC and ThC'D 

The (3-ray intensities have been measured by Ellist and by Oppen¬ 
heimer.:}: The measurements involve a determination of the relative 
blackenings of photographic plates; the relative numbers of electrons are 
deduced by correcting for the radii of curvature and the varying photo* 
graphic sensitivity of electrons with different energies. To obtain the 
number of electrons per disintegration we use the value determined by 
Gurney§ for the number of electrons emitted per disintegration in the 
ThC line y-F. 



Fig. 2 —Empirical values of the internal conversion 
The values for two lines show at once that the quadripole I.C.C., as 


calculated, is too small; these are the following: 




Observed 

a 



number of 

(calculated 

Disintegration 

Energy 

electrons 

for 


x 10 -f ‘ e.v. 

per 

quadripole 



disintegration 

radiation) 



(P «) 


ThBC 

2-379 

0-25 

0-13 

ThCC" 

26-31 

0-0018 

0-0015 


t ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 318 (1932). J In press. 

§ 1 Proc. Roy. Soc.,’ A, vol. 112, p. 380 (1926). 
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It is clear that pa. cannot be greater than a, because the y-ray cannot be 
emitted more than once per disintegration. It follows that, at any rate 
for the soft y-ray of ThBC, the actual LC.C. is greater than the one 
calculated for quadripole radiation. 



This conclusion depends on Gurney’s value quoted above. If Gurney’s 
value is too large, all our values of p are too large. Gurney’s measure¬ 
ments, in view of their importance, should ultimately be repeated, but 
at present we shall assume them reliable. 

In fig. 1 we show by vertical lines the “ possible ” values for a for these 
two y-rays. For both these lines, the speculations of Ellis and Mottt 
on the continuous 3-rav spectrum lend support to the conclusion that the 
intensity must be nearly unity, so that the lowest “ possible ” value is 
most likely to be correct. 

The “ empirical ” quadripole curve, fig. 2, was drawn mainly in the 
t * Proc. Roy. Soc.,’ A, vol. 141, p. 502 (1933). 
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light of the evidence already discussed. It has also been used to calculate 
the total excitation of ThBC and ThCC" in the light of level schemes due 
to Oppenheimer (loc. cit.); in both cases we have the condition that the 
total excitation £p is less than unity; using observed (3-ray intensities and 
the empirical curve, the excitations come to 0-956, 1-01 respectively. 
Therefore if Oppenheimer’s level schemes are correct, the “empirical ” 
values cannot be too high. 

Oppenheimer’s level scheme for ThC"D was devised mainly to give 
agreement with Gray's result for total energy emitted, and any material 
alteration in the I.C.C. curve would spoil the agreement. 


2.5 —Conversion in the L Shell 

For very hard radiation (Av * oo) the internal conversion coefficients for 
quadripole and dipole radiation are identical. Hulme (loc. cit.) has 
found that in this limit a K : * Ll : a Ln : a Im ---- 6-7: 1: 0-0086: 0-044. A 
single calculation of a Ll by Hulme for /iv =- 7-2 x 10 s e.v. gives, for 
dipole radiation, 

®k : a L, — 7-0:1. 


For quadripole radiation Fisk has shown that this ratio remains practi¬ 
cally constant down to Av — 2-5 x 10 5 e.v. 

For softer y-rays, too soft to be converted in the K shell, a, t rises 
almost to unity for both dipole and quadripole radiation (cf. Fisk, loc. 
cit., where a/(l — a) is plotted). 

Table 1 shows the estimates of the ratio a K /« Lj given by Ellist for a 
number of lines. 

The only measurement in the ultra-soft region is that of Gray and 
O’Learyt for RaD (/?v ----- 0-475 x 10’), who find 


( (obs.)§ 2*2 . 

-j (calc, dipole) 1*8 

I (calc, qu.) 2*75. 


t Rutherford, Chadwick, and Ellis, loc. cit., p. 362, et seq . 
t 4 Nature,’ vol. J23, p. 568 (1924). 

§ We have received a letter from Professor Stahel in which he tells us that for the 
disintegration RaD-E, he has obtained the following results: 100% excitation of the 
product nucleus; about 60% emission of fl-particles ejected from L levels; about 36% 
emission of p-particles from M, N, .levels; about 4% emission of ^-quanta. Thus 
the value of bi.jg = a r ,/(l — a t ) calculated from these results is about 15. This 
would suggest that the field of the y-ray is undoubtedly of the magnetic dipole type. 
Calculations to extend the theoretical magnetic dipole conversion curve to these soft 
Y-rays are at present in progress and will be published shortly. 
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The experimental results may thus be summarized as follows. 

They show that the internal conversion coefficients a K , plotted against 
frequency, do not follow a smooth curve. 

They arc compatible with the hypothesis that the values obtained for 
the l.C.C. may be plotted on two smooth curves. These two curves 
have the same general form as the theoretical quadripole and dipole 
curves, but the evidence is almost conclusive that in the soft y-ray region 
(/iv < 3 x 10’ e.v.) the theoretical values are more than 50% too small. 

Table I 


Element Energy of Y-ray at/ni, 

RaB. 2-43 8 

2-60 7-8 

2- 97 7-6 

3- 54 5-9 

RaC. 2-75 10 

3-33 2 

3- 9 5 

4- 3 3 

612 4-5 

11- 3 6 

12- 49 4-3 

14-2 6-7 

17-7 4-4 

22-2 4-5 

Theoretical value . about 7 


In the soft region nearly all the lines investigated lie on the upper 
(quadripole) curve. 

Certain y-rays have much larger internal conversion coefficients than 
given by the theory, no y-ray being observed. 

The ratio between K. and L conversion is roughly in agreement with 
theory. 

3—Discussion ok the Experimental Results 

We have seen (§ 1.2) that modern nuclear theories do not lend support 
to the hypothesis that the dipole moment vanishes for all nuclear tran¬ 
sitions ; it follows that the probability (Einstein A coefficient) should be 
much greater for dipole than for other transitions, especially, by equation 
(4), for soft y-rays. The existence of quadripole lines can therefore only 
be explained if one assumes that there exist excited states in these nuclei 
such that transitions to all the lower states are quadripole transitions. 
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We discuss first the y-rays omitted by the odd\ elements, excited RaC, 
ThC, ThC", in the transitions RaBC, etc. All these elements have a 
group of excited states with comparatively small energy, « 2 x 10 5 e-volts. 
Transitions between these states are nearly all quadripole. + Now we 
know from evidence of hyperfine structure that odd elements always have 
a nuclear moment in their ground state. We therefore suggest that these 
soft y-rays correspond to transitions between the various states of a 
multiplet. We assume in fact that the orbital motion of the constituent 
particles of the nucleus is not changed in these low excited states, but 
that they are due to the spins of the protons and neutrons taking up various 
positions relative to the orbital angular momentum of these particles. 
Such excited states would be expected to have small energy, of order of 
magnitudes 


eh Zev 
Me cr 2 


60,000 e.v. 


(7) 


(M = proton mass, v — velocity of particles in nucleus ~ 2 x 10* 
cm/sec, r nuclear radius~05 x 10” 12 cm), and transitions between 
them would not radiate the field of a Hertzian dipole. To find out the 
field radiated, we may make some special assumption about the nucleus. 

If we consider the nuclear radiating particle to be a proton moving in 
a central field, we can write down expressions for the radiation emitted 
by the particle, according to relativistic quantum mechanics, in transitions 
between various quantum states. In a transition between two states of 
a multiplet level (A/ -- 0, A/' — 1) the radiation consists of a super¬ 
position of electric quadripole and magnetic dipole or octopole terms. 
In an ordinary dipole transition (A l -- 1, A j = 0 or 1) the radiation 
consists of electric dipole and magnetic quadripole terms. To proceed 
further it is necessary to form some estimate of the relative intensities 
of these components, and to do this we must specialize our nuclear 
model even further. If we assume the central field to be Coulombian 
and adjust its strength to give the right order of magnitude for the radii 
of the proton orbits (10" 12 cm), it becomes possible to estimate the orders 
of magnitude of the integrals (similar to those of Taylor and Mott, loc. 
cit., II, equation (4.11)) which determine the relative intensities of the 


t I.e., elements with odd mass number. 
t Cf. Ellis and Mott, loc. cit. 

§ This result is obtained as follows: eh I'M c is of the order of magnitude of the 
magnetic moment of a proton; ev/cr * is the magnetic field due to a particle with charge 
e moving with velocity t>. There are Z such particles. The numerical result may 
well be in error by a factor 2 to 4 or more. 
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electric and magnetic terms. The results obtained should be qualita¬ 
tively the same as for any other field of the same order of magnitude. 

The results are as follows: For ordinary dipole transitions (A/ ~ 1) 
the magnetic quadripole terms are always weak in comparison with the 
electric dipole terms, the ratio of the intensities being of the order 

/ radius of nucleus \ 4 («\ 

^wave-length of y-ray' ' 

which, even for the hardest y-rays, gives about 10“ 4 . We should therefore 
expect transitions for which A/ = 1 to have almost exactly the theoretical 
dipole coefficient. In the quadripole transitions (A/ — 0), however, 
the magnetic dipole terms have an intensity of the same orderf as the 
quadripole electric terms, while the magnetic octopole terms are always 
quite negligible. Further, the softer the y-ray, the more intense do 
the magnetic dipole terms become in comparison with the electric quad¬ 
ripole, the ratio varying roughly as the square of the wave-length of 
the y-ray. Thus we should expect that if the soft y-rays arise from tran¬ 
sitions between the various states of a multiplet level (A l~- 0), then the 
I.C.C. in the region of long wave-lengths should lie near to the theoretical 
magnetic dipole I.C.C. curve, and in the region of short wave-lengths 
should fall below this and approach more nearly the theoretical I.C.C. 
curve for electric quadripole radiation. 

We now turn to the even elements RaC, ThC', and ThD; these have 
no group of excited states of low energy, the first excitation potentials, 
according to Ellis and Oppenheimer, being 6-12 and 26-3 x 10 s e.v. in 
the first two cases. This, on our hypothesis, corresponds to the known 
fact that even elements have no nuclear spin and that therefore, as in the 
analogous case of the two electrons of the helium atom in its ground 
state, it is impossible to reverse the spin of a constituent particle without 
making a change in the orbital state and thus expending considerably 
more energy than (8). 

The strong line 26-3 x 1(F e.v. of ThD is certainly quadripole; but 
as this line is emitted in a transition from the first excited state to the 

t This appears to be at variance with the result of Fisk and Taylor (loc. tit., p. 181) 
that the magnetic dipole terms are of small intensity compared with the electric quadri¬ 
pole ones. The difference is not due to any special property of the nuclear model 
but to the fact that, in the case chosen by Fisk and Taylor (A/ = ± 2, Aj = £ 1)* 
the magnetic terms are almost forbidden by a selection rule. In our case (A/ — 0, 
Aj = ± 1) the magnetic terms are allowed by the selection rule, while in both cases 
the electric quadripole terms are equally allowed. This point is discussed in detail 
by Taylor (* Proc. Camb. Phil. Soc.,’ to appear shortly). 
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ground state, its large intensity (p — 1) presents no difficulty. For the 
occurrence of quadripole lines in the spectrum of RaC', however, we can 
find no explanation. 

Finally we discuss the totally converted line 14-26 x I0 5 e.v. Fowler 
(loc. cit.) suggests that this corresponds to a transition which is optically 
forbidden. We would point out that transitions which are optically 
forbidden in the usual sense, such as those for which A/ — 2, will not 
give a large enough value of the l.C.C. Perhaps, since for this even 
element j is probably zero for the ground state, the transition is one in 
which j ■ ■■■ 0 -*■ j — 0, and is therefore absolutely forbidden optically. 
Further, since the (3-ray line is very strong, while the excitation of the 
state 14-26 x 10 : ’ e.v. is certainly weak, it follows that the transition to 
the ground state is the only way that the nucleus in the upper state can 
get rid of its energy, or at any rate that the transition by any other path 
to the ground state is very slow. This is even more difficult to under¬ 
stand than the occurrence of quadripole lines in the spectrum. 

Summary 

A summary is given of the theoretical results obtained in the theory of 
the internal conversion of y-rays, and the various sources of error are dis¬ 
cussed. The theory is compared with the available experimental material. 
The results are shown to lend support to the hypothesis that soft y-rays 
correspond to transitions between the states of a nuclear multiplet. 
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Introduction 

Electron scattering was introduced as a means of exploring atomic 
fields by Arnot* * * § and by Bullard and Masseyf in 1931. Experiments 
were made on the rare gases, and results were obtained which were in 
satisfactory agreement with the theory developed in 1927 by Faxen and 
Holtsmark. The method consists of projecting a homogeneous beam of 
electrons into a space filled with gas at low pressure, and measuring the 
relative magnitudes of the electron currents scattered through different 
angles from a small volume (about 3 or 4 cu mm) of the gas. On account 
of the random distribution of the scattering centres these relative magni¬ 
tudes are independent of interference between electron waves scattered 
from different atoms. 

Most of the common gases, the rare gases,f§ and the vapours of zinc,|| 
cadmium,f mercury,** * * §§ ff and potassiumJ:j: have been investigated in 
this way. 

The present research is the second of a series of investigations into the 
elastic scattering from organic molecules. The first experiments of this 
series were made by Childs and Woodcock.§§ Ethane, ethylene, and 
acetylene were the substances studied. These particular molecules were 

• ‘ Proc. Roy. Soc.,’ A, vol. 130, p. 655 (1931); vol. 133, p. 615 (1931). 

t Ibid., vol. 130, p. 579 (1931); vol. 133, p. 637 (1931). 

} Arnot, ‘ Proc. Roy. Soc.,' A, vol. 130, p. 655 (1931); vol. 133, p. 615 (1931). 

§ Bullard and Massey, ibid., vol. 130, p. 579 (1931); vol. 133, p. 637 (1931). 

|| Childs and Massey, ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 473 (1933). 

If Childs and Massey, ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 509 (1933). 

** Arnot, ’ Proc. Roy. Soc.,’ A, vol. 140, p. 334 (1933). 

ft Jordan and Brode, ‘ Phys. Rev.,’ vol. 43, p. 112 (1933). 

tt McMillen, ’ Phys. Rev.,’ vol. 46, p. 983 (1934). 

§§ Childs and Woodcock, ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 199 (1934). 
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selected as the shapes of their outer equipotential surfaces are approxi¬ 
mately spherical, cylindrical, and dumb-bell shaped respectively, the 
purpose of the research being to determine the effect of departure from 
spherical symmetry. In the present research we have made measurements 
on a group of gases whose molecules have approximately spherically 
symmetrical outer potential contours. These molecules—CF 4 , CC1 4 , 
and CBr 4 —differ in size, and thus provide a means by which the effect 
of size can be conveniently investigated, while the complications due to 
complexity of shape are avoided. Our choice of molecules was influenced 
by a further consideration. Childs and Massey* have shown that the 
scattering of a homogeneous beam is governed mainly by those parts of 
the scattering field at which an electron has a potential energy equal to 
its initial kinetic energy. It is therefore necessary, in order to obtain 
information concerning the outer fields of molecules, to use electrons of 
low energy. The range of voltage in these experiments was between 4 
and 40 volts. When the incident electrons are of low energy (long wave¬ 
length) the scattering fields must be large in order to obtain curves with 
features distinctive enough to yield definite information. The substances 
selected have molecules large enough to satisfy this condition. 


Apparatus and Procedure 

No detailed account of the apparatus is required, as it was of the 
standard type described in many previous papers. Electrons from a 
heated filament were accelerated through a pair of rectangular defining 
slits into a gasfilled, field-free space. The cones defined by the slits of 
the gun and a similar pair of slits on a rotating collector, intersected on 
the axis of rotation of the latter. Each pair of slits was aligned on the 
axis and was parallel to it. The effective scattering volume was that 
common to both of the cones, and was proportional to the cosecant of 
the scattering angle. 

Behind the collector slits was a Faraday cylinder, connected to a quad¬ 
rant electrometer which measured the scattered currents. A galvanometer 
was used to measure the total electron current issuing from the gun. 
During measurements on electrons with an energy of V electron volts, 
a retarding potential of (V-2) volts was applied between the collector 
slits and the Faraday cylinder, so that all electrons which had been 
scattered with a loss of energy of more than two electron volts were 
rejected. When the energy of the incident electrons was sufficient to 


* Loc. cit. 
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ionize the gas a positive potential of about 2 volts was applied to the 
collector slits to keep out positive ions. When it was impossible to keep 
out all of the ions in this way, the ion currents were measured separately 
by reducing the potential of the Faraday cylinder to that of the negative 
end of the filament. 

The pressure in the scattering space had to be kept below the limit at 
which multiple scattering occurred. Suitable pressures (about 10 8 mm) 
of carbon tetrafluoride and tetrachloride were maintained by continuous 
pumping away of the gas as it leaked in through an extremely fine 
capillary from a 4-litre reservoir where it was stored at about 2 cm pressure. 
The fineness of the leak was such that no perceptible decrease of pressure 
occurred in the reservoir, for several hours of continuous operation. 
Carbon tetrafluoride has a considerable vapour pressure at liquid air 
temperature so that it passed through the mercury trap and could be 
measured with the McLeod gauge. We were unable to measure the pres¬ 
sure of the tetrachloride, but we assumed that its rate of leak was not 
greater than that of the tetrafluoride. Exact knowledge of the pressure 
is not necessary as the measurements are essentially relative. Frequent 
check measurements were made in order to detect any pressure variations. 

At ordinary temperatures carbon tetrabromide is a solid. Decom¬ 
position takes place if it is heated to 180° C. A Pirani gauge was there¬ 
fore used, in conjunction with a very much shortened capillary leak, to 
secure a suitable pressure in the scattering tube. The vapour pressure 
of tetrabromide behind the leak was kept constant by immersion in 
water at 20° C. 

Before readings were taken it was necessary to reduce the pressures of 
undesirable vapours (from tap lubricants, absorbed water vapour, etc.) 
to about 10 '* mm. This was effected by baking the scattering tube at 
about 400° C for an hour. Gas was removed from the filament by 
flashing for about five minutes. 

No special difficulties were encountered during the measurements on 
the tetrafluoride and the tetrachloride as both of these compounds are 
quite stable and passed easily through the system. Carbon tetrabromide, 
however, decomposes readily, and the products of decomposition, formed 
by contact with the hot gun, settled inside the gun and maintained a steady 
pressure of about 3 x 10 8 mm in spite of continuous evacuation. This 
difficulty was overcome by introducing a cold (liquid air cooled) surface 
into the scattering space. As far as vapours are concerned this has the 
effect of a fast pump. The original pressure of carbon tetrabromide was 
restored by increasing the rate of leakage from the reservoir, while the 
pressure of undesirable vapours was permanently reduced. By means of 
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this device the scattering with the flow of tetrabromide cut off was reduced 
to 5% of that found with the leak from the reservoir open. This is a 
satisfactory proportion. 

An attempt to obtain curves by scattering from carbon tetraiodide 
failed on account of the extreme readiness with which the compound 
decomposed. 

Results 

Table I contains the results obtained with carbon tetrafluoride. These 
are similar to those for the other substances examined. The values shown 
have been obtained by multiplying the measured currents by sin 0. Actual 
magnitudes of the scattered currents, for different substances under similar 
conditions, are not comparable, as the pressures in the scattering space 
were not accurately measured. Curves of the same set are mutually 
comparable. 

Table 1—Carbon Tetrafluoride 
E nergy in electron volts 

Angle s -——-—n 


0 

41 

61 

8-3 

10 4 

12*6 

14 8 

19*2 

25 0 

31 -4 

39*7 

30 

61 7 

71*2 

75*8 

74*0 

66*9 

67*3 

59*6 

48*9 

38*8 

26 8 

35 

— 

— 

— 

— 

— 

— 

— 

— 

— 

22*2 

40 

51 6 

56*8 

51 *6 

45*3 

39*5 

38*2 

30*7 

24*6 

19*6 

20*9 

45 


— 

— 

— 

— 

— 

— 

—- 

190 

19*1 

50 

42-6 

46-6 

38*8 

29*6 

25*7 

23*9 

21*8 

22*9 

22*5 

19*8 

55 

— 

— 


— 

— 

— 

— 

— 

20 8 

— 

60 

32-4 

35*6 

29*5 

22*7 

19 6 

19 2 

20*5 

21*5 

18*9 

14 9 

70 

23-8 

28*7 

26*2 

21*7 

19*8 

19 9 

20*8 

18-4 

13*3 

8*9 

80 

200 

25-9 

26-4 

22*4 

20 0 

19*9 

19*1 

13-0 

7*8 

5*7 

90 

17*8 

24 1 

26-6 

24*1 

19*0 

17*7 

16 0 

9*7 

5*2 

5*0 

J00 

17*3 

25*9 

27*2 

23*6 

19*4 

16 1 

12-7 

9*6 

5*7 

5*7 

110 

17*6 

26*5 

30*2 

22*5 

18*5 

15 1 

12-2 

11*4 

10*3 

10*0 

120 

18-5 

27*9 

30*2 

22*9 

19-7 

17*5 

15-7 

15*8 

13*7 

13-0 

130 

19*7 

28-1 

31 -5 

26*0 

24*4 

20*8 

20-3 

23*8 

17*9 

17-9 


The results are shown graphically in fig. 1, in which the curves have 
been separated by drawing them from different zeros. These are marked 
in the figure. Arnot’s tetrachloride curves are represented by the thinner 
lines. 

Discussion of Results 

Before discussing the numerical results obtained it would be well to 
point out that, even at the lowest voltage used, the velocity of the electrons 
is as much as 3000 times as great as the average translational velocity 
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Scattering angle 

-Experimental curves for CF 4 , CC1 4 , and CBr 4 . 
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of carbon tetrafluoride molecules at 20° C. During impact of the elec¬ 
trons the molecules are therefore practically stationary, so that averaging 
is caused by the random orientation of the molecules with respect to the 
electron beam, and not by rotation during impact. 

Comparison of the 30-6 and 41 -2 volt curves for CC1 4 with curves at 
30 and 40 volts respectively, published by Arnot,* reveals a surprising 
measure of agreement (fig. 1). Arnot’s curves have been multiplied by 
an arbitrary factor (the same for both curves) to make them agree approxi¬ 
mately with ours at 70°. Although the precise shapes of the curves must 
depend to some extent on the geometry of the slits, etc., this does not seem 
to have any serious effect. 

The main qualitative features of the curves can be satisfactorily ac¬ 
counted for, in the low voltage curves, by assuming that the molecular 
fields of all the substances investigated are spherically symmetrical, i.e., 
that the potential at a point in the field is a function only of its distance 
from the carbon nucleus. This assumption is clearly only approximately 
true, as in all compounds of the type CX 4 (X may be Cl, Br, etc.) the 
atoms X are situated at the apices of a regular tetrahedron. Recently 
Hund and Mulliken have given definiteness to the conceptions of stereo¬ 
chemistry by evolving more detailed theories based on the wave mechanics. 
According to present ideas chemical combination is brought about by an 
overlapping of wave functions of different atoms. In a molecule of 
carbon tetrafluoride, for instance, each fluorine atom shares with the 
cantral carbon atom, the wave equivalent of two electrons. Neutral 
fluorine has a (ls) a , (2.v) 2 , (2p)'‘ distribution, i.e., it has two (Is) electrons, 
two (2s) electrons, and five (2 p) electrons. That of carbon is (Is) 2 , (2s) 2 , 
(2 p) 2 . Combination therefore results in the acquisition, by every atom 
concerned, of charge distributions corresponding to stable electronic con¬ 
figurations. These configurations are not quite spherically symmetrical, 
but this does not affect the symmetry of the molecule as a whole. We 
have, then, in CF 4 , CC1 4 , and CBr 4 , a series of approximately spherical 
molecules. 

All of the curves of fig. 1 show the characteristic maxima and minima 
found in electron scattering experiments. For a given substance the 
maxima and minima move inwards as the voltage of the incident electrons 
increases, i.e., as the wave-lengths of the associated de Broglie waves 
decreases (X — hjmv). Decreasing wave-length is offset to some extent 
by the smaller radii of the higher voltage equipotentials. The dependence 
of the higher energy distributions on potential regions of smaller radii 

* * Proc. Roy. Soc.,’ A, vol. 144, p. 360 (1934). 
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is only a partial compensation, however, since the field falls off more 
rapidly than r~ a , so that the ratio of the radii of two low voltage equi- 
potentials is nearer to unity than is the ratio of the two corresponding 
electron wave-lengths. 

Corresponding maxima and minima, taken at equal voltages, are found 
to lie at smaller angles for CBr 4 than for CC1 4 , and at smaller angles for 
CC1 4 than for CF 4 . This is a clear indication that CF 4 , CC1 4 , and CBr 4 
form a series of molecules of increasing size, as was to be expected on 
theoretical grounds. In Slater’s* list of effective combining radii the 
ascending order of size is fluorine (0-78 a 0 ). chlorine (l-48o 0 ), and 
bromine (l-82o 0 ). Although these distances cannot be added directly 
to the combining radius of carbon in order to obtain the internuclear 
distances in the carbon tetrahalides, on account of the complexity of the 
molecules, they do lend theoretical support to the above conclusion. 
The internuclear distances of C'C1 4 (C—Cl distance ~ 3-31 o 0 ), and 
CBr 4 (C—Br distance —- 3 -66 a,,) have recently been measured by de 
Laszlo.f 

It will be noticed that the steady change in the positions of the maxima 
and minima in the tetrachloride curves is interrupted at about 13 volts. 
The 12-2 and 14 -3 volt curves each develop an additional maximum which 
disappears at higher voltages. Below 12 volts the molecule may be 
considered as a single spherical scattering unit, while above 18 volts 
atomic scattering occurs. Between these two approximate limits is a 
transitional region in which the mechanism of the scattering process must 
become very complicated. It is rather surprising that the tetrafluoride 
and the tetrabromide show no similar effect. 

Considerable differences are apparent between the intensities of the 
low energy maxima for the three substances. One does not expect to 
find intense maxima in small atoms and molecules if the energy of the 
incident electrons is small (less than 10 volts), since under these conditions 
the de Broglie wave is distorted “only over a small fraction of its wave¬ 
length. Increase of the ratio of effective diameter of the scattering field 
to wave-length should cause greater intensity of the maxima. This argu¬ 
ment is supported by the results obtained at 4, 6, and 8 volts where the 
smallest variations of intensity are given by the tetrafluoride. 

Inspection of the higher voltage curves shows that, as the size of the 
molecule increases, there is a decrease in the ratio of large to small angle 
scattering. Carbon tetrafluoride, at 40 volts, scatters practically as many 

* ‘ Phys. Rev.,’ vol. 36, p. 57 (1930). 
t ‘ Nature,’ vol. 135, p. 474 (1935). 
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electrons per unit solid angle through 130° as through 30°, whereas at 
angles greater than 60°, the scattering from the tetrabromide is extremely 
small. This indicates that the field of the tetrabromide is less rapidly 
attentuated than that of the chloride, while the fluoride field is more 
rapidly attenuated. It is clear that a molecule which extends its influence 
over a large sphere will deflect slightly many electrons which pass fairly 
close to it, while electrons passing at a similar distance from a small 
molecule will not be affected. Although the cross-section for small 
angle collisions is considerably greater for the bromide than for the 
fluoride, the large angle cross-section should not be so much different, 
since the high voltage regions of the molecules—those which cause large 
deflexions—are partially dependent on the radius of the carbon atom 
which must be nearly the same for both molecules. 


Analytical Discussion 

The following theoretical treatment of the problem was carried out by 
one of us (S. H.) and is based on suggestions made by Dr. H. S. W. Massey. 

According to the theory of Fax&n and Holtsmark* the angular distribu¬ 
tion of electrons scattered elastically by a spherically symmetrical field 
is given by :— 

1# = { £ (2n 4 - 1) sin 28„. P„ (cos G)} s 

n ~ 0 

+ { S (2n + 1) (1 - cos 28 n ). P„ (cos 6)}*, 

n *» 0 


where I# a. current per unit solid angle at angle 0, P„ is the nth Legendre 
coefficient, and 8 n is such that the asymptotic solution of the equation:— 


? • i f) + {** - u « - I 


is 


Cr~ l sin (kr — + 8 n ). 

In the last equation 

r — distance from the centre of the field, in terms of a 0 ; 


8 


. U (r) — potential at distance r in atomic units; and 


fc* = = 2E (E = electron energy in atomic units). 


* See Mott and Massey, “ Theory of Atomic Collisions,” chap. ii. 
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Electron exchange is not taken into account in this theory. The extent 
to which its inclusion would alter the curves is not known. That it is 
not of fundamental importance is shown by the agreement hitherto 
obtained between observed and calculated atomic scattering curves. 

It is immediately evident that calculation of the scattering in the actual 
range investigated, and for the actual molecules used, can be made only 
by means of rather drastic approximations. No attempt has been made to 
derive theoretical curves for energies in the neighbourhood of 12. volts, 
since this is within 1 or 2 volts of the ionization potentials of the molecules, 
and little is known about the shapes of the equipotentials in this region. 

The higher voltage range (above about 15 volts) was treated by com¬ 
bining the above theory with the interference theory developed by Debye* 
for the scattering of X-rays. Debye’s theory shows that the angular 
variation of intensity, produced by the scattering of radiation of wave¬ 
length X from a large number of similar, rigid sets of scattering centres' 
distributed at random, is given by 


v v | T * Sln x a 

> -i J - i x a 


where J, is the scattering power for atom / of the molecule in the direction 

6 . 

n — number of atoms per molecule; and 


4tc/ • ■ . 0 


in which l u — distance between atoms i and /. 

When each set of scattering centres consists of four similar units situated 
at the apices of a regular tetrahedron, the expression becomes: 

I, x (1 +3 ), where x = 2 kl sin !j. 

This is the expression obtained, therefore, by ignoring the presence of the 
carbon atom in any of the carbon tetrahalides. Only at high voltages 
(above 1000 volts), where the effective cross-sections of the atoms are 
small, is the application of this theory to electron scattering completely 
justified. At the voltages used in these experiments the atoms in the 
molecule exert a mutual shielding effect, and multiple scattering may occur 
within a single molecule. An accurate treatment of the phenomenon 
would have to consider the molecule as a single unit. 


* ‘ Phys. Z.,’ vol. 30, p. 84 (1929). 
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Another weakness of the method applied below arises from the re¬ 
adjustment of the valency electrons when atoms combine. Fortunately, 
the precise form of the outer potential distribution does not seriously 
affect the shape of the curves above 18 volts. 


Carbon Tetrafluoride 

Table III shows the calculated results obtained for fluorine and carbon 
tetrafluoride. The latter have been derived by multiplying the fluorine 

values by the molecular factor (1 + 3 ---) as described above. No 

values of the phases for fluorine were available so that approximate 
phases were calculated by the methods of Jeffreys (§ 0 and & x ), and Born 
(8 a and 8 S ) from the Hartree field of fluorine.* These phases are given 
in Table II. 




Table 11- 

—Phases for Fluorine 




k* (atomic units) 

0*562 1 

*00 

3*41 

1*84 

2*31 

2*88 

V (volts) .... 


7*65 13 

■6 19*2 

25*0 

31 4 

39*; 

2 


So 


5*77 

_ 

5-39 

5*23 

512 

4*99 


8, 


2075 2*24 

2-26 

2* 28 

2*23 

2 21 


8* 


001 

- 

- < 

0 06 

0*09 

0 13 

0* 

16 


8, 


— 

- 

- 



— 

0 04 





Table III 






V 

14'8 

192 

25*0 

31 

4 

39-7 

Q 

F 

CF, 

F 

cf 4 

F 

cf 4 

F 

cf 4 

F 

cf 4 

25 

— 

—- 

22*9 

37-3 

16*0 

19-2 

14 3 

12 6 

11-4 

6*40’ 

30 

25-6 

37*6 

21 *6 

22*8 

15-2 

10*5 

13-5 

5*80 

110 

3*83 

35 

23*8 

21 -6 

200 

12-2 

14-2 

5*84 

12-9 

4*51 

10*3 

4-97 

40 

21 -7 

12-7 

18-2 

7*46 

13*3 

4-77 

11*9 

5*84 

9*76 

7*81 

45 

19-65 

8-50 

16*35 

5-71 

12-2 

5*98 

10*9 

8*39 

9*11 

tO-4 

50 

17*5 

6*16 

14*4 

619 

II I 

8*10 

9*91 

10*6 

8-45 

11*4 

55 

-— 

— 

— 

— 

9-90 

990 

8*84 

11*4 

7-67 

10-6 

60 

13 05 

6-47 

10 6 

8 80 

8*70 10-6 

7*80 

10 8 

6*81 

8-55 

70 

8-75 

7-49 

716 

8-71 

6-52 

9*00 

5*68 

6*93 

5 03 

4-37 

80 

501 

595 

4-15 

5-77 

3-98 

4*90 

3*55 

3*19 

318 

2-32. 

90 

2*21 

3*01 

1*93 

2*51 

2*11 

1*98 

1 -92 

1*41 

1-65 

1*48 

100 

0*52 

0-73 

0*40 

0*44 

0*74 

0*57 

0*70 

0*56 

0-52 

0-59- 

110 

007 

009 

0*03 

003 

0*07 

0*05 

006 

0*06 

0-08 

010- 

120 

080 

0*98 

0*39 

0-30 

035 

0*28 

0-15 

0*17 

0-31 

0-36- 

130 

2-46 

2-44 

1*43 

104 

0-85 

0-75 

0*82 

0*98 

1-07 

1-09- 

140 

4-78 

4*24 

2*60 

3-32 

2*07 

2*15 

2*27 

2*75 

2-14 

1-97 


* Brown, ‘ Phys. Rev.,’ vol. 44, p. 214 (1933). 
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Fig. 2 shows the experimental curves for 14-8, 19-2, 25-0, 31-4, and 
39 -7 volts together with the theoretical curves for fluorine and the tetra- 
fluoride for the same voltages. It is notable that in all cases, even down 
to 14-8 volts, the experimental curves are intermediate in shape between 
the theoretical curves for fluorine and CF 4 , except that at large angles 
the intensity represented in the experimental curves does not approach 


Fluorine OF, (experimental) OF, (theoretical) 



Fio. 2—Theoretical and experimental curves for carbon tetrafluoride with the corre¬ 
sponding theoretical fluorine curves. 

zero at any point. In view of the difference between the sizes of the 
small angle maxima in the calculated and observed curves, it seems that 

the factor (1 + 3 should be replaced by ( l + « -— * ), where 

1 < a < 3. Other differences might be accounted for by the uncer¬ 
tainties in the values of 3 0 and neglect of the carbon atom in the 
molecule, the approximate nature of the Debye factor, etc. 

* For a critical examination of the accuracy of approximate phases see Arnot and 
Baines, * Proc. Roy. Soc.,’ A, vol. 146, p. 651 (1934). 


VOL. CLV.—A. 


2 A 
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The two sets of tetrafluoride curves were fitted together by multiplying 
the observed values by the factor necessary to secure agreement at 70° 
at 19-2 volts. All of the experimental curves have been adjusted by 
the same factor, so that their relative values remain comparable. This ap¬ 
plies also to the tetrachloride curves. 


Chlorine CCI 4 (experimental) CC1 4 (theoretical) 



Fig. 3 —Theoretical and experimental curves for carbon tetrachloride with the corre¬ 
sponding theoretical chlorine curves. 

Carbon Tetrachloride 

We have calculated the scattering for chlorine and carbon tetrachloride, 
using the exact phases given by Hartree, Kronig, and Petersen.'" 

The observed and calculated distributions are shown in fig. 3. It will 
be noticed that the theoretical and experimental curves fail to correspond 
below 20 volts, but the extra maximum which can be seen in the 12*2 


* 4 Physica,’ vol. 1, p. 895 (1934). 
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and 14-3 volt curves in fig. 1 is developed in the theoretical 18 >3 volt 
curve. This is of doubtful significance, however. A molecular factor 

greater than unity but less than (1 + 3 ■ S1 ? 1 * ) would have given a more 

exact agreement for the 30-6 and 41 -2 volt curves, but not for the 22*4 
volt curve. 

Lack of resolving power, due to the finite width of the slits and an 
unavoidable spreading of the electron beam, may account for the absence 
of small angle maxima in the higher experimental curves. 


Carbon Tetrabromide 

Only a rough qualitative correspondence could be observed between 
the calculated and observed curves for carbon tetrabromide, the difference 
being mainly due to an angular disagreement of about 12°, and to the 
disappearance of the small angle peak into the central maximum of the 
experimental curves above 30 volts. 

De Laszlo* has measured the intemuclear distances in CC1 4 and CBr 4 
by observations on fast electrons. The results were: 

C - Cl distance in CCI 4 — 1-76 A 
C — Br distance in CBr 4 — 1 -93 A. 

A C-F distance of 1 -62 A was assumed for the tetrafluoride. The agree¬ 
ment obtained indicates that this is fairly accurate (± 0-03 A). 

The greater range of voltage over which the above approximations hold 
for the tetrafluoride is probably due to the smaller effective cross-section 
of fluorine for electrons of a given energy. The larger cross-section of 
bromine might also account for the failure of the theory when applied 
to carbon tetrabromide. 

Only the angular range below about 80° is appreciably influenced by 

the factor (1 -f 3 , so that outside this range the theoretical curves 

are not substantially different from the corresponding theoretical atomic 
curves. All of the small angle maxima in the higher voltage curves are 
due to the Debye factor. They are interference rings caused by the super¬ 
position of waves scattered coherently from the atoms of single molecules. 
The large angle maxima are due to diffraction by single atoms. 

* ‘ Nature,’ vol. 133, p. 474 (1935). 

2 A 2 
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Calculations similar to those described above have been made for 
nitrogen* and bromine,f but in both cases the slopes of the atomic 
scattering curves are so great at small angles that the effect of the Debye 

factor (now (1 + ^—) instead of (1 + - - ) ) is not sufficient to pro¬ 

duce maxima in them. 

Our thanks are due to Lord Rutherford and Dr. Oliphant for their 
continued interest in the research, and to Dr. H. S. W. Massey for his 
valuable suggestions concerning the theoretical work. 


Summary 

Measurements have been made on the angular distributions of slow 
electrons, scattered elastically from carbon tetrafluoride, tetrachloride, 
and tetrabromide. The results are reviewed in terms of a theoretical 
treatment which combines the theories of Fax£n and Holtsmark and of 
Debye. 

* Bullard and Massey, * Proc. Roy. Soc.,’ A, vol. 133, p. 637 (1931). 
t Arnot and McLauchlan, * Proc. Roy. Soc.,’ A, vol. 146, p. 662 (1934). 
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The Diffraction of Electrons by Graphite 

By G. I. Finch and H. Wilman, Imperial College of Science and 

Technology 

( Communicated by W. A. Bone, F.R.S. — Received February 5. 1936) 

[Plates 6-12] 

1—Introduction 

The structure first attributed to graphite by Debye and Scherrer,* * * § and 
by Hullf from X-ray powder patterns was confirmed by Hassell and 
Mark,} by Bernal,§ and, finally, by Mauguin|| and Ottf who relied mainly 
on single crystal X-ray photographs. The assigned structure is such that 
the hexagonal unit cell has the dimensions, a — 2-46 and c ~ 6-79 A, 
and contains two pairs of crystallographically different carbon atoms of 
coordinates (0, 0, 0), (0, 0, i), (£, j, u), and ($, -J, u + f), where, according 
to Ott, u < 0 004. Hence we may picture the graphite crystal as con¬ 
sisting of carbon atoms situated at the points of plane, or nearly plane 
hexagonal network sheets parallel to, and equidistant from, each other, 
and so superimposed that the projections from hexagon centres in one 
sheet pass through atoms in the two neighbouring sheets. Thus the atoms 
in alternate sheets are superimposed. 

Trendelenburg,** Miwa.ff and Jenkins}]: studied the diffraction of elec¬ 
trons by graphite powder and concluded that their results were in 
.agreement with X-rays, apart from the absence or undue weakness of 
the 001 diffractions. This difference was satisfactorily explained by these 
workers as being due to the effect of the flake-like form of the crystals 
and the inner potential of graphite, the latter being known from measure- 

* ‘Phys. Z.,’ vol. 18, p. 291 (1917). 

t ‘ Phys. Rev.,’ vol. 10, p. 661 (1917); vol. 20, p. 113 (1922). 

t ‘ Z. Physik,’ vol. 25, p. 317 (1924). 

§ ‘ Proc. Roy. Soc,,’ A, vol. 106, p. 749 (1924). 

|| ‘ Bull. Soc, Franc, Miner.,’ vol. 49, p. 32 (1926). 

f ‘ Ann. Physik,’ vol. 85, p. 81 (1928). 

** 1 Naturwissenschaften,’ vol. 21, p. 173 (1933); ‘Ergebn. Tech. Rdntgenk.,’ vol. 4, 
p. 81 (1934). 

ft ‘ Sci. Rep. Tdhoku Univ. a,’ vol. 23, p. 242 (1934). 

tt' Phil. Mag.,’ vol. 17, p. 457 (1934). 
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ments by Yamaguti* and Jenkinst of electron-diffraction patterns obtained 
by reflexion at single-crystal cleavage faces. A similar conclusion was 
reached by other workers^ who, however, have not published diffrao- 
tion patterns in substantiation of their findings. Finally, Aminoff and 
Broome§ considered that the spot patterns and a Kikuchi line pat¬ 
tern obtained by them by transmission of electrons through relatively 
thin and thicker graphite flakes respectively were in general agreement 
with the accepted graphite structure, and indicated hexagonal symmetry 
of the structure with respect to the c axis or cleavage face normal. 

In the course of a study of the lubricating properties of graphite, we 
obtained transmission patterns of graphite films formed by the drying-out 
of a colloidal artificial graphite (“ Aquadag ”) solution. Although these 
patterns at first sight appeared to resemble those hitherto obtained by 
X-ray and electron diffraction, a closer inspection revealed the existence 
of several rings which had previously not been observed, doubtless 
because of insufficient resolution, and which did not appear to fit in 
with the current view of the structure of the graphite lattice. It is the 
object of this communication to set forth these differences and to elucidate 
their origin. 


2—Experimental 

The cameras used were Nos. 2,j| evacuated by a four-stage mercury- 
vapour pump, and 3,f fitted with an oil diffusion pump equipment. The- 
beam accelerating potential was generally of the order of 50 kv, and the 
camera length, L, was approximately 28 or 50 cm, according to the type- 
of specimen undergoing examination. 

Transmission patterns were obtained from polycrystalline graphite films,, 
formed either by drying out a suspension or colloidal solution bridging 
the interstices of fine-meshed nickel gauze, or by the evaporation of a 
drop on a thin collodion film supported on nickel gauze. Suitable- 
specimens for single crystal reflexion and transmission were prepared 

* ' Proc. Phys. Math. Soc. Japan,’ vol. 16, p. 95 (1934). 

t ‘Phil. Mag.,’ vol. 17, p. 457 (1934). 

t Boersch and Meyer, * Z. phys. Chem.,’ B, vol. 29, p. 59 (1935). 

§ • Z. Kristallog.,’ vol. 89, p. 80 (1934); vol. 91, p. 77 (1935). 

Ii Finch and Quarrell, 4 Proc. Phys. Soc.,’ vol. 46, p. 150 (1934). 

H No account of this camera has hitherto appeared; a somewhat similar instrument,, 
however, but fitted with a mercury-vapour pump, has been described by Finch, 
Quarrel, and Wilman, ‘ Trans. Faraday Soc.,’ vol. 31, p. 1051 (1935). Camera No. 3 
was exhibited at the Society’s Conversazione on May 9, 1934, by Imperial Chemical 
Industries, whose Winnington Research Staff was responsible for its construction to* 
designs based on that of camera No. 2, 
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from relatively large natural graphite crystals by the exposure of fresh, 
clean, and undamaged surfaces or flakes by cleavage. Chisels ground 
from the finest available steel needle points and mounted in corks for 
convenience in handling were used for this purpose. 

3—The Electron Diffraction Graphite Powder Pattern 

A pattern characteristic of a colloidal graphite film deposited, on a 
collodion substrate normal to the electron beam is shown in fig. 1, Plate 6. 
The great intensity of the diffraction rings indexed as hkO in accordance 
with the X-ray graphite structure described in § 1 suggests that the graphite 
crystals were orientated with the cleavage planes parallel to the substrate. 
This was fully confirmed by the pattern, fig. 2, Plate 6 obtained with the 
specimen inclined to the beam, from which it will be seen that all the 
rings are broken up into arcs and that hkl diffractions appear which are 
absent from fig. 1. With specimens in which the graphite films were 
supported on the gauze without collodion and thus directly bridged the 
meshes, hkl diffractions appeared even when the film was normal to the 
beam, fig. 3, Plate 6, and inclination of the specimen had no visible effect 
upon either the continuity or relative intensity of the rings; thus in such 
cases the crystals were randomly disposed. 

Figs. 4 and 5, Plate 6, are enlarged sections of the broad inner ring 
group or band in figs. 3 and 1 respectively. This band has hitherto been 
attributed to the combined 100 and 101 diffractions. In these enlarge¬ 
ments, however, and more particularly in fig. 4, the group has been 
resolved into four distinct rings; also, in figs. 1,2, and 3, other diffractions 
having no counterpart in the corresponding X-ray patterns and until now 
undetected, appear between this group and the 110 ring. The correspond¬ 
ing Bragg plane spacings, referred by double-shutter exposures to gold, 
a — 4-070 A, and the intensities of the diffractions are set forth in Table I, 
columns 1 and 2, for purposes of comparison with the corresponding 
experimental X-ray data (columns 4, 5, and 6). 

Thus the electron diffraction powder patterns contain several “ extra ” 
rings of which the corresponding spacings are not representative of any 
normal identity spacings of parallel sets of planes in the structure assigned 
to graphite by X-rays. 

It seemed at this stage that the elucidation of the cause of these remark¬ 
able differences between the X-ray and electron-diffraction graphite 
powder patterns involved consideration of three possible alternative 
explanations. Thus the “ extra ” rings might be due to (i) impurities, 
(ii) lattice dimension deviations from the normal in the surface layers. 
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Table I—Spacings and Intensities of Graphite Powder 
Diffractions 

Electron diffraction X-ray diffraction 


Artificial graphite 

"N 

Natural 

graphite 

Spacingsf 

s' 

~^ 
Natural graphite 

Spacingsf 

Intensities* 

S' 

SpacingsJ 

Intensities* 

Indices^ 

in A 

(from 

in A 

in A 


(hexagonal) 

3-42 

random 

patterns) 

VF 


3-395 

vs 

002 

2-123 

MS 

2-128 

213 

MS 

100 

2*079 

MS 

2*081 

— 

— 

— 

— 

M 

2*068 


— 

— 

2*027 

MS 

2*032 

203 

s 

ji°i i 

_ 

M 

1*979 



J102 p i 

1*961 

M 

1*953 

—- 


— 

1*796 

F 

1*803 

1-80 

F 

102 

1*621 

VF 

1*629 

— 

— 

— 

— 


— 

1*70 

S 

(004 ) 

1103P i 

1*541 

VF 

1*544 

1*55 

MS 

103 

1*462 

VF 

1 *456 

— 

— 


— 

VF 

1*313 

1*33 

F 

104 

1*229 

VS 

1*229 

1*23 

MS 

110 

— 

FM 

1*226 

— 

— 

— 

— - 

M 

1*209 

— 

— 



,M2 ) 


1*154 

S 

1*153 

1 -16 

MS-S 

-;2OO0 - 






l201p) 

— 

— 

— 

1-15 

F 

105 

— 

— 

— 

M3 

MS 

006 

1*061 

F 

1*062 

(1-065( 


j200| 

1*055 

F 

1*052 

\ 1-053) 

r 

1201) 

— 

VF 

1*040 

— 

— 

— 

— 

VF 

1*013 

1-02 

F 

202 

0*991 

F 

0*990 

jl-00 I 
10-997) 

MS 

11061 
'{1141 

Intensities 

are graded in 

order of increasing intensity as follows:- 

-VVF—VF— 

FM—M— 

MS—S—VS. 






t Referred to a\ u — 4-070 A. 

+ These spacings and indices have been recalculated for a hexagonal structure 
from lattice dimensional data (a = 2-46 and c = 6-79 A) given by Hassel and Mark 
(‘Z. Physik,’ vol. 25, p. 317 (1924)) and from their orthohexagonal indexing. 
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or to (iii) the structure hitherto assigned by X-rays to graphite being 
incorrect. In what follows an account is given of the results obtained on 
putting these alternatives to the test of experiment and of the facts and 
conclusions thereby reached. 


Sample 


Table II—Types of Graphite Examined 

Nature Source of supply 


44 Aquadag 44 ; batches 
Nos. I and 2 

44 Ceylon, No. 1 .., 


44 Ceylon, No. 2”.... 

41 Madagascar 44 .... 

4 ‘ Porto Amelia 44 
(Portuguese East 
Africa) 

“Norwegian ” (Ska- 
land, Senja) 

44 Borrowdaile 44 _ 

44 Locality Unknown, 
No. 1 44 

44 Locality Unknown, 
No. 2 44 ‘ 

44 Locality Unknown, 
No. 3 44 

44 North American 44 .. 


44 Passau, No. 1 44 
(KropfmOhle) 

44 Passau, No. 2 44 
44 Passau, No. 3 44 


Colloidal artificial graphite pre- 
pa red by the Acheson process; 
graphite content > 99*7% 
Well-developed, relatively large 
clean crystals with plane 
cleavage areas of as much as 
0 5 cm 2 ; free from gangue 
Distorted, coarse-grained lumps 
Small flakes; much micaceous 
gangue, not easily separable 
Small flakes; some micaceous 
gangue, but clean flakes could 
be cleaved off 

Coarse-grained lumps; much 
gangue but mostly separable 
Microcrystalline of very close 
texture 

Large curved crystals on quartz 

Large curved crystals on crystal¬ 
line limestone 

Microcrystalline; much in¬ 
separable gangue 
Well-developed crystals, only 
slightly inferior to 44 Ceylon 
No. 1 44 

Fine powder; about 99 % C.. 

Small flakes; 96% C . 

Large flakes; 96% C .. 


E. G. Acheson, Ltd. 
Natural History Museum 

Hopkins & Williams, Ltd. 
Natural History Museum 

E. G. Acheson, Ltd. 

Royal School of Mines 
Royal School of Mines 
Royal School of Mines 
Royal School of Mines 
Royal School of Mines 
Royal School of Mines 

E. G. Acheson, Ltd. 

E. G. Acheson, Ltd. 

E. G. Acheson, Ltd. 


4 —The Effect of Impurities 

In order to examine the possible role played by impurities, electron 
diffraction powder patterns were obtained from a wide variety of natural 
graphites, together with samples of artificial graphite taken from two 
different batches of “Aquadag”. The data regarding these graphites 
are collected together into Table II. 
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Without exception, the patterns contained all the diffractions enumer¬ 
ated in Table I, columns 1 and 3. In one specimen only (“ Locality 
Unknown, No. 3 ”) there appeared in addition other rings of moderate 
intensity, forming a pattern similar to that obtained from the powdered 
gangue and therefore characteristic of this impurity. Otherwise the 
patterns differed in effect from fig. 3 only in the spottiness of the rings 
(fig. 6, Plate 7); hence the main difference between these graphite samples 
as examined was, as regards the nature of the diffraction patterns, solely 
one of crystal size. Thus the “ extra ” rings can hardly be supposed to 
have arisen from an impurity inherent in the graphite. Nor can they 
be the result of an adventitious contamination, since some of these pat¬ 
terns were taken in camera No. 2 (mercury-vapour pump) and others in 
camera No. 3 (oil-vapour pump). The “ extra ” rings therefore cannot be 
ascribed either to mercury or to organic impurities such as grease or oil 
films. Furthermore the nature of the “ grease ” rings is such as to 
render them easily recognizable,* and their spacings differ from those 
of the graphite “ extra ” rings. Thus it may be concluded that the 
“ extra ” diffractions cannot be due to impurities. 

5—The Effect of Dimensional Lattice Deviations 

According to a theory due to Lennard-Jones,f the lattice dimensions 
should change slightly on approaching a surface from the interior of a 
crystal. Viewed in this light, we might regard the “ extra ” rings just 
outside the 100 and 101 diffractions respectively as evidence of such a 
change in the cleavage plane of the graphite crystal, were it not for the 
fact that the 110 ring, unlike the 100-101 group, is remarkably sharp and 
free from satellites of comparable intensity. This fact alone suffices 
completely to negative any explanation of the “ extra ” rings in terms of 
a dimensional lattice deviation effect. 

6—Diffraction of Electrons by Thin Graphite Single Crystals 

An enlargement, fig. 5, Plate 6, of the 100-101 ring complex in fig. 1, 
which was taken with the beam along the common direction (c axis) of 
orientation of the crystal particles, reveals the fact that the rings are 
continuous but differ greatly in intensity, the innermost (100) being strong, 
whilst the second (“ extra ”) is faint, the third (101) barely visible, and the 
fourth or outermost (“ extra ”) ring is virtually absent. In the original 

* Mark, Motz, and Trillat, 4 Naturwissenschaften,’ vol. 20, p. 319 (1935). 

t ‘ Z. Kristallog.,’ vol. 75, p. 215 (1930). 
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negative of fig. 2 it can be seen that these four rings are of more com¬ 
parable intensity and are arced in such a manner that whilst the 100 
diffraction consists of two diametrically opposed arcs, the 101 and the 
two “ extra ” rings each exhibit four directions of arcing. Such breaking- 
up of “ extra ” rings into arcs on inclination of the specimen plane to the 
beam strongly suggests that they owe their origin to the crystal structure 
of the finely-divided graphite. Indeed, these facts must be accepted as 
evidence of the existence in the crystal flakes of sets of planes with spac- 
ings determining the corresponding “ extra ” ring diameters. From the 
dimensions and directions of arcing it is evident that the two “extra” 
rings are due to planes of spacings 2-08 and 1 *96 A, and forming angles 
with the normal to the cleavage plane of approximately 12 and 24° 
respectively. Planes of such spacings and inclinations do not fit in with 
the structure assigned to graphite by X-rays. 

With a view to eliminating possible anomalous crystal-edge effects, 
the next step was to examine by transmission single crystals consisting of 
transparent and almost colourless flakes cleaved from the best surfaces of 
“ Ceylon No. 1 ” which from the crystallographic point of view appeared, 
and, as will be seen later, actually proved to be, the most perfect of the 
available specimens. 


Table III— Analysis of Graphite Single Crystal Rotation 
Transmission Patterns 


Observed spacings* 

Indices of diffractions 

c/a calculated from 

in A, referred 

fitting the X-ray 

planes of appropriate 

to aAu — 4 070 A 

assigned structure 

indices 

2-128 

100 

— 

2 091 

“ extra ” 

— 

2 081 

“ extra " 

— 

2 065 

“ extra ” 

— 

2-027 

101 

2*70 

1-980 

“ extra ” 

*— 

1-963 

“ extra ” 

— 

1-794 

102 

2*72 

1-541 

103 

2*725$ 

1-462 

“ extra M 


1-316 

104 

2*725$ 


* Most of the spacings included in this column are mean values of up to as many 
as 9 independent determinations; the agreement was good throughout and generally 
of the order of 1 or 2 parts in 1000. 
t Indices assigned to diffractions forbidden by structure factor, 
t c/a values discussed in § 9. 
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Table III—(continued) 


Observed spacings* 

Indices of diffractions 

c/a calculated from 

in A, referred 

fitting the X-ray 

planes of appropriate 

to a mi — 4-070 A 

assigned structure 

indices 

1 *229 

110 

— 

1-228 

" extra ” 

— 

1*221 

" extra ” 

— 

1 209 

111 (forbidden)t 

2*73 

1-174 

M extra M 

— 

1-154 

112 

2*73 

1*134 

105 

2*726: 

1*119 

“ extra ” 

— 

1*105 

“ extra " 

— 

1*077 

113 (forbidden)t 

— 

1*064 

200 

— 

1*052 

201 

2*79 

1041 

“ extra " 

— 

1*014 

202 

2*71 

0*991 

114 

2*724: 

0*960 

203 

2*71 

0*898 

204 

2*725: 

0*826 

116 

2*725: 

0*805 

120 

— 

0*799 

121 

2*83 

0*783 

122 

2*76 

■0*771 

206 

2*727: 

0*758 

123 

2*75 * 

0*726 

124 

2*730: 

0*710 

300 

— 

0*706 

301 

2*89 

0*694 

302 

2*75 

0*693 

118 

2*730: 

0*690 

125 

2*729: 

0*653 

304 

2*72 

0*615 

220 

—. 

0*605 

222 

2-82 

0*600 

306 

*tt See notes, p. 351. 

2-74 


A typical pattern obtained with the cleavage plane normal, or neatly 
so, to the beam is shown in fig. 7, Plate 7. The arrangement of the spots, 
all of which were found to be hkO diffractions, accords completely with 
the X-ray structure. The crystal was so thin that the zero order maximum 
virtually coalesces with the first Laue ring, and this corresponds to a 
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crystal thickness in the direction of the beam of roughly 20 A, or three 
X-ray unit cells.* 

Rotation photographs in which a crystal was turned during exposure 
about an axis approximately normal to the beam were next secured. 
Owing to their minuteness and fragility, however, difficulty was experi¬ 
enced in accurately mounting such crystals, and it was soon found that 
rotation patterns could be more readily obtained by means of specimens 
consisting of transparent flakes which had been much bent during cleavage. 
By flooding a section of such a specimen exhibiting a wide range of 
curvatures, “ rotation ” patterns equivalent to partial rotations about 
several axes could be secured with the specimen stationary or with only 
a few degrees’ rotation of the specimen carrier about its axis, thus avoid¬ 
ing the difficulties and uncertainties, particularly of camera-length varia¬ 
tion, associated with a freely rotated specimen. In this manner patterns 
containing many “ extra ” diffractions not fitting the X-ray structure 
were obtained with flakes cleaved from the “ Ceylon No. 1 ” and “ North 
American ” graphites; much the best patterns of this type, however, in 
that a single photograph often contained as many as 11 “ extra ” diffrac¬ 
tions, were furnished by the more easily distorted graphite “ Locality 
Unknown No. 1 ”. Characteristic patterns are shown in fig. 8, Plate 7 
.(specimen stationary), and fig. 9, Plate 7 (rotation). The spacings of these 
diffractions are given in the first column of Table III. All the spacings- 
previously recorded in Table I, columns 1 and 3, are represented within 
the limits of experimental error; in addition many other diffractions, 
both normal, in that they agree with the X-ray results, and “ extra ”, 
appear with sufficient intensity for accurate measurement. 

These results hardly permit of any interpretation other than that the 
diffractions recorded are due to the nature of the structure of the graphite 
specimens examined; and since it has now been shown that they are 
afforded by every one of the wide variety of graphites so far studied, we 
must conclude that this structure is common to all graphites, in spite of 
the fact that so many of the diffractions do not apparently fit in with the 
structure deduced from X-ray data. 

7—Reflexion of Electrons from the Graphite Crystal 
Cleavage Face 

Any difference between the assigned X-ray and the real structure should 
be revealed by the appearance of Kikuchi line systems in patterns obtained 
by the diffraction of electrons from a single crystal cleavage face, or by 
* Finch, Quarrel 1, and Wilman, * Trans. Faraday Soc.,’ vol. 31, p. 1062 (1935X 
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transmission along suitable zone axes through flakes sufficiently thick 
to yield strong secondary scattering effects. Thus reflexion patterns 
from the cleavage plane in the <£ = 0, 60, 120°, etc., azimuthal settings, 
measured from a basal crystal axis, should be symmetrical and equivalent 
if the assigned X-ray structure is correct; and similar conditions should 
apply to the other symmetrical azimuths, i.e., at <j> = 30, 90, and 150°. 
But if the “ extra ” diffractions are due in fact to another structure, then 
either this symmetry would be lost, or additional and prominent Kikuchi 
line systems should appear at these or intermediate azimuths. 

Reflexion patterns were taken accordingly at these six symmetrical 
settings from different crystals of “ Ceylon No. 1 ” and “ North Ameri¬ 
can ” graphite single crystal cleavage faces. Some of the thin cleavage 
flakes obtained in exposing undamaged faces for the reflexion experiments 
had previously yielded patterns containing most of the “ extra ” diffrac¬ 
tions recorded in Table III. Two such characteristic single crystal 
reflexion patterns are reproduced in figs. 10 (<f> — 30°) and 11 (<f> = 0°), 
Plate 8. It will be seen that they have been successfully indexed* com¬ 
pletely in accordance with the assigned X-ray structure and show no 
signs of any abnormality. In addition to these settings a wide range of 
intermediate azimuths were explored, and in all 22 photographs secured 
and searched for two Kikuchi line systems equivalent to spacings of 
approximately 2 08 and 1 -96 A, with inclinations to the plane of incidence 
of about 12 and 24° respectively, i.e., corresponding to the two very 
prominent “ extra ” rings near the 100 and 101 diffractions. No trace 
of either line pair could be found. Thus these experiments, in confirming 
the X-ray structure, gave results which apparently conflict with those 
set forth in §§ 3 and 6. 

8—Transmission of Electrons Through Thick Graphite Single 

Crystals 

In order to complete this search for planes corresponding to the 
" extra ” diffractions, transmission patterns were taken through com¬ 
paratively thick flakes from the “ Ceylon No. 1 ” and “ Locality Unknown 
No. 1 ** graphites. The relative weakness of the cross-grating spots and 
the great intensity of the secondary scattering effects (figs. 12, 13, 14, and 
15) testify to the considerable thickness of the specimens. Comparison 
with patterns exhibiting a somewhat similar relative intensity of secondary 
to primary scattering from mica films whose thickness was measured by 

* The indexing was carried out on the lines set forth in a paper by Finch, Quarrell, 
and Wilman, ‘ Trans. Faraday Soc.,’ vol. 31, pp. 1062-1072, and p. 1080 (1935). 
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DaTbyshire* and by Kirchner.f enables the thickness of these graphite 
flakes to be estimated as of the order of 10 s A. 

We have completely indexed}: the band systems, i.e., Kikuchi line pairs, 
recorded in altogether 8 reflexion and 20 transmission patterns, each 
representing a different setting, in complete agreement with the assigned 
X-ray structure; and in addition have partially indexed and searched 
through a further 14 reflexion and 16 transmission patterns without find¬ 
ing any evidence of abnormal planes. The planes thus indexed are 
enumerated in Table IV. 


Table IV—Kikuchi Line Diffractions Obtained from Graphite 
Single Crystal Specimens 



Spacings in A 

Theoretical 

Observed 


calculated from 

band-widths 

band-widths 

indices 

a* 2*458 A 

in cm 

in cm reduced 


and 

at 50 kv and 

to 50 kv and 


c/a - 2-726 

L ~ 28 cm 

L -- 28 cm 

100 

2*128 

0-70 

0*70 

101 

2*028 

0-74 

0-74 

102 

1*797 

0*83 

0-83 

103 

1-541 

0*97 

0*96 

104 

1*317 

1*13 

1*12 

105 

1-134 

1-32 

1*32 

106 

0-9891 

1*51 

1*51 

107 

0-8727 

1-71 

— 

108 

0*7746 

1 *93 

— 

109 

0*7028 

2*12 

— 

10*10 

0-6389 

2*33 

— 

200 

1-064 

3*41 

1*41 

201 

1-051 

1-42 

1*42 

202 

1 *014 

1*47 

I *47 

203 

0*9606 

1*55 

1*56 

204 

0*8985 

1*66 

1*66 

205 

0*8333 

1*79 

1*78 

206 

0*7705 

1-94 

1*92 

300 

0*7092 

2*11 

2-11 

302 

0*6939 

2*15 

2*17 

304 

0*6532 

2-29 

2-30 

306 

0*5990 

2*49 

2*49 


* ‘ Z. Kristallog.,’ vol. 86, p. 313 (1933). 
t' Ann. Physik,’ vol. 11, p. 741 (1931); vol. 13, p. 38 (1932). 
t See * note, p. 354. 
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Table IV—(continued) 



Spacings in A 

Theoretical 

Observed 


calculated from 

band-widths 

band-widths 

Indices 

a - 2*458 A 

in cm 

in cm reduced 


and 

at 50 kv and 

to 50 kv and 


t'/a 2*726 

L 28 cm 

L ~ 28 cm 

400 

0*5319 

2*80 

2*80 

401 

0*5304 

2*81 

2*83 

402 

0*5255 

2*84 

2*84 

403 

0*5176 

2*88 

2*92 

404 

0*5070 

2*94 

2*93 

500 

0*4256 

3*54 


505 

0*4056 

3*70 

— 

600 

0*3547 

4*22 

— 

110 

1*214 

1*21 

1-22 

112 

1154 

1*30 

1-31 

114 

0*9911 

1*51 

I-51 

116 

0*8264 

1*81 

1-81 

118 

0*6920 

2*16 

213 

11*10 

0*5882 

2*54 

2-52 

1112 

0*5084 

2*93 

— 

120 

0*8045 

1*86 

1 -85 

121 

0*7988 

1 *87 

1-87 

122 

0*7819 

1 *91 

1-89 

123 

0*7570 

1*97 

1-98 

124 

0*7251 

2-06 

207 

125 

0*6897 

2J7 

215 

220 

0*6145 

2*43 

2-44 

222 

0*6040 

2*47 

2-49 

224 

0*5770 

2*59 

2-62 

226 

0*5385 

2*78 

2-76 

228 

0*4955 

3*01 

301 

130 

0*5902 

2*53 

2-52. 

131 

0*5879 

2*54 

2-53 

132 

0*5814 

2*57 

2-55 

133 

0*5708 

2*62 

2-64 

134 

0*5567 

2*68 

266 

135 

0*5402 

2*80 

2-79 

140 

0*4642 

3*21 

3-22 

142 

0*4599 

3*24 

3-24 

144 

0*4474 

3*33 

3-33 

146 

0*4288 

3*48 

3-44 




Fio. 1—Colloidal graphite on celluloid 
film normal to beam. 


Fig. 2—As in fig. 1, but film inclined at 
45° to beam. 



3—Colloid*! graphite crystals; ran* 
dom disposition. 


Fio. S—Enlargement from 
fig. 1. 
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Fig. 6—Powdered Ceylon graphite. 



Flo. 8—Transmission through a thin 
curved flaks of “ Locality Unknown, 
No. 1 M . 


Proc. Roy. Soc., A, vol. 155, Plate 7 



Fig. 7—Transmission along c axis of a 
thin “ Ceylon, No. 1,” flake. 



Fio. 9—Transmission with rotation about 
an axis normal to the beam. 










patterns from a single crystal cleavage face of “Ceylon, No* 1,” graphite. 
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Proc. Roy . Soc., A, vol. 155, Plate 10 



Fig, 13—Beam inclined by about 4 s to the [01 • I] rone axis. The medians of the lOl 0 and 112 0 

bands intersect in the e axis. 
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Table IV—(continued) 



Spacings in A 

Theoretical 

Observed 


calculated from 

band-widths 

band-widths 

Indices 

a » 2*458 A 

in cm 

in cm reduced 


and 

at 50 kv and 

to 50 kv and 


cja 2*726 

L — 28 cm 

L — 28 cm 

330 

0-4097 

3-64 

3*66 

332 

0-4065 

3-68 

3 66 

334 

0-3978 

3-75 

3*78 

336 

0*3847 

3*89 

3*91 

231 

0-4868 

3*07 

3*02 

233 

0 4771 

3*13 

3 * 12 

235 

0*4587 

3*25 

3 21 

150 

0-3823 

3-90 

3*85 

153 

0*3768 

3*96 

3*88 

250 

0*3408 

4*38 

4*29 

252 

0*3302 

4*40 

4*44 

440 

0*3073 

4*86 

4*88 


Four indexed transmission patterns obtained from “ Ceylon No. 1 ” are 
reproduced in figs. 12, 13, 14, and 15, Plates 9 to 12, and it will be 
noticed that in each the direction of the beam in relation to that of the c 
axis was so chosen that planes corresponding to “ extra ” diffractions 
could hardly have failed to give rise in the pattern to well-marked band 
systems, had such planes indeed existed; but neither in these nor in any 
of the other Kikuchi line transmission or reflexion patterns have we 
been able to detect evidence of a plane or planes corresponding to any of 
the “ extra ” diffractions. Considering the thoroughness of this search, 
as testified to by the wide range of indices of the observed Kikuchi lines 
recorded in Table IV, and in view also of the excellent agreement between 
the Kikuchi line patterns and the assigned X-ray structure, we are now 
driven to conclude that this is in fact the true structure of graphite. 

Unlike the powder and cross-grating pattern of types of spectra, the 
indexing of Kikuchi line patterns can, as a rule, be carried out decisively 
because, in addition to the band widths giving the plane spacings, the 
medians of such line pairs together with the position of the crystal relative 
to the photographic plate completely define the corresponding planes, 

9—The Lattice Constants of the Graphite Lattice 

Since in view of the above results, the validity of the assigned X-ray 
structure must now be accepted, we can calculate the axial ratio of the 

2 B 
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graphite lattice unit cell from suitable data recorded in Table III, columns 
1 and 2, but neglecting the “ extra ” diffractions at the moment as being 
in some way anomalous. Thus for this structure we have 

* ! + 

whence __ 

£ =■ v /F /( -f-„ - (W + k* + hk) . 
a ' ' 1 <W ' J 

The mean of the determinations, in all 25, recorded in column 3 gives 
cja — 2-74; but, in order to arrive at a properly weighted mean, only 
values calculated from diffractions of indices such that /:> h, k, or their 
sum, and thus equivalent to intersections at fairly large angles with the 
(110) plane, should be used. Ten such suitable cases are marked with J 
in Table III; they yield a mean value c\a 2-726, whence c ~ 6-701 A.* 
For purposes of comparison the more recent values of the graphite 
lattice constants obtained by X-rays and electron diffraction are grouped 
into Table V. 


Table V— The Lattice Constants of Graphite 



Observer 

a in A 

c in A 

c/a 


Hull, 1917 and 1922f . 

2 47 

6*80 

2*75 

*•£ 

Bernal, 1924J. 

2-45 

6*82 

2-77 

v % • 

Hasscl and Mark, 1924§ .... 

2*46 

6*76 

2*75 


Mauguin, I926jj . 

2*46-2*48 

6*74 

2*72 


Ott, 1928^1 . 

2*48 

6-78 

2*73 

r* 

/Jenkins, 1934** * * §§ . 

2*42 

6*80 

2*727 

§•2 

AminofF and Broome, 1935ft 

2*42 

6*3 

— 

o U 1 

Miwa, 1934 ft . 

2*456 

— 

— 

5 (a 

fr} .TS 

Finch and Fordham, 1936§§ 

2*458* 

— 

— 


i Finch and Wilman, 1936 _ 

2*458* 

6*701* 

2*726 


* Referred to a\ n 4 070 A. 

t ‘ Phys. Rev.,’ vol. 10, p. 661 (1917); vol. 20, p. 113 (1922). 

} * Proc. Roy. Soc.,’ A, vol. 106, p. 749 (1924). 

§ ‘ Z. Physik,’ vol. 25, p. 317 (1924). 

|j ‘ Bull. Soc. Franc. Min.,’ vol. 49, p. 32 (1926). 
f[ ‘ Ann. Physik,’ vol. 85, p. 81 (1928). 

** ‘ Phil. Mag.,’ vol. 17, p. 457 (1934). 

ft ’ Z. Kristallog.,’ vol. 91, p. 77 (1935). 

tt ‘ Sci. Rep. Tdhoku Univ. a,' vol. 23, p. 242 (1934). 

§§ ‘ Proc. Phys. Soc.,’ vol. 48, p. 85 (1936). 
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10—The Origin of the “ Extra ” Diffractions 

To sum up: it has now been shown experimentally that the graphite 
“ extra " diffractions cannot reasonably be ascribed to (i) impurities, 
(ii) lattice dimension deviations, or to (iii) the real graphite structure 
being other than that hitherto assigned to graphite on the basis of X-ray 
data. Our experiments have, however, established the significant fact 
that, whilst a relatively thick graphite crystal gives a Kikuchi line system 
which in its geometry accords completely with, and therefore confirms, the 
assigned X-ray structure, a flake cleaved from the same crystal, but 
sufficiently thin to afford the cross-grating type of spectrum, yields a 
rotation pattern in which the many “ extra ” diffractions afford un¬ 
deniable evidence of the existence of crystal-plane spacings differing 
from the normal identity plane spacings of the graphite lattice. Yet it 
can hardly be supposed that the mere act of cleaving a thin graphite 
flake from a thicker crystal produces a change in structure. We are 
therefore faced at this stage with the apparent paradox that, although 
the thick and thin crystals must both have the same lattice structure, the 
latter contain identity spacings not exhibited by the thicker graphite. 
Clearly the cause of the “ extra ” diffractions is to be sought in some 
property closely connected with the thinness of the diffracting crystal. 

11—The Theory of the Diffraction of Electrons by Thin 
Graphite Crystals 

In the light of the facts set forth above, the following considerations 
lead to a reasonable explanation of the origin of the “ extra ” diffractions 
obtained when sufficiently thin graphite flakes are traversed by an electron 
bearri. 

In the first place it will be necessary to insist on an important point of 
difference between the conditions pertaining to the diffraction of X-rays 
and those under which the electron beam gives rise to a cross-grating 
type of spectrum, and which does not appear to have been previously 
considered. We think of a space lattice as a periodic repetition of 
scattering centres extending to infinity in each of three dimensions. In 
view of the low efficiency of scattering of X-rays and consequently the 
large crystal particles necessary to give intense diffraction effects, we may 
without appreciable error, as regards the positions of the diffractions, 
consider the individual crystals of a relatively coarse powder as such 
unbounded space lattices; and one falls, indeed, into the habit of so doing. 
Hence we are accustomed to accept as axiomatic that in a given space 
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lattice the plane spaeings must decrease with the decreasing density of 
lattice points in the planes, although this can only be true if the lattice 
extends in fact sufficiently far in all directions for consecutive planes of a 
parallel group to contain substantially the same number of lattice points. 

In the diffraction of electrons transmitted through a film so thin as to 
afford the well-defined diffractions characteristic of the cross-grating type 
of pattern we have, however, a lattice which, though virtually unbounded 
in directions normal to the beam, is limited in the beam direction itself. 
Consider, for example, the cross-grating, fig. 16, representing an (MO) 
cross-section in the beam direction through such a lattice; then the dots 



Fio. 16—I, Normal Bragg plane spacing for an infinite lattice; II, effective identity 

spacing. 

are also projections of infinitely long atom rows. The lattice is then 
unbounded in the h and k directions but is strictly limited in the / direction, 
i.e., by the thickness of the crystal, in this case taken, by way of example, 
as three lattice points thick. 

It will immediately be evident that, although the (O/cO) planes all con¬ 
tain equal numbers of lattice points, the successive parallel (0 kl) planes 
(where in this example, k and / are one odd, one even, and k equals 1 or 
2) in general contain different numbers of lattice rows, with the result 
that effective spaeings occur which are integral multiples of the corre¬ 
sponding normal plane spaeings. Thus it would seem possible under 
suitable conditions to obtain “ extra ” diffractions equivalent to simple 
fractional orders of the normal Laue indices. In the light of these 
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considerations we may now proceed to a quantitative discussion of the 
origin of the graphite “ extra ” diffractions. 

For a thin graphite flake transmission specimen, the effective separations 
of the lattice point rows in the cleavage plane are normal, because the 
cleavage plane may be regarded as extending to infinity. Hence, owing 
to the limited thickness of the crystal, successive planes of similar popula¬ 
tion density must intersect the cleavage plane in such successive parallel 
rows, and the h and k (Laue, not Millerian) indices will have all possible 
integral values and not merely those which also give integral I values. 
It is a well-known experimental fact that, for thin crystals, diffractions are 
aff orded by planes parallel to the beam and thus occur at all the reinforce¬ 
ment points of the cleavage plane cross-grating when the beam is passing 
along a given zone axis. Hence, in order to determine the positions in 
the screen of the more intense “ extra " diff ractions to which abnormal 
periodicities may be expected to give rise, we consider planes passing 
through the more densely populated atom rows in the cleavage plane and 
parallel to the beam, the direction of which determines their / index which 
may be either integral or fractional. If [not] are the indices of the 
lattice row in the beam, then the Laue indices corresponding to planes 
parallel to [uvw] arc given by 

uh + vk i m 7 - 0, (1) 

where u, v, ic, h, and k have integral values. Thus we can construct 
tables of the Laue indices of diffractions possible with combinations of 
these integral indices. Table VI will suffice as example. 

Table VI 

' Beam 

direction Laue indices 

indices 


[now] 

1 0/ 

0 1 / 

1 1 / 

l l / 

2 1 / 

J 2 1 

123 

l o i 

0 l $ 

i i i 

1 1 l 

2 10 

1 2 1 

423 

1 0 i 

0 1 * 

i r s 

1 1 2 

212 

1 20 

723 

1 0 • 

0 1 * 

i T i 

1 i 3 

2 14 

1 2 1 

153 

I o i 

0 1 * 

1 T t 

1 J 2 

2 1 1 

123 

453 

104 

0 1 * 

1 I * 

1 l 3 

2 1 1 

T 2 2 

753 

1 0 J 

0 1 * 

1 14 

) 1 4 

2 13 

1 2 1 

"183 

1 o 1 

0 1 ^ 

l l T 

1 1 3 

2 1 2 

T 2 5 

483 

1 0 4 

0 1 f 

l 1 1 

I 1 4 

2 10 

12 4 

783 

1 0 J 

0 1 s 

l i I 

1 1 5 

2 1 2 

123 
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It is evident that such combinations of u, v, w, h, and k in equation (1) 
must lead to the Laue indices of all possible diffractions from a graphite 
crystal limited in the c axial direction, but otherwise unbounded. Some 
diffractions have fractional third indices; and some with wholly integral 
indices such as 111, 113, etc., are forbidden by structure factor conditions 
for the lattice of unlimited extent, but may be expected to occur with 
diffraction by the thin graphite crystal; others are the normal diffractions 
common to both thick and thin crystals. 

As regards the intensities of the “ extra ” (fractional / index) and 
“ forbidden ” (for reasons of structure factor) diffractions, we may expect 
them in general to reflect roughly the relative intensities of the lowest 
corresponding multiple orders, i.e., with integral hkl values, normally 
appearing in, for example, the Kikuchi line or X-ray pattern. Thus a 
forbidden diffraction, i.e., one of integral hkl values, which owing to 
structure factor restrictions does not normally occur with a thick crystal 
(which is equivalent to a lattice extending practically to infinity in all 
directions) can appear strongly when the crystal is sufficiently thin, owing 
to the marked difference in scattering power of the successive planes; a 
difference which decreases as the structure factor restrictions approach 
to the normal with increasing crystal thickness. The indices of the more 
important possible “ extra ” and “ forbidden ” diffractions compiled on 
the lines indicated in Table VI, together with the corresponding calculated 
spacings and estimated intensities are grouped into Table VII which 
contains also similar data regarding the actually observed “ extra ” dif¬ 
fractions. 

The observed “ extra ” and forbidden ring spacings and intensities agree 
so well with the calculated spacings and intensities of the correspond¬ 
ing assigned fractional orders and forbidden diffractions as to afford 
strong support to the theory outlined above, particularly in view of the 
fact that the hk indices are either 10, 11, or 20, i.e., the correspond¬ 
ing planes pass through densely populated atom rows in the cleavage 
plane. Furthermore, the more conspicuous “ extra ” diffractions have 
/ values such that the planes also contain densely populated atom rows 
in the beam direction. 


12 —Further Experimental Confirmation of the Theory of 
Diffraction by the Limited Space Lattice 

In addition to the excellent quantitative agreement between fact and 
theory shown in Table VII, we have in the experimental material already 
to hand further facts which are in harmony with the new view of the 
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diffraction of electrons by the limited space lattice as exemplified by a 
thin graphite crystal. 

It was pointed out in § 6 that, for the two prominent “ extra ” rings 
appearing in the 100-101 group of diffractions, the directions of arcing 
correspond to planes forming angles with the normal to the cleavage 
plane of approximately 12 and 24°. The indices assigned by the theory 
to these diffractions are 10$ and 10j (Table VII). The corresponding 
planes, (302) and (304), enclose angles with the cleavage plane normal of 

Table VII - Theoretical and Observed “ Extra " and Forbidden 



Diffractions 

from Thin Graphite Crystals 



Estimated 

Calculated 

Observed 

Observed 

Indices 

order of 

spacings 

spacings 

order of 


intensities 

in A 

in A 

intensities 

10? ( 

F 

2 091 

2-091 

F 

10$ 

S 

2 082 

2*081 

S 

10;, 

F 

2-069i 



10)) 

F 

2 070) 

2-067 

M 

102 

F 

1 -978 

1 -980 

M 

105 

S 

1 -960 

1 -958 

S 

105 

M 

1 -624 

1*625 

M 

10 

M 

1 -461 

1 460 

M 

11) ) 


l-228i 



in i 

F or M 

1*227 i 

1*226 

M 

nil 

c 

1•223 i 

1*221 

F 

11* i 

r 

1-220i 

111 

s 

1*208 

1*209 

S 


. F 

1-175 

1-174 

F 

11* 

F 

1-121 

1*119 

F 

m 

F 

1104 

1*105 

F 

113 

M 

1 077 

1 -077 

M 

205 

M 

1 041 

1*041 

M 


11° 57' and 22° 57' respectively. In view of the good agreement already 
noted in the spacings of these two rings, such close correspondence between 
the observed and theoretical orientations of the originating planes is indeed 
most convincing. In the original negative of fig. 2 the directions of arcing 
of the lOS and lOy diffractions can be seen to be such as to confirm this 
indexing in a similar manner. 

In the graphite powder patterns, and more particularly in figs. 3, 4, 
and 6, the 100, 10$, 101, and 10$ rings appear as if superimposed upon 
a band extending from the inner (100) to the outermost (10*) ring. The 
microphotometric record, fig. 17, of this region of a graphite powder 
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pattern clearly shows that this is indeed so. This band can immediately 
be accounted for in terms of the theory as being due to fractional orders 
of higher denominations and of relatively slight intensities compared 
with those listed in Table VI]. Over 30 such diffractions with / values 
between J and V and of denominators between 2 and 9 lie within the region 
of this band, and thus satisfactorily account for its existence in the powder 
patterns. 



The thin graphite single crystal “ rotation ” patterns all exhibit remark¬ 
able streaks joining up and passing through diffraction spots, both normal 
and “ extra Several such streaks are visible in the pattern, fig. 8, 
Plate 7, for instance, at approximately 5 and 11 o’clock positions and 
2\ cm from the undeflected beam. They are much more easily seen 
in the original plates, where they are indeed very conspicuous. These 
streaks always appear in pairs symmetrically disposed about the central 
spot; hence they are undoubtedly due to a two-dimensional diffraction 
effect produced by the progressive inclination to the beam of the cross- 
grating formed by the graphite cleavage plane. When, during such 
inclination, a zone axis comes into line with the beam, strong reinforce¬ 
ment occurs and bright cross-grating spots appear. Thus this streak 
phenomenon not only justifies the premises made in building up the 
theory, but also affords a striking demonstration of the relaxation of 
structure factor restrictions due to the limitation of the lattice dimensions 
in a given direction. 

We wish to thank the Government Grant Committee of the Society, 
the Department of Scientific and Industrial Research, Messrs. E. G. 
Acheson, Ltd., Ferranti, Ltd., Imperial Chemical Industries, Ltd., and 
Messrs. C. C. Wakefield, Ltd., for financial assistance and apparatus. 
We are also indebted to Dr. W. R. Jones of the Royal School of Mines and 
to Dr. Bannister of the Natural History Museum for supplying specimens, 
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and to Dr. Martin and Mr. Gull who, by the courtesy of Sir Robert 
Robertson, F.R.S., obtained the microphotometric record, fig. 17, from 
one of our graphite powder patterns. 

12— Summary , 

The diffraction of electrons by graphite has been studied. It has 
been found that both artificial and natural graphite powders give diffrac¬ 
tions, many of which do not appear to fit in with the structure hitherto 
assigned to graphite by X-ray workers. It has been shown experimentally 
that these “ extra ” diffractions are due neither to impurities nor to 
dimensional lattice deviations at the crystal surfaces. It has been found 
further that thin single crystals of graphite, like the powder, also yield 
the “extra ” diffractions; on the other hand, thick crystals give Kikuchi 
line patterns which accord completely with the X-ray results. 

It is concluded that the “ extra ” diffractions obtained with thin crystals 
are due to the fact that the graphite lattice, though virtually unbounded 
in the cleavage plane directions, is limited in the remaining dimensions by 
the thinness of the crystal; with the consequence that diffractions of 
fractional / index, /.<?., equivalent to fractional orders of the normal Laue 
indices, and also diffractions normally forbidden by structure factor 
considerations can occur. 

This theory is supported by the occurrence of diffraction lines joining 
up groups of diffractions and by the agreement found between the calcu¬ 
lated and observed spacings corresponding to, and the directions of 
arcing of, the “ extra ” diffractions afforded by graphite. 

The lattice constants of graphite have been determined in terms of that 
of gold. 



366 


The L Spectra of Iron, Cobalt, Nickel, and Copper 

By F. C. Chalklin, Ph.D., Lecturer in Physics, University College, 

London 

(Communicated by E. N. da C. Andrade, F.R.S.—Received February 6, 

1936) 

[Plate 13] 

1—Introduction 

The elements iron, cobalt, nickel, and copper in the solid state are 
interesting in a number of ways. They are adjacent elements at the end 
of the group for which the M (V ,v level is incomplete; the first three are 
ferromagnetic; their X-ray spectra present abnormalities; and the critical 
potentials of their soft X-ray emission are strangely numerous and difficult 
to interpret. These properties are to be associated with the electrons at 
or near the surfaces of the atoms, and the study of the outer electronic 
energy levels is therefore of importance. For such a study soft X-ray 
spectroscopy is especially suited. In the experiments to be described a 
plane grating has been used in the grazing incidence position. This 
method of diffraction, whilst giving a dispersion inferior to that of the 
crystal, yields good intensity and seems preferable for the examination of 
weak diffuse radiations. The immediate objects of experiments were 

(i) to find whether the M levels and the abnormally separated L,, and L m 
levels are dependent upon the ferromagnetic condition of the metals; 

(ii) to observe whether the anti-cathodes when heated and free from 
oxidation give the same results as previous workers have obtained when 
using cold anti-cathodes; and (iii) to ascertain whether, as suggested by 
the critical potentials, there exist radiations other than the normal L 
lines and satellites already observed. 

2—Description of Apparatus 

The spectrograph which has been used is fully described elsewhere.* 
The soft X-ray beam from a slit of mean width 0-065 mm passed through 
a second slit of the same width and fell on a plane glass grating at a 
grazing angle of about 1°. The grating was from the Siegbahn engine. 
The rulings, 1 - 2 cm long, extended for only 3 mm. The X-ray beam, 

* F. C. and L. P. Chalklin, * Phil. Mag.,’ vol. 16, p. 363 (1933). 
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after diffraction at the grating, fell almost normally on a plate SO cm 
away. The optical system, mounted on a rigid bench, was housed in a 
steel cylinder evacuated by a Gaede diffusion pump. The X-ray tube 
was directly connected to the end of the spectrograph chamber, and was 
evacuated by a separate diffusion pump. It was separated from the 
spectrograph by a slit about 1 mm wide. This slit, while not interfering 
with the optical arrangement, considerably reduced the rate of diffusion 
of gases into the X-ray tube. The tube, made of quartz, was of the hot 
cathode type, the filament being in the form of a spiral about i cm long. 
The voltage was supplied by a D.C. generator capable of yielding 5000 
volts. 

The anti-cathodes, made from pure materials supplied by Messrs. 
Hilger, were 2 cm long, 0-5 cm wide, and in the magnetic experiments 
always well under 0-2 cm thick. They were either soldered to the water- 
cooled anti-cathode block or were grooved and firmly attached to it 
with molybdenum wire. In the latter case the thermal connexion was 
imperfect and, by applying suitable thermionic currents, they could be 
raised to desired high temperatures. These temperatures were on several 
occasions studied by means of an optical pyrometer. For the soldered 
anti-cathodes the thermionic currents were sometimes as high as 50 
milliamperes; for hot anti-cathodes they were often as low as 8. 

The general features of the L spectra are shown in fig. 1, Plate 13. The 
live lines exhibited in the figure are obtained in measurable intensity for 
each of the elements. Their origin is shown in the diagram of energy 
levels, fig. 2. On the actual plates the L a , Pj and L,., doublets each appear 
resolved in the first order and their components are readily measurable 
by the measuring microscope. This resolution is not clearly shown by 
microphotometer records, but analysis of these yields approximately 
the same value for the separation of the components as is obtained by 
the microscope. 

3—The L and M Energy Levels and their Dependence upon 
the Magnetic State of the Metal 

The Moseley diagrams of the M levels of the elements of atomic 
numbers 24 to 35 are given by Thoraeus.* For each level a change of 
slope occurs at copper (29). The change is most marked for the Mi V ,v 
level. This is not unexpected, since the Miv.v shell is incomplete for 
elements below copper, and although the building of this level will 
naturally have the greatest effect on its own diagram, the other M levels 

* ' Phil. Mag.,’ vol. 2, p. 1007 (1926). 
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would also be likely to be affected by the addition of M IV , v electrons. It 
is the M lv ,v shell which is believed to be responsible for ferromagnetism. 
The L levels are more strikingly anomalous. The separation of the levels 
L u and L m may be obtained from hard X-ray experiments by the difference 
in energy of the K„ and K a , lines, and by soft X-ray work from the 
difference L«, L„ as well as L, — L ( . These methods have both 
shown that, if the difference L n — L m be plotted against atomic number, 
the transition elements form a “ hump ” on an otherwise smooth curve. 
The maximum of the “ hump ” occurs in the middle of the group. This 
abnormally wide separation is surprising, since although it must evidently 



Fig. 2. 

be due to some external agency (probably connected with the building 
of the Mjv, v level), the L levels are comparatively deep within the atom 
and for this reason would not have been expected to be affected. In this 
group of elements occurs the additional anomaly of ferromagnetism. 
This is possessed by the elements nickel, cobalt, and iron and, in certain 
compounds, by manganese and chromium. The whole group also dis¬ 
plays paramagnetism in its salts, the paramagnetic moment rising to a 
maximum in the middle of the group. It has been the purpose of the 
present experiments to ascertain whether or not the anomaly of the L 
levels and the positions of the M levels are dependent on the magnetic 
state of the elements.* If such a dependence exists it is apparent from 

* This idea was the result of a conversation with Dr. L. F. Bates, to whom the 
writer expresses thanks. 
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the smallness of the magneto-thermal effects, that a shift of one level 
must be balanced by opposite shifts of other levels. 

By examining the anti-cathodes of the ferromagnetic element both hot 
and cold we have ensured that the internal field shall be considerably 
varied. For nickel there is no doubt that the hot anti-cathode, raised to 
red-heat, was entirely above the Curie point of 372° C. For iron the hot 
anti-cathode was observed with an optical pyrometer. Although the 
temperature of the anti-cathode varied considerably from point to point, 
there is no doubt that for one spectrogram (G38) it was entirely above 
the Curie point of 774° C. The Curie point for cobalt is much higher, at 
1131° C. Optical pyrometer measurements here were complicated by 
the evaporation of the hotter portions of the metal and the consequent 
blackening of the tube. It was deemed sufficient to make certain on one 
spectrogram that the temperature was well over 1000° C and that it was 
thus in the neighbourhood of the Curie point. There will, of course, be 
some rise in temperature at the surfaces of the cold anti-cathodes, but it 
is to be pointed out that low voltage soft X-ray tubes of the present 
type exhibit little electron focussing. For iron and, we believe, for nickel, 
therefore, we have taken spectra in both the ferromagnetic and the para¬ 
magnetic state; for cobalt in its normal ferromagnetic state, and also at a 
temperature at which little of the ferromagnetic internal field could remain. 

The results of the measurements for the three elements (and also for 
copper) are shown in Table I. The measurements given in the table are 
the distances from the zero order all referred to a standard measurement 
of oxygen K„ which is more accurately measurable than the wide zero. 
The apparatus was retained in the same setting throughout the series of 
experiments—the grazing angle being 1 -4°—so that the measurements 
should be immediately comparable. With the exception of G34 all the 
exposures relate to a standard tube voltage of 3600. 

The only line showing appreciable signs of movement is L*, 4 . The 
largest observed difference apart from (3 S , i is actually shown by the control 
element copper, whose L, line is of energy l -9 volts greater for the cold 
element than for the hot. An examination of the other lines of the copper 
L series demonstrates that this cannot be a genuine movement of either 
the L m or the Mi level. Did it represent a movement of L m , then the 
energy of L„ would be greater by 1 -9 volts for the cold case than for the 
hot, or were it due to a shift in M x , then L, would be altered in like 
manner. L„ determined with greater accuracy than L„ shows a shift 
in the required direction, but only of about 0-4 volt; L, also moves in 
that direction but again by only 0-4 volt. The largest shift for the ferro¬ 
magnetic elements is 1 - 6 volts for the weak line Fe L„. The lines L, and 
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again indicate that this is not a genuine movement of either the Ln 
or of the Mj levels. It is concluded that, to within about a volt, the L„, 
L ru , M x , and M lv , v levels are not dependent upon the magnetic state of 
the metals. 

Of the Lj and M XI m levels the evidence is less certain. These levels 
are involved only in the line L A ,. The evidence of this line can thus 
not be checked. It is the weakest line of the group; it is probably 
asymmetrical; and it cannot be resolved from the L a line of the next 
element above in the periodic table, so that a small trace of this element as 
impurity may falsify the results. We are confident that the exposures 
with hot anti-cathodes arc free from impurity error; for the cold anti¬ 
cathodes it is not so certain, but the iron, cobalt, and copper values are 
believed to be free from any error of this sort. The |3 3 , 4 value for cold 
nickel is, however, almost certainly affected by some sputtered copper and 
it has not been listed. For copper the energy of j3 3>4 is 2-6 volts greater 
for hot anti-cathodes than for cold, for cobalt 1 -0 volts, and for iron 
—21 volts. There does not seem to be any system behind these differ¬ 
ences, which are probably due to the difficulty of measurement already 
mentioned. It is concluded that the line t , and therefore the levels 
L x and M u ,in. do not shift at any rate by more than about 3 volts. In 
the circumstances it has not been considered worth while to redetermine 
the value for cold nickel. 

In short, no evidence of movement of the L or M levels has been 
observed, and, within the mentioned limits, these levels are found to be 
independent of the magnetic state of the elements. 

The M IV ,\ level, the supposed source of ferromagnetism, does not 
then move as the temperature is raised and ferromagnetism diminishes. 
This indicates, as one would have anticipated, that the change in ferro¬ 
magnetism is not due to any great change in the carrier itself. The 
atomic moment of nickel at low temperatures (obtained from saturation 
measurements) is three Weiss magnetons. Above the Curie point, in the 
paramagnetic state, the atomic moment is 8. Similarly for iron, the 
low temperature measurements and those for the first paramagnetic 
state give the values 11 and 20 -9 respectively. Were these changes due 
to rearrangements of the electron distribution in an atomic carrier it 
seems probable that such rearrangements would cause a shift in the 
energy levels concerned. The absence of any shift even in the Miv.v level 
itself for nickel and iron when carried above the Curie point affords 
strong evidence against such a readjustment. 

The abnormal separations of the L Ir and L m levels and the bends in 
the M levels diagrams observed by Thoraeus do not therefore appear to 
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be a result of the magnetic phenomena nor by any other means to be 
dependent on temperature. It is clear also that the effects are not the 
result of surface oxidation. This is shown by the fact that our results for 
the undoubtedly uncontaminated hot anti-cathodes agree with our values 
for ordinary cold anti-cathodes, and, further, give L separations not less 
than those observed by Thoraeus.* The agreement between the results 
for cuprous oxide and metallic copper afford further evidence in this 
direction, t 


4—Wave-lenoth Determinations 

The results obtained in the present experiments are listed in Table II, 
together with those of other workers and of other methods. 

The wave-lengths were obtained, in the present research, in terms of the 
standard wave-length of copper L„. The value for this, obtained by the 
crystal method, is 13 • 306 A. On a calibration plate this line was obtained 
in four measurable orders together with carbon K 0l , t in two orders and 
oxygen K„ in one. Both of the latter lines have been determined in terms 
of copper L„. These seven lines permitted the evaluation of the four 
constants which we employed in the usual form of calibration equation.^ 
Plates were referred to the calibration plate by means of the reference 
line oxygen K„. The resulting wave-lengths and corresponding voltages 
are listed in Table II. In the absence of any systematic difference between 
the values for hot and cold anti-cathodes, we have calculated our wave¬ 
lengths from means of the hot and the cold measurements. In Table III 
calculations have been made of the separations of the levels L n and L m 
and M r and Mi V , v, neglecting any effects of band widths. Both separa¬ 
tions are, as shown in the table, obtainable in two ways. The extent of 
the agreement of these two determinations affords an index to the accuracy 
of the determinations. The largest difference between the two values is 
2-4 volts, and since this difference is dependent on four separate wave¬ 
lengths, it would appear that the latter are accurate to about 1 volt or 
0-02 A. This is in accordance with expectation based on the individual 
measurements on the plates. The results—also listed in Table II—of 

* See Table III. 

t Thoraeus made some experiments with compounds of copper and of nickel. He 
found that whilst Cu t O gave the same La as metallic copper, in Cu t O and CuS the 
line was doubled. Similarly bivalent nickel behaved like the metal whilst trivalent 
nickel seemed to give a doubled line. 

t The computation was very kindly arranged by Dr. L. J. Comrie, Director of 
H.M. Nautical Almanac Office. 
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Table II* 


Element 

Author 

i 

I-/*, 

L a 

L, 

Li 

Cu (29) 

X in A 

Karlsson . 

1207 

13*027 

13*311 

14*87 

15*26 



Thoraeus . 

12*10 

13*029 

13*308 

14*83 

15*19 


»» 

Howe . 

. 

— 

13-37 

14*95 

15*33 



Witmer and Cork . 

12-091 

13 048 

13*339 

14*910 

15*266 



Chalklin. 

12*09 

13*02 

(13*306) 

14*85 

15-27 


volts 

Chalklin. 

1021 *3 

948*2 

927*8 

831*2 

808*4 

Ni (28) 

X in A 

Karlsson . 

13*12 

14*25 

14*53 

16*28 

16*66 



Thoraeus . 

1314 

14*235 

14 528 

16*17 

16*55 


99 

Howe . 

—- 

14*28 

14*62 

16 36 

16 73 



Witmer and Cork . 

— 

14*255 

14*556 

16*271 

16*660 


»» 

Chalklin. 

13*17 

14*25 

14*55 

16*27 

16-68 


volts 

Chalklin. 

937*6 

866*4 

848*5 

759*0 

740*2 

Co (27) 

X in A 

Karlsson. 

14*24 

15*63 

15 93 

17*86 

18*25 



Thoraeus . 

. 

15*62 

15*94 

17*77 

18*20 



Howe. 

— 

15*64 

15*99 

. 

18*34 


»s 

Witmer and Cork . 

— 

15*690 

15 990 

— 

18*321 


»» 

Chalklin. 

14*36 

15*56 

15*935 

17 84 

18*28 


volts 

Chalklin. 

859*9 

793*3 

774*7 

692 0 

675*2 

Fe (26) 

X in A 

Karlsson . 

15*71 

17*23 

17*57 

19-76 

20*09 


»» 

Thoraeus . 

15 61 

17*22 

17*58 

19*65 

20*12 



Howe . 

— 

17*29 

17*66 

. 

20*25 



Witmer and Cork . 

— 

17*281 

17*602 

— 

20*161 


s» 

Chalklin. 

15*69 

(17*18) 

17*55 

19*675 

20*12 


volts 

Chalklin. 

786*8 

718*6 

703*4 

627*4 

613*5 


* A paper by Siegbahn and Magnusson (‘Z. Physik,’ vol. 95, p. 133 (1935)) has appeared giving 
results obtained by the concave grating vacuum spectrograph. For Co the values are L^,, 15-63 A; 
L a , 15-94 A; L„ 18-0 A; L t , 18-25 A; for iron: L„„ I7-22A;L a , 17-56A; L„ 19-73A; L t ,20-14 A. 
These results are obtained by comparison with vacuum spark standards. 

Karlsson* and of Thoraeus,t are from crystal investigations and are 
directly comparable with those of this paper. The values given by 
HoweJ and by Witmer and Cork§ are, however, absolute grating deter¬ 
minations, and for comparison should be reduced by about 0-25%. 
Measurements (not included in the table) of some of the L lines in this 
region have also been made by Thibaud,|| by Hunt,t and by Kellstrom.** 

* ‘ Ark. Mat. O. Fys.,’ vol. 22, No. 9 (1930). 
t hoc. cit. 

J * Phys. Rev.,’ vol. 35, p. 717 (1930). 

§ ’ Phys. Rev.,’ vol. 42, p. 743 (1932). 

II ‘ J. Opt. Soc. Amer.,’ vol. 17, p. 145 (1928). 

1 ‘ Phys. Rev.,’ vol. 30, p. 227 (1927). 

•* ‘ Z. Physik,’ vol. 58, p. 511 (1929). 
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It will be observed first that there is no evidence of a continuous dis¬ 
crepancy between the results of this research and those of the crystal 
determinations. There is therefore no reason to suspect the latter of 
error due to the refractive index of the crystals employed. The dis¬ 
persion and resolution in the crystal experiments should be considerably 
greater than that of the optical grating researches. They would therefore 
be expected to yield more precise values. Nevertheless, considerable 
discrepancies are to be observed between the two sets of crystal results. 
These differences are for copper L,, nickel L„ and L„ cobalt L„ and iron 
L, and L ftii , greater than would be expected from even the grating ex¬ 
periments. The present results support those of Karlsson for these lines 
with the single exception of iron L, where they are in accord with the 
Thoraeus value. The line cobalt L 3> ( had previously been obtained only 
by Karlsson. The present value of 14-36 A does not agree satisfactorily 
with his figure of 14-24 A. There is no obvious explanation for the 
difference, for the line has been measured on a number of plates, the 
measurements for which are in satisfactory accord. On the other hand, 
the present value of L 3> for iron is in marked disagreement with the results 
of other workers. A reason for this lies in the fact that, in the present 
experiments, with high intensity and low dispersion, the measurement of 
the wave-length of (Jj, is likely to be somewhat in error in the first order 
owing to the proximity of the intense a line. These two lines do, it is 
true, appear well separated on the plates, but the photometer records 
demonstrate this to be an illusion. Secondly, Thoraeus’s work showed 
the existence of satellites on the short side of the (J, line. These would 
not be resolved in our experiments, and with the quite good intensity 
which we obtain, they might tend to affect the wave-length measurement. 
For copper, nickel, and (with some difficulty) cobalt, the second order of 
Pi was measured and used to calculate the wave-lengths given in the table, 
but this was not possible for iron. The second order has always been 
employed for a. 

A general survey of the figures of the various workers as shown in 
Table II leads, above all, to the conclusion that the divergences are far 
larger than the errors to be expected. The most likely explanation for 
this is that the different workers are not measuring to the same points on 
the lines. Were the lines sharp and symmetrical this could scarcely occur, 
but if they have the shape and an appreciable fraction of the width, which 
we find for L, ( see § 5), such differences of measurement can easily occur. 
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5—Emission Bands* 

Description of Phenomena 

The grating which was employed in these experiments threw most of 
the energy into the first order. Since long exposures were taken, the 
conditions were such as to bring up any weak radiations that might be 
present. 

A new effect to be observed was a blackening on the long-wave side of 
L a (the strongest line of the group). To the naked eye this blackening 
appears to be a rather diffuse line, but it does not show up as such under 
the microscope, even when the plates are densitized. In addition, there 
appears to be a minimum of intensity on the short-wave side of L,. These 
effects arc cleared up when the plates are photometered, for the records 
show that the effect consists of a band which, starting at L 0 , ends in the 
vicinity of L r This phenomenon was shown by all the elements. 
Recordsf for copper,^ nickel, and cobalt are shown in fig. 3. Bearing 
in mind the low resolution of the spectrograph, it is not impossible that 
the band consists of a number of lines. This seems unlikely, however, 
for whilst lines might have been observed in the crystal experiments of 
Thoraeus§ and of Karlsson,|| a continuous band might well escape atten¬ 
tion with such high dispersion as they attained. 

To test the genuine nature of the effect, the best method clearly is to 
show that the tail-like bands accompanying L„ are not a common property 
of all the lines on the plates. It is, however, well known that all soft 
X-ray lines have appreciable width, and the most convenient line to test 
appeared to be the K„ line of oxygen. The K absorption edge occurs on 
the, short-wave side of this line and for the proof of the absence of a tail 
an extrapolation of the record of the background of the plate is necessary. 
Photometer records of O K a are shown in fig. 4b and c. The latter 
represents a line which occurs on the same plate and with the same 
intensity as the L„ fine of cobalt, which, although not so strong as most 
of the lines, shows the tail effect. The O K„ line of fig. 4b is somewha 

* See ‘ Nature,’ vol. 135, p. 998 (1935). 

t These records were very kindly taken by Mrs. L. P. Chalklin, partly on Messrs. 
A. Hilger’s non-recording microphotometer, and partly on one of our own design, 
constructed in the Physics Department of University College, London. 

I The dotted lines on the copper curve in fig. 3 represent the analysis of the L«* 
and Lt, doublets into their component lines, the form of oxygen Ka being used as a 
basis. 

§ ‘ Phil. Mag.,’ vol. 1, p. 312 (1926); vol. 2, p. 1007 (1926). 

II • Ark. Mat. O. Fys.,’ vol. 22, No. 9 (1930). 
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weaker. Neither curve appears to have a tail comparable with the L, 
lines. 

To make use of the finer lines to be anticipated in the harder region of 
the soft X-ray spectrum, the grating was placed at a sufficiently grazing 



L Spectra 
Fig. 3. 


angle (0-9°) to allow the M„ line of tungsten to be examined. This 
setting yielded the nickel L„ band exhibited in fig. 3, and the width of 
the band agreed with that of the standard 1 -4° setting. The tungsten 
line, owing to its short wave-length (6-963 A), fell sufficiently near to the 
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directly reflected beam for diffraction of visible light from the slit to be 
troublesome. This difficulty was largely overcome by placing a sheet of 
silver foil over the first slit. The line obtained was of fair intensity and 
its record is shown in fig. 4 a. It shows no tail. While the lines of 
fig. 4 a and b may possibly not have the intensity required to bring up 


M a 

1 



Fig. 4. a, tungsten; b, oxygen; c, oxygen. 

tails similar to those of the L„ lines, they are sufficiently strong to demon¬ 
strate the normal type of line obtained from the instrument. If the tail 
phenomenon was an instrumental spread superposed on the lines, these 
would be expected to be symmetrical. Fig. 3 (nickel) indicates that this 
is not so, especially when it is remembered that (Jj is expected to have 
about half the intensity of «. This evidence, together with that of the 
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further tests mentioned below, points to the “ tails ” being genuine radia¬ 
tions not due to the experimental method. 

The length of the nickel band was found to remain approximately 
constant for grazing angles 1 -4°, 1 -2°, and 0-9°. In a final resetting, the 
second slit was widened, the length of the first slit diminished to 1 -2 cm, 
and the visual setting of the parallelism of the slits directly tested with 
plumb line and microscope. (The parallelism of the grating and the 
second slit could readily be achieved with sufficient accuracy by observa¬ 
tion of a beam of light passing through the slits and striking the ground 
bottom of the grating.) The nickel band remained practically un¬ 
changed. It is concluded that the bands are not the result of shielding 
of the grating rulings by the second slit, or to the grating and first slit 
not being coplanar. A further test indicated that the bands are not due 
to grating imperfections. 

Some time ago L. P. Chalklin and the writer* recorded a diffuse line 
on the long-wave side of the K„ line of carbon. It was found with two 
different gratings and in two orders. It was then ascribed to a partial 
absorption of the K„ radiation. Remark was made that the blackening 
seemed to extend right from K tt to the supposed line. A photometer 
record of the effect in the second order from the grating used in the present 
experiments is shown in fig. 5. The band covers 5 mm on the plate, 
corresponding to 9 A, and can scarcely be spurious. It appears likely 
that this effect and the L a bands represent the same phenomenon. 

In Table IV, the wave-lengths and corresponding electron voltages of 
the long-wave ends of the bands are given. 

Table IV 



End of band 

Width 

Calculated number 

Element 

A 

Volts 

of band 
volts 

of Miv, v electrons 
per atom 

29 Cu 

14*5 

850 

78 

38 

28 Ni 

160 

769 

79 

36 

27 Co 

17*4 

708 

67 

28 

26 Fc 

18*2 

655 

48 

18 


The position of the ends of the tails are obtained by extrapolation of 
the curve so as to cut the base line. For elements such as copper, in 
fig. 3, analysis of the lines is necessary. It is clear that the determined 
point will depend to some extent on the drawing of the base line. Again 
a correction is necessary for the extension of the- tail due to the instru- 

* * C.R. Acad. Sci. Paris,’ vol. 195, p. 374 (1932). 



The L Spectra of Iron 


381 


mental line width. It has been assumed that this will not be important 
owing to the gradual sloping off of the tails. A tentative correction of 
0-1 or 0 05 mm (depending on the shape of the curve) has, however, 
been applied. In view of the rough nature of the estimates it has been 
considered sufficient to measure from the peak of the composite doublet, 
which differs little in position from the peak of the line. The errors in 
estimation of the band width are clearly considerable and an error of 30% 
would be possible. 


CK<* 

1 



Discussion 

It is perhaps of interest to consider the bands which we report here in 
the light of existing data, and to discuss whether or not they admit of a 
ready explanation. Even in hard X-ray researches it is no new thing to 
find lines and absorption edges with finite width, and, further, to find 
lines with asymmetry. The main K edge for the elements from zinc 
upwards has been found to have a width proportional to the fourth power 
of the atomic number. Its value is as much as 160 volts for gold. From 
manganese to zinc it varies little and is only about 7 volts. Semat* has 
shown that, for several heavy elements, the Li U edge is much narrower 
than the K edges and it might therefore be inferred that the L m edge for 

* • Phys. Rev.,’ vol. 46, p. 688 (1934). 
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the elements of the iron-copper group would be only of the order of a 
volt in width. The L„ line is the result of a transition from M IVl v to 
L rn , so that if the width of the L in edge is taken to give the energy spread 
of the Lm level the conclusion is reached that the “ tails ” which have 
been observed for L„ must be almost entirely due to a spread of the Mjv.v 
level. Such an argument is not, however, decisive owing to the com¬ 
plicated nature of the absorption edges. The identification of the edge 
width, as customarily measured, with the width of the level is rather 
arbitrary. Such measurement could scarcely take notice of a spread of 
the type which produces the “ tails ” on the L„ lines. Nevertheless it is 
likely that the conclusion is correct and that the spread is produced in the 
M tv , v energy level, which is only completed for copper and in which the 
electrons are only partially bound. A recent paper by Bearden and 
Shaw* describes some measurements, by means of the double crystal 
spectrometer and the ionization chamber, of the widths of the K lines of 
some elements including those discussed here. The line K ft (M JV ,v — K) 
is included. All the lines show marked asymmetry, being sharper on 
the short-wave than on the long-wave side. Whilst this conforms with 
the results of the present experiments, the width of the lines at half 
maximum intensity is less than 10 volts. There is no doubt, however, 
that the present type of experiment is the more likely to allow the observa¬ 
tion of weak “ tails ”. The rather wide slit and low dispersion have the 
effect of broadening and diminishing the maxima and of compressing 
and emphasizing the continuous bands, it is interesting to note that 
Thoraeus,f although using the higher dispersion of the crystal grating, 
makes the following observation: “ Down to zinc, the structure and 
intensity of both the L„ and lines are quite regular, but at copper they 
have suddenly changed very considerably. The L„ line is very broad and 
diffuse, and in the case of nickel it is most diffuse against longer wave¬ 
lengths 

Recently soft X-ray workers have found that for the lighter conductors 
and semi-conductors, emission lines for which the electronic transition is 
made by a valence electron have abnormal width. Further, these lines 
have a sharp short-wave edge and diminish more slowly in intensity on the 
long-wave side. 

It was originally suggested by Houston J that this abnormal line width 
might be the result of the conduction electrons possessing the great 

* ‘ Phys. Rev.,’ vol. 48, p. 18 (1935). 

t * Phil. Mag.,' vol. 1, p. 312 (1926); vol. 2, p. 1007 (1926). 

t * Phys. Rev.,’ vol. 38, p. 1797 (1931). 



The L Spectra of Iron 


383 


spread required by a Fermi distribution. This distribution requires 
further that the density of conduction electrons shall increase with in¬ 
creasing energy up to a maximum value after which, at ordinary tempera¬ 
tures, it drops fairly sharply to zero. The recent experiments of O’Bryan 
and Skinner* have shown that there is a very satisfactory agreement 
between observation and theory both as to width and to shape. 

As has been pointed out, the width of our L„ lines is attributed to an 
energy spread in the M !Vt v level. This level is incomplete for iron, cobalt, 
and nickel and is first filled for copper. In view of its incompleteness it 
cannot be of appreciably lower energy than the N t level, and its electrons 
can only be partially bound. In the circumstances it is not unreasonable 
to expect that the level shall be spread into an energy band by the inter¬ 
action of the adjacent atoms. This spread is, however, usually taken to 
be small in’view of the small overlap of the wave functions of the M, Vl v 
electrons. Mott.t for instance, suggests that it will be less than 1 volt. 
Nevertheless, although the M ]V ,v electrons cannot be considered as 
completely free and moving in a uniform potential space, the extent of 
the “ tailing oft' ” of the L„ lines on their long-wave side is suggestive of 
a Fermi energy spread. The intensity of the tails of the lines is, however, 
much enhanced by the records, so that the form of the curve is not of the 
normal Fermi type, almost all the intensity actually being in the peak of 
the line. We calculate the width of the band to be expected when assump¬ 
tion is made as to the number of electrons in the group. According to 
the simple Fermi theory the kinetic energy spread is given by 


/r* 


2m 



Assuming that there are, for copper, 10 Mi V , v electrons per atom, and 
calculating the value of p, the value of H obtained is 31 electron volts. 
This compares with the experimental value of 77-5 volts. Similarly, if 
the experimental value be inserted in the formula, one may find the value 
of p required to satisfy the experimental results, and hence obtain the 
required number of electrons per atom. Results of such calculations for 
each of the four elements are listed in Table IV. In each case the required 
number of electrons per atom is impossibly high. In order that the 
approximate number of electrons believed to exist in the Mi V . v state 
should yield the observed energy spread, it is necessary to suppose that 
the density of the electrons giving rise to the radiation is greater than their 
average density throughout the crystal. This might well obtain since the 

* * Phys. Rev,,’ vol. 44, p. 602 (1933); vol. 45, p. 370 (1934). 

t ‘ Proc. Phys. Soc.,’ vol. 47, p. 571 (1935). 
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Miv, v electrons, partially bound, cannot be expected to possess sufficient 
energy to reach all points of the lattice. In this way the electronic 
density in the permitted regions of the lattice would be increased. The 
observed band width would then be obtained if the M IV . v electrons were 
free in 27% of the volume of the lattice for copper, 22% for nickel, 25% 
for cobalt, and 33% for iron (assuming 10, 8, 7, and 6 electrons per atom 
respectively). 

Although the great widths of the bands are thus explained, it is only 
fair to point out once more that it is doubtful whether the Fermi for¬ 
mula can be truly applied in this case, and that it probably yields widths 
which are too great. Nevertheless the percentages calculated by the 
above assumption do not seem very different from those expected. Thus, 
Slater* gives rules by which the approximate radii of maximum radial 
electronic density may be calculated (for the free atom). Taking these 
radii as giving a rough indication of the region through which the Mi V , v 
electrons move, calculating the volume inside a sphere of this radius and 
expressing it as a percentage of the atomic volume in the crystal, the values 
16%, 12%, and 9-7% are obtained for iron, cobalt, and nickel respectively. 
Our values bear to these the ratios 2 1, 2 0, and 2-3. The constancy of 
this ratio for these transition elements looks encouraging, and as the 
calculation from the maximum density radius must give a too low value, 
the ratio might be expected to be greater than I. For copper the ratio is 
3-4 and does not agree, but this could be explained on the basis that the 
Miv.v shell is here complete, and that it can with less truth be treated 
with the Fermi formula. 

On the other hand, the Fermi formula could with perfect fairness be 
applied to the N x (conduction) electrons. A transition, to Lm, is per¬ 
mitted by the selection principle, and for the transition element the short¬ 
wave edge of such a radiation must agree with the short-wave edge of 
the line L a (Mi V) v — L m ). This line would therefore have the form and 
position of the line which we have attributed to L„. It would, however, 
be expected to be weak, and, with not more than two electrons in the 
Nj level, it could not account for the great width of the band unless it 
were assumed that the N t electrons—the conduction electrons—occupied 
only a few per cent of the volume. This can scarcely be so. 

An explanation of the bands therefore presents difficulties. Before 
the matter can be cleared up it will be necessary to examine more closely 
the other L lines, which may also possess a band structure. A more 
precise determination of the band widths is also desirable. 


* ‘ Phys. Rev.,’ vol. 36, p. 57 (1930). 
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Much of the apparatus used in these experiments was purchased with 
the aid of a grant from the Government Grants Committee of the Royal 
Society, to which the writer has great pleasure in expressing his thanks. 
Finally the writer is glad of the opportunity of thanking Professor E. N. 
da C. Andrade, F.R.S., in whose department this work has been carried 
out, for his advice and continued interest and encouragement. 

Summary 

The L spectra of the elements iron, cobalt, nickel, and copper have been 
studied with a plane grating vacuum spectrograph. An examination of 
the three ferromagnetic elements at high temperatures as well as at normal 
temperatures has shown that, to about a volt, the values of the energy 
levels are independent of the magnetic state of the elements. The fact 
that anti-cathodes, kept clean during the experiments by heating, give 
the same wave-lengths as the water-cooled anti-cathodes is an indication 
that the results obtained by the latter method are not subject to error due 
to surface contamination. Wave-length determinations are compared 
with those of other workers. It is pointed out that the magnitude of the 
differences between the results of the various researches is probably due 
to asymmetrical structure of the lines. 

The L„ lines of these elements have been found to possess an abnormal 
spread on the long-wave side, the width from the maximum of the line 
to the end of the “ tail ” varying from 48 electron-volts for iron to 79 volts 
for nickel. The origin of this surprisingly large width is discussed. 
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The Electrical Conductivities of Aqueous Solutions of 
Sodium Dodecyl Sulphate and Sodium Hexadecyl 
Sulphate at Different Temperatures 

By O. Rhys Howell and H. G. B. Robinson 
The College of Technology, Manchester 

{Communicated by Eric K. Rideal, F.R.S.—Received February 6, 1936) 

The classical work of McBain on the electrical conductivity and other 
properties of aqueous solutions of the soaps led him to postulate the 
formation of the ionic micelle.* * * § This aggregate of ions has a greater 
mobility than that of the ions composing it, and its formation accounts 
for the characteristic increase in conductivity exhibited by colloidal 
electrolytes. 

The conception has resulted in great advances fn the study of all 
classes of colloidal electrolytes, e.g ., protein and gelatine salts, dyes, and 
other substances of high molecular weight.f 

The study of aqueous soap solutions is greatly restricted and com¬ 
plicated by the fact that soaps are hydrolysed in solution. The degree 
of hydrolysis, as determined from e.m.f. measurements} and from rates 
of catalysis,§ is too great in very dilute solution to enable measurements 
of the conductivity to be made with accuracy. Moreover, hydrolysis 
results in the formation of acid soapsll which may be adsorbed on the 
micelle and which therefore make interpretation of the conductivity 
curves more difficult. 

The metallic salts of the long chain alkyl sulphates are free from hydro¬ 
lysis so that their conductivities may safely be measured down to infinite 
dilution and the curves explained in terms only of ions and the micelles 
formed from them. 

* McBain, ‘Trans. Faraday Soc.,’ vol. 9, p. 99 (1913); ‘ Kolloidzschr.,’ vol. 12, 
p. 256 (1913); many subsequent papers with numerous collaborators. 

t ‘ Trans. Faraday Soc.,’ vol. 31, p. 1 et seq. (1935) (Symposium on colloidal 
electrolytes). 

% McBain and Martin, ‘ J. Chem. Soc.,’ vol. 105, p. 957 (1914). 

§ McBain and Bolam, 4 J. Chem. Soc.,' vol. 113, p. 825 (1918). 

|| Krafft and Stern, 4 Ber. deuts. chem. Ges.,’ vol. 27, p. 1747 (1894); vol. 28, p. 2566 
(1895); vol. 29, p. 1328 (1896); vol. 32, p. 1584 (1899); McBain, Taylor, and Laing 
‘ J. Chem. Soc.,’ vol. 121, p. 621 (1922). 
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When this investigation was in progress a paper appeared* on the 
electrical conductivities of several metallic salts of four long chain alkyl 
sulphates. The results of the two investigations are in general agreement 
but the interpretation of the form of the conductivity curves now advanced 
is new. 


Experimental 

The Electrical Assembly —The electrical circuit was exactly similar to 
that used in previous investigations.t The source of alternating current 
was a valve oscillator, and the null-point was detected by means of a valve 
amplifier and loud-speaker. The bridge consisted of a new Tinsley non- 
inductive resistance box with six decade dials in conjunction with a pair 
of Tinsley ratio arms. A separate pair of exactly similar ratio arms was 
used for the Wagner earth. The resistance box was shunted with a bank 
of variable condensers to balance the capacity of the cell. 

Cells .The large quartz cell with large platinum electrodes (4 cm x 3 cm; 

2 mm apart) coated with grey platinum used in the previous investiga¬ 
tions was employed for the more dilute solutions. In order to conserve 
material a similar but much smaller cell with electrodes 0-5 cm x 0-5 cm 
and 1 cm apart was used for the concentrated solutions. The cell con¬ 
stants were determined against N 50 pure potassium chloride solution. 

Thermostats —Seven thermostats, one for each working temperature, 
were used. They were filled with water covered with a layer of oil 
(except that for 100" which was filled with oil) and fitted with efficient 
stirrers. They were heated by gas from a governed supply and main¬ 
tained within ± 0 01" of the desired temperature. 

Materials —The sodium dodecyl sulphate and sodium hexadecyl sul¬ 
phate were specially made and given by Messrs. Imperial Chemical Indus¬ 
tries (Dyestuffs Group). In both instances the alcohol was repeatedly 
fractionated; the purified alcohol was treated with chlorosulphonic acid 
and the acid ester was neutralized with sodium hydroxide. The sodium 
salt was crystallized and repeatedly recrystallized from methyl alcohol 
and from water. It was dried over phosphoric oxide in a desiccator. 

Analysis of the dried materials showed the salts to be of great purity 
(Table I). 

The salts may perhaps contain homologues, but these must be present 

* Lottermoser and Piischell, ‘ Kolloidzschr.,’ vol. 63, p. 175 (1933). 

t Howell and Handford, ‘ Trans. Faraday Soc.,’ vol. 29, p. 640 (1933); Howell and 
Robinson, ‘ J. Chem. Soc.,’ p. 1032 (1933). 
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in small amount and, as the analysis shows, distributed evenly on either 
side. 

Conductivity water of great purity was made by the method of frac¬ 
tional condensation. The block tin still used for previous investigations 
developed leaks due apparently to the growth of crystals followed by 
fracture at the interfaces. It was replaced by a still of pure silver and the 
block tin spray trap was also replaced by one of monel metal. The 
arrangement gave a steady supply of water of conductivity 0-4 x 10~® 
mhos which was used throughout the investigation. 

Table 1 

Sodium Sodium 

dodecyl sulphate hexadecyl sulphate 

% % 


Sodium chloride . 0 03 Nil 

Sodium sulphate . Nil 0 07 

Hydrolysable SO a . 27-7 23-1 

Theoretical. 27-8 23-2 


Measurements —Solutions were prepared in the conductivity cell itself 
by weighing out the requisite amount of the sodium salt, collecting the 
water direct from the still, and weighing again. Concentrations are ex¬ 
pressed as the square-root of the normality by weight. 

Two series of measurements were made with each of the alkyl sulphates. 
In the first series, the solution of fixed concentration was measured at 
each working temperature successively. In the second series a concen¬ 
trated solution was successively diluted a number of times by blowing 
water over from a quartz flask* and after each dilution measured at 
constant temperature. 


Results 

In order to economize space in recording the results, the conductivities 
at each temperature have been read from large-scale curves at fixed 
intervals. They are given in Tables II and III for sodium dodecyl sul¬ 
phate and sodium hexadecyl sulphate respectively. They are plotted 
showing the actual determinations in figs. 1 and 2 respectively, the curves 
for 80° and 100° being omitted because of the greatly extended scale 
they would necessitate. 

The results incorporate a series of check measurements made by Mr. 
H. Catlow, B.Sc., to whom we are indebted. 

* Set Howell and Handford, 1 Trans. Faraday Soc.,’ vol. 29, p. 640 (1933). 
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Table II—Sodium Dodecyl Sulphate 


Conductivity A at 


Concn, 

s'- .. . 






--x 

v'N* 

20° 

30° 

40° 

© 

o 

60° 

80° 

100° 

0 

75*8 

94*5 

118 

145 

166 

219 

276 

001 

74*9 

93*5 

117 

143 

163*5 

215 

271 

002 

74*0 

92*5 

116 

141 

161 *5 

212 

267 

0*03 

73*1 

91 *5 

115 

139 

159*5 

208 

263 

0*04 

72*2 

90*5 

114 

137 

157 

205 

259 

0*05 

71*3 

89*5 

113 

135 

155 

202 

255 

0*06 

70*4 

88*5 

112 

133 

153 

198 

251 

0*07 

69*5 

87*5 

111 

130*5 

151 

194 

247 

0*08 

68*6 

86*5 

110 

128*5 

149 

191 

243 

0*09 

67*7 

83 

100 

126 5 

147 

187 

238 

0*10 

56 

71 

90 

115 

138 

182 

232 

on 

49*5 

63 

78 

98*5 

121 

170 

226 

0 12 

45 

57 

71 

90 

111 

159 

218 

0*13 

40*5 

53 

66 

84 

102 

149 

212 

0*14 

38*5 

50 

63 

78 

96 

140 

204 

0 15 

36 

47*5 

59 

74*5 

91 

133 

197 

0*175 

32*5 

43 

53*5 

67*5 

83 

118 

176 

0*200 

30 

39*5 

49*5 

62*5 

76 

108 

154 

0*225 

28*5 

37*5 

47 

59 

71*5 

100 

141 

0*250 

27*5 

36 

45*5 

57 

68*5 

95 

134 

0*275 

27 

35 

44*5 

55 

66*5 

92*5 

130 

0*300 

26*5 

34*5 

43*5 

54 

65*5 

90*5 

126 

0*350 

26 

33*5 

42*5 

52*5 

63*5 

87*5 

120 

0*400 

25*5 

33*5 

42*5 

52*5 

63 

85*5 

116 

0*450 

25*5 

33*5 

42*5 

52*5 

63 

84 

114 

0*500 

25*5 

34 

43 

53 

63 

84 

112 

0*550 

26 

34 5 

43*5 

53 

63*5 

84 

111 

0*600 

27 

34*5 

44 

53*5 

64 

84 

111 

0*650 

27 

34*5 

43*5 

53*5 

63*5 

83 

109 

0*700 

27 

34*5 

43*5 

53 

63 

82 

107 

0*750 

26*5 

34 

43*5 

52*5 

62 

80*5 

104 

0*800 

25*5 

33*5 

42*5 

51 -5 

61 

78*5 

101 


The values at infinite dilution are higher than those found by Lotter- 
moser and Piischell, doubtless largely due to the greater water correction 
applied by these workers; for their concentrated solutions, they used 
ordinary distilled water and for the most dilute water having a conduc¬ 
tivity ten times as high as that used for these measurements. 

Discussion 

The curve of the electrical conductivity against the square root of the 
concentration at each temperature consists of three well-defined sections. 
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Table III— Sodium Hexadecyl Sulphate 


Conductivity A at 


Concn. 






-- 


30° 

40 

50° 

60° 

80° 

100° 

0 

90 

109 

128 

150 

196 

245 

001 

86 

105 

125 

147 

192 

233 

0 02 

82 

101 

122 

144 

186 

220 

003 

62 

75 

101 

124 

180 

208 

004 

50*5 

64 

82 

101 

154 

196 

0*05 

43*5 

56 

71 

88 

134 

183 

0*06 

39*5 

51 

64 

79 

121 

170 

0 07 

36*5 

46 

58 

72 

110 

152 

008 

34 

43 

55 

67 

100 

136 

0*09 

32 

40 

52 

63 

92 

127 

0*10 

30*5 

38 

49 

59 

86 

120 

0 125 

27*5 

35 

45 

53 

77 

102 

0*150 

26 

34 

42 

50*5 

70 

95 

0*175 


33 

40*5 

48*5 

66*5 

90 

0*200 


32*5 

39 

47*5 

63*5 

87 

0*225 


32 

38 

46*5 

62 

85 

0*250 


31*5 

37*5 

46 

61 

83 

0*275 


31 

37*5 

45*5 

61 

82*5 

0*300 


30*5 

37 

45*5 

60*5 

82 

0*350 


30 

37 

45 

61 

82*5 

0*400 


30 

36*5 

44*5 

61*5 

84 

0*450 


30 

36*5 

45 

62*5 

86 

0*500 


29*5 

37 

46 

64 

88 

0 550 


29*5 

38 

47 

65*5 

89 

0 600 


30 

38*5 

47*5 

67 

90*5 

0*650 


30*5 

38*5 

47 

66*5 

90*5 

0*700 


30*5 

38*5 

46*5 

65 5 

90 

0*750 


30 

37*5 

45*5 

64 

88 

0*800 


29 

36*5 

44*5 

62 

85 


Over the first range there is a gradual linear fall. This is very abruptly 
succeeded over the second range by an extremely rapid fall. Over the 
third range the conductivity remains comparatively constant; there is, 
indeed, a small rise in conductivity to a maximum followed by a gradual 
fall. 

Each of these ranges will be discussed and, in seeking an interpretation 
of the form of the conductivity curves, reference will be made to the 
results of two allied investigations about to be published, viz., the trans¬ 
port numbers of the ions in aqueous solutions of silver dodecyl sulphate 
and the effect of added electrolytes on the electrical conductivity of 
aqueous solutions of sodium dodecyl sulphate. 
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First Range —The electrical conductivity falls as a linear function of 
the square root of the concentration of the alkyl sulphate. This behaviour 
is observed with all strong electrolytes and receives complete explanation 
in the Debye-Huckel theory of ionic interaction. 



Concentration VR^, 

Fig. 1—Sodium dodecyl sulphate. 

Further, the fall is of the same order as for a simple uni-univalent salt. 
Thus, for sodium dodecyl sulphate at 20°:— 

The equivalent conductivity A„ at VC = 0 is 75 *7 
„ „ A at VC = 0-06 is 70-3. 

Hence the experimental slope = 5‘4/0*06 = 90-0 


2 D 2 
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Applying Onsager’s equation with the appropriate constants for 20°:— 

A = A 0 — (0-225 A 0 + 53-2) VC, 

the theoretical slope is (0-225 x 75-7) + 53-2 = 70-2. These values 
are exactly comparable with those for simple uni-univalent electrolytes; 



o 0-2 0-4 0-6 0-6 

Concentration y'N^, 

Fio. 2—Sodium hexadecyl sulphate. 


for nearly all the simple salts the theoretical slope is between about 70 
and 80 and the experimental slope about 10 to 15 units higher. The 
fact that the difference between the experimental and theoretical slopes 
is somewhat greater for the alkyl sulphates than for the simple salts is 
doubtless due to the far greater size of the anion whose “ period of 
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relaxation ” is therefore greater than that of a small simple ion. The 
remarkable similarity in the behaviour of these long chain compounds to 
that of simple salts is, indeed, strong evidence in favour of Onsager’s 
assumption that the electrophoretic effect is independent of ionic size. 

There is no doubt, therefore, that in the very dilute solutions of this 
first range the detergent is completely ionized as a simple salt into sodium 
ions and long chain sulphate ions and that this initial fall of conductivity 
is due to interionic action. 

The transport numbers of the ions confirm this view. The values for 
the silver ion and dodecyl sulphate ion in aqueous solution of silver 
dodecyl sulphate are approximately 0-6 and 0-4 respectively at infinite 
dilution and 0-75 and 0-25 at the end of this range. These values are 
similar to those for a simple silver salt, e.g., for silver nitrate for which the 
values of cation and anion are 0-47 and 0 -53 respectively in very dilute 
solution. The smaller value of the transport number of the long chain 
anion compared with that of the nitrate ion is to be expected because of 
its relatively great size and therefore smaller mobility. It is also to be 
expected that the fall in the transport number of the long chain anion 
with increasing concentration should be greater than that of the smaller 
nitrate ion owing to relatively more rapid crowding. 

Further confirmation is forthcoming from the effect of added electro¬ 
lytes on the electrical conductance. The specific conductances of a series 
of solutions containing a fixed amount of added electrolyte with increas¬ 
ing concentration of sodium dodecyl sulphate were determined. From 
these the specific conductances of corresponding solutions containing 
only sodium dodecyl sulphate were subtracted. If there were no mutual 
effect between the two constituents, this difference should be constant 
and equal to the specific conductance of the added electrolyte. The 
departure of the conductance difference from this constant value is a 
measure of the mutual effect of the alkyl sulphate and the added electro¬ 
lyte. 

Over this first range the conductance difference falls with increasing 
concentration. The effect is the same as that found on addition of the 
same electrolyte to a simple salt, though the effect is greater owing (as 
will be shown) to the far larger anion of the alkyl sulphate. It is thus 
clearly demonstrated that the alkyl sulphate is present in very dilute 
solution wholly as simple ions. 

In his original investigations on the' electrical conductivity of soap 
solution's, McBain did not carry his measurements down to the low con¬ 
centrations within this first range owing to excessive hydrolysis of these 
compounds at great dilutions. His curves begin within the second range. 
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so that he had no evidence of these colloidal electrolytes as completely 
dissociated salts. In his recent work on the straight chain alkyl sulphonic 
acids* also McBain makes no differentiation between the first and second 
ranges. Lottermoser and Puschellf conclude that the metallic alkyl sul¬ 
phates are completely dissociated over the initial range. 

Second Range —The first range ends abruptly and over the second range 
the electrical conductivity falls extremely rapidly with increasing con¬ 
centration. For the small increase in concentration a/N„. = 0-1 the 
conductivity falls to about half its former value; the average fall over the 
second range is about four times as great as over the first range. 

It is therefore clear that the alkyl sulphate is no longer present as a 
simple electrolyte. Moreover, the departure of a simple electrolyte 
from the behaviour postulated by the Debye-Huckel theory results in an 
increasingly greater conductivity with increasing concentration than 
corresponds to the linear square root relation, whereas with the alkyl 
sulphate the divergence is in the opposite direction and of far greater 
magnitude. 

McBain in his original investigations observed this rapid fall in the 
electrical conductivity of soap solutions and accounted for it by depression 
of ionization. In his recent investigation on the electrical conductivity 
of straight chain alkyl sulphonic acids, also, he argues that dissociation 
is not complete over this range. 

Lottermoser and Piischell observed the same steep fall for all the salts 
of the four long chain alkyl sulphates which they examined, and they 
accounted for it by postulating the formation of aggregates of neutral 
colloid. The explanation presupposes the formation of neutral molecules, 
i.e., depression of ionization as held by McBain. 

The hypothesis that depression of ionization or the formation of neutral 
colloid or of aggregates of neutral colloid is responsible for this rapid 
fall in conductivity over the second range is demonstrably incorrect. If 
it were true, the transport numbers of the remaining ions should remain 
practically unchanged, whereas, in fact, as Howell and Warne have 
shown, they undergo a radical change, that of the cation falling to zero 
and that of the anion rising to unity. Again, the effect of added electro¬ 
lyte having a common ion should be profound, causing greatly enhanced 
depression of ionization and therefore a great fall in conductivity; but 
Howell and Catlow have shown that the “ conductance by difference ” 
of the added electrolyte is practically unchanged over this range. 

• McBain and Miss Betz, ‘ J. Amer. Chem. Soc.,’ vol. 57, p. 1905 (1935). 
t ‘ Kolloidzschr.,’ vol. 63, p. 175 (1933). 
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Hartley* accounts for the rapid fall in conductivity by postulating 
that where the linear relation of the first range ends, micelle formation 
begins. Now McBain introduced the concept of the ionic micelle to 
explain the increase in conductivity observed over the third range, arguing 
from Stokes’s Law that the mobility of the ionic aggregate is greater 
than that of the component ions moving individually. Hartley, how¬ 
ever, points out that inclusion of the cations by the micelle removes these 
from solution and the consequent reduction in the cationic mobility is 
greater than the increase in anionic mobility, thus causing a decrease in 
conductivity. This theory accounts for the observed change in the 
transport numbers of the ions over this range, but there are several argu¬ 
ments against it:— 

1. If micelle were present, the addition of electrolytes should have a 
profound effect owing to adsorption (or inclusion) of ions by the micelle. 
Actually, however, as already stated, added electrolytes have almost no 
effect over this range. 

2. It is generally agreed that micelle is present over the third range where 
the conductivity is increasing again and the increase can be explained 
in terms of micelle formation. It is difficult to believe that the con¬ 
stitution of even so variable an aggregate as the micelle can vary within 
such enormous limits as to account first for a fall and then for a rise in 
conductivity on such a scale as that observed over a comparatively small 
range of concentration. Indeed, having used the micelle to account for 
the decrease in conductivity, Hartley has no explanation for the subse¬ 
quent increase and concludes that “ in the present state of our know¬ 
ledge we feel that it is premature to draw any definite conclusions from 
the behaviour of these substances in concentrated solutions ”. Yet, as 
McBain stresses, the increase in conductivity is the most characteristic 
behaviour of these colloidal electrolytes. 

3. The simple relation between the lengths of the anions and the 
distance between them at the end of this range (vide infra) indicates that 
over the whole of this range the alkyl sulphate is still present almost 
entirely as simple ions. 

4. Hartleyf uses Bury’s observation^ that micelle formation begins at 
a critical concentration in support of his argument that this occurs at the 
end of the first range since the change of conductivity with concentration 
alters abruptly at this point. The discontinuities of Bury’s curves for 

* Hartley, * Trans. Faraday Soc.,‘ vol. 31, p. 31 (1935); Moilliet, Collie, Robinson, 
and Hartley, ibid., p. 120. 

t Murray and Hartley, ‘ Trans. Faraday Soc.,’ vol. 31, p. 183 (1935). 

$ Jones and Bury, ‘ Phil. Mag.,’ vol. 4, p. 841 (1927). 
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the densities of solutions of butyric acid, however, are more comparable 
with the transition from the second to the third range of these detergent 
solutions than with the abrupt change from the first to the second, and it 
will be shown (vide infra) that the conditions existing at the discontinuity 
with butyric acid are probably identical with those at the transition from 
the second to the third range in these detergent solutions. 

The most hopeful mode of approach to an understanding of the con¬ 
ditions obtaining in solution seemed to lie in a consideration of the inter¬ 
ionic distances, which are readily calculated. 

Thus, for sodium hexadecyl sulphate at 60°, the sudden departure from 
the linear relation of the first range (hereafter referred to as the “ break ”) 
occurs at v'N = 0 032, /.<?„ at 0 001024 N. 

The compound is completely dissociated at this concentration, hence 
the 

Number of anions per litre — 6 06 x 10 23 X 0-001024 
cc = 6 06 x 10 2 " x 0-001024 

- 6-205 x 10 17 

,, cm = V6-205 x 10 17 

= 8-53 x 10’ 

Distance between the anions — — r ^ cm 

8-53 x 10’ 

— 117 A. 

Since Lottermoser and Piischell have examined the conductivity of 
four homologous compounds, their values can be used for a comparison 
of the inter-ionic distances. Their values for the concentration at the 
break in the dodecyl and hexadecyl compounds are in excellent agreement 
with ours. 

The inter-ionic distance may be compared with the length of the anion. 
The length is not known from direct measurement. However, the dis¬ 
tance between neighbouring carbon atoms is doubtless the same as in 
carboxylic acids,* viz., 1 -26 A, and the distance between the last carbon 
atom and the sulphate group may be taken as the same without serious 
error. Thus, the length of the hexadecyl sulphate ion is 16 x 1 -26 == 
20-16 A. 

It is seen from Table IV that there is no simple relation between the 
separation and the length of the anion; the ratio djl increases from 3-70 

* Muller, ‘ Proc. Roy. Soc.,’ A, vol. 114, p. 542 (1927); ibid., vol. 120, p. 437 (1928). 
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for the dodecyl compound to 7-05 for the octodecyl. Nor is there a 
simple relation between the free distance d — / and the length. 

The anion is free to rotate and therefore occupies a volume proportional 
to the cube of its length. It is seen that the free distance is proportional 
to the rotational volume of the ion, d — 111 3 being constant for all four 
compounds within the limits of experimental error. 

These compounds, therefore, cease to behave as simple electrolytes 
when the mean free path of the anion falls below a critical value which is 
proportional to its rotational volume. It is therefore suggested that 
at this point the anions are unable to pass one another owing to mutual 
electrical repulsion and that on electrolysis they therefore move as a 
complete lattice-like loose network. The cations no longer have complete 


Table IV— Sodium Alkyl Sulphates 
Temperature 60° C 



* 




Rotational 



Concn. 

Distance 

Length 

Free 

volume 


Compound 

at 

between 

of 

distance 

proport. 

(d~l)/P 


break 

anions 

anion 

d~L A 

to 



Vn 

d. A 

/.A 


P x 10 3 


Dodecyl 

0-21 

56 

1512 

40*9 

3*46 

00118 

Tetradecyl 

0138 

86 

17 64 

68*4 

5*49 

0*0125 

Hexadecyl 

010 

118 

20-16 

97*8 

8*20 

0*0119 

Octodecyl .... 

0 074 

160 

22*68 

137-3 

11 66 

0*0118 


freedom of movement and are able to move through the network only 
with difficulty; at the end of the second range (vide infra) their movement 
through the network has ceased and they are being carried along by it. 

The sudden change from the behaviour as a simple electrolyte over 
the first range is thus clear, since the formation of the network occurs 
at a critical concentration determined by the relative free path and rota¬ 
tional volume of the anion. 

The extremely rapid fall in conductivity is also explained, since, with 
increasing concentration, the network becomes more densely packed and 
therefore less mobile and also offers increasingly greater resistance to 
the movement of the cations in the opposite direction. The packing of 
the anions continues until the critical concentration at the end of this 
range is reached when the movement of the cation through the network' 
is completely checked and the anions with cations fall into micelle forma¬ 
tion. Thus over this range the mobility of the cation falls to zero and that 
of the anionic network is also reduced; consequently, the electrical con- 
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ductivity at the end of the second range should be less than half its value 
at the beginning, and this is seen to be true in each of the curves. 

The change in the transport numbers over this range is also explained. 
The transport number of the cation falls with increasing concentration, 
since its passage through the network becomes increasingly difficult and 
eventually falls to zero when its passage is completely checked. The 
transport number of the anion therefore increases correspondingly until 
it reaches unity. Indeed, the transport number of the anion slightly 
exceeds unity, indicating that cations are being carried along in the net¬ 
work. 

The effect of added electrolytes over this range is also explained. The 
added cations can pass through the anionic network only with difficulty; 
the added anions, on the other hand, increase the charge of the network 
without appreciably altering its frictional resistance. The two effects 
are opposed and the effect of added electrolyte over this range should be 
very small. As already stated, this is found to be so, the “ conductance 
by difference ” of the added electrolyte being almost constant over the 
whole range. 

The relation between the mean free path and the rotational volume 
holds at each temperature as the values given in Table V for 40° and 50° 
clearly show. 

Table V— Sodium Alkyl Sulphates 


Temperature 40° C 

Compound d <1—1 (d — l)/l* 

Dodecyl . 62 47 O OI36 

Tetradecyl . 92 75 0 0136 

Hexadccyl . 135 115 0 0140 

Temperature 50° C 

Dodecyl . 58 43 0-0124 

Tetradecyl . 89 71 0-0129 

Hexadecyl . 122 102 0-0124 


It is seen that the ratio of the mean free path to the rotational volume is 
constant at each temperature. The value decreases with increase of 
temperature (about 0-7% per degree); this is to be expected, since with 
increasing temperature the mobility of the ions increases and they have 
therefore to be brought closer before the mutual repulsive force of the 
anions is sufficient to prevent their movement past one another. 

Confirmatory evidence of the formation and persistence of an anionic 
network over the second range is probably best sought by measurements 
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of the rigidity of the solution,* and it is hoped that this investigation may 
be made in the near future. 

Third Range —The sudden fall in conductivity is arrested and, over the 
third range, the conductivity rises to a maximum and then falls again. 

It was to explain this increase in conductivity which he found exhibited 
by soap solutions that McBain was led to postulate the formation of the 
ionic micelle. 

If n univalent spherical ions each of radius r coalesce to form a spherical 
micelle carrying n charges, then it follows from Stokes’s Law that the 
conductivity of the micelle will be n rri times as great as that of the n 
individual ions. 

It is therefore possible to calculate the conductivity at infinite dilution 
of a compound dissociated into simple ions and micelles. 

Thus using the values 45 -7 and 30-1, as before, for the mobility of 
the sodium and dodecyl ion, respectively, at 20’, the conductivity at 
infinite dilution of sodium dodecyl sulphate dissociated into 10Na + 4 
[D I0 ] 10 will be 

[(10 x 45 ■ 7) 4 (10 x 30-1 x 10*'*)] - 185-4. 


Table VI 



Ions 

Ac 

Na* 

4 

[D,]> 

75*8 

2Na’ 

4 

ID,]* 

93*5 

3Na* 

4 

ID,]*“ 

108-3 

4Na- 

+ 

ID,] 4 - 

121-5 

5Na* 

4- 

P.]‘~ 

133-7 

6Na # 

+ 

id,]* 

145 l 

7Na* 

4* 

to,r- 

155 8 

8Na* 

4 

[D,]* 

166-1 

9Na- 

4 

[D,]*- 

175‘9 

lONa* 

4 

ED. 0 ]*«- 

185-4 


Table VII 
Jons A„ 

lONa- 4 [D 10 ] l0 ~ 185-4 

9Na- 4 [D 10 Na]"- 166 9 

8Na* + [D 10 Na,]»- 148-3 

7Na‘ 4 [D,„Na,r~ 129-8 

6Na- 4 [D,„Na 4 ]*- 111-2 

5Na‘ 4 [D 10 Na s ]» - 92-7 

4Na* 4 [D 10 Na,] 4 - 74-2 

3Na* 4 [DioNa,]*- 55-6 
2Na- 4 [D 10 NaJ‘ - 37-1 

Na-4 (D 10 Na,]‘- 18-5 


The values have been calculated for the series up to D 10 and are given 
in Table VI, from which it is seen how the conductivity increases with the 
size of the micelle. 

Such a highly charged unit as the type of micelle so far considered will 
have a most powerful adsorption effect. McBain postulated that the 
micelle is heavily hydrated and adsorbs undissociated molecules from 


* Suggestion of Professor Rideal, F.R.S., in a private communication. 
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solution. There is every reason to believe {vide infra) that the long chain 
alkyl sulphates are still practically completely dissociated at the moment 
micelle formation begins, so that adsorption of neutral molecules does 
not occur. Evidently, the most marked effect will be the adsorption of 
the oppositely charged sodium ions. 

It is possible to calculate in the manner already indicated the con¬ 
ductivity at infinite dilution of the salt dissociated into simple cations and 
ionic micelles with adsorbed cations, assuming that, so far as size is 
concerned, the mobility of the micelle remains unchanged. Thus the 
conductivity at infinite dilution of sodium dodecyl sulphate dissociated 
into 4Na + -f [D 10 Na e ] 4- will be 

Vo [(4 x 45 -7) + (4 x 30-1 x 10 2 ' 3 )] = 74-2. 

The values have been calculated for the D 10 series with from none to 
nine sodium atoms in the micelle and are given in Table VII from which 
it is clearly seen how the conductivity decreases with adsorption of the 
cation on the micelle. 

Now the conductivity of sodium dodecyl sulphate at 20° at the point 
where micelle formation begins is about 27-0. It is therefore possible 
to rule out those ionic combinations which are not of about this order. 
The nearest values for all possible combinations with from two to ten 
dodecyl groups in the micelle are collected in Table VIII. 

It is clear that for the smaller micelles the charge must be unity and 
that even for a micelle composed of as many as ten anions the charge is 
not greater than two. 

The combination which gives almost perfect agreement with the ob¬ 
served value is Na* -f [D 4 Na 3 ]'. The Onsager slope for this uni-univalent 
electrolyte at 20° is 70-04 so that the calculated conductivity at 
0-0536 N, the concentration at which micelle formation begins, is 
30-4 — 3-75 — 26-65 as against 27-0 observed. It is therefore possible 
that the initial aggregation is of four dodecyl ions, with three sodium 
ions. With increasing concentration of the alkyl sulphate, the size of 
the micelle increases. Addition of dodecyl ions results in increased 
conductivity; adsorption of sodium ions causes decreased conductivity. 
These effects alone are sufficient to account for the increase and the 
subsequent decrease in conductivity over this range. 

Interesting information is obtained from a consideration of the inter¬ 
ionic distances when micelle formation begins. It may be noted here 
that the change of direction in the conductivity curve (hereafter called the 
bend) in passing from the second to the third range is not so abrupt as 
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that (the break) between the first range and the second. Nevertheless, 
the concentration at which the transition occurs is obtained without 
appreciable error from the point of maximum change of direction. 


Table VIII 


Ion 

A 0 

Ion 

A, 

INa- + [D.Na,] 1 

46-7 

INa- 4 [D,NaJ 1- 

22*3 



2Na- 4- [D,Na t ]*~ 

44*5 

INa- + [DjNa,] 1 - 

36-i 



2Na- f [D„Na] J 

72 - 2 

lNa- 4- [D.Na,] 1 

20*8 



2Na. f [D g Na,]*~ 

41*5 

INa- f [D 4 Na»] 1 

304 

3Na- 4 [D,Na,]*- 

62*3 

2Na- + [D«Na,] a ~ 

60-8 

lNa- 4- [D.Na,] 1 

19*5 

INa- + [D t Na«] 1 - 

26-7 

2Na- 4- [D.Na,]* 

38*0 

2Na- + [D,Na,] 2 

53-5 

3Na- 4- [D.Na,]* 

58*6 

INa- 4 [D,Na,]*- 

24 *2 

INa- -f [DjoNa,]* 

18*5 

2Na- + [D.Na,]* 

48*3 

2Na- + [D.oNa,]* 

37*1 



3Na- 4- [D 10 Na,]> - 

55*6 


The positions of the bends for the long chain alkyl sulphates were 
taken from the conductivity curves of Lottermoser and Piischell and 
used for calculating the data given in Table IX. 


Table IX -Sodium Alkyl Sulphates 
Temperature 60° C 



Concn. 

Distance 

Length 



at 

between 

of 


Compound 

bend 

anions 

anion 

dll 


VN 

d. A 

l A 


Dfcdecyl . 

0*377 

31 

1512 

2*05 

Tetradecyt . 

0 330 

36 

17*64 

204 

Hexadecyl . 

0*285 

41 

20*16 

2*03 

Oxtodecyl . 

0*255 

45 

22*68 

200 


It is seen that, within the limits of error in reading the concentrations 
from the curves, the ratio djl is constant. The anionic network therefore 
falls into micelle formation when the distance between the anions has 
been reduced to a critical value which is proportional to the length of 
the anion. 

Fortunately the necessary information is available for testing the truth 
of the relation with another homologous series. Using the concentration 
at the bend read from McBain’s curves for the sodium soaps, the values 
shown in Table X are obtained. 
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It is seen that the same relation holds for this series also. Indeed, even 
with so low a member as the octoate, the ratio is not very different. 
There is no information for the sodium salt but potassium octoate forms 
micelles in about 0-5 N solution.* The distance d - 15 A, the length of 
the anion l — 8-82, and the ratio dj! — 1 ■ 70. 

Since the formation of micelle is an ionic combination, the reaction 
should be exothermic and should therefore be retarded by increasing tem¬ 
perature. 

Table X— Sodium Soaps 
Temperature 90° C. 

Concn. Distance Length 


at between of 

Soap bend anions anion </// 

VN d. A /.A 

Laurate . 0-45 20 13-86 1-44 

Myristate . 0-35 24 16-38 1-47 

Palmitate. 0-28 28 18-90 1-48 

Stearate . 0-23 31 21-42 1-45 


The data given in Table XI calculated from the concentrations at the 
bends in the conductivity curves for sodium dodecyl sulphate at different 
temperatures show that the temperature coefficient of micelle formation 
is negative. 


Table XI 

—Sodium 

Dodecyl 

Sulphate 


Concn. 

Distance 


Temp. 

at 

between 

dll 

C C 

bend 

anions 




d. A 


20 

0185 

36*4 

2-41 

30 

0*200 

34*6 

2-28 

40 

0-215 

32*9 

2-18 

50 

0*235 

31 *1 

2-06 

60 

0-250 

29*9 

1-98 

80 

0*300 

26-4 

1-74 

100 

0*340 

24-3 

1 *61 


It is seen that with increasing temperature the value of the ratio d/l 
decreases (0 -41% per degree over the range examined) showing that the 
anions have to be brought increasingly closer before micelle formation 
begins. 

* McBain, Laing, and Titley, ‘ J. Chem. Soc.,’ vol. 115, p. 1279 (1919); Randall, 
McBain, and White, ‘J. Amer. Chem. Soc.,’ vol. 48, p, 2517 (1926); Davies and 
Bury, ‘ J. Chem. Soc.,’ p. 2263 (1930). 
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With a partially dissociated electrolyte, on the other hand, micelle 
formation is accompanied by further dissociation of the electrolyte and 
this is an endothermic reaction, so that if the absorption of heat due to 
ionization is greater than the evolution of heat due to micelle formation, 
the temperature coefficient will be positive. An example is given later 
{vide infra). 

The force tending to prevent micelle formation is the charge on the 
anion. This is the same (unity) for the anions in the two homologous 
series considered, and it is seen that the ratio djl is very similar for the 
two series at the same temperature; thus at 90° it is 1-46 for the sodium 
soaps and 1 -67 for the sodium salts of the long chain alkyl sulphates. 

The value of the ratio is also about the same for the long chain alkyl 
sulphates and the long chain alkyl sulphonic acids. The concentration 
at the bend in the conductivity curves for the sulphonic acids* cannot be 
read with accuracy since the experimental points are too widely spaced, 
but the data shown in Table XII are calculated from the approximate 
values. 

Table XII— Sulphonic Acids 
Temperature 25° C 
Concn. Distance Length 


Sulphonic acid at between of dll 

bend anions anion 

vN d. A /.A 

Undecyl . 0 25 30 13-86 2-2 

Myristyl . 0-15 42 17-64 2-4 


It is seen that the ratio 2-3 is practically identical with that for the 
alkyl sulphates at 25°, viz., 2-35. 

.The force tending to promote micelle formation is the hydrophobous 
nature of the chain, and this is proportional to its length. Hence the 
tendency for two long chain anions to coalesce is proportional to the 
square of the length. The restraining force, the mutual repulsion due to 
the charges, is inversely proportional to the square of the distance between 
them. At the point where micelle formation begins, therefore, these two 
opposing forces just balance so that d 8 // 8 and therefore d\\ is a constant. 

It follows that with a partially dissociated electrolyte, since the repul¬ 
sive force is less, micelle formation should begin earlier, i.e., when the 
inter-molecular distance is greater. It further follows that, since micelle 
formation results in further dissociation of the electrolyte, increase of 
temperature should facilitate micelle formation. 

* McBain and Miss Betz, * J. Amer. Chem. Soc.,’ vol. 57, p. 1905 (1935). 
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These two effects are clearly seen by comparing butyric acid with the 
soaps. The data in Table XIII have been calculated from the dis¬ 
continuities in the curves for the partial specific volume of butyric acid in 
aqueous solution at different temperatures.* 

Table XIII— Butyric Acid 




Distance 

Length 


Temp. 

Concn. 

between 

of 

dll 

°c 

0 / 

/0 

molecules 

anion 




d. A 

/.A 


0 

150 

9-86 

3-78 

2'61 

12 

13-7 

10 2 

3-78 

2-70 

18 

130 

10-4 

3-78 

2 75 

25 

12-3 

10 6 

3-78 

2*80 

35 

12 0 

10 7 

3-78 

2-83 


It is seen that the ratio dll is far greater than that for the soaps; thus 
at 90° the value would be about 3*1, which is more than double that for 
the soaps (1 -46) at the same temperature. It is also seen that the tempera¬ 
ture effect is in the direction anticipated and is appreciable (0-24% per 
degree over the range given). 

The values of the transport numbers confirm the presence of the 
micelle over this third range. The transport number of the anion does 
not change appreciably but retains the high value of about unity. This is 
to be expected since the micelle carries with it adsorbed cations. 

It has been shown that the most probable ionization at the moment 
of micelle formation for sodium dodecyl sulphate is Na‘ + [D 4 Na 3 ]'. 
It is possible to calculate the transport number of the anion in this 
solution: 

Mobility of Na * -45-7 

„ [D 4 Na 3 ]' = 75-85. 

75-85 

Hence the simple transport number of the anion = r ~j-. . 


The gain in concentration at the anode, however, will be due not only 
to the attack by the four dodecyl ions but will include the three sodium 
ions carried by the micelle. 

Hence the observed transport number of the anion 


75-85 
“ 121-55 


3 “ • 09. 


* Grindley and Bury, ‘ J. Chem. Soc.,’ p. 679 (1929). 
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This is in almost perfect agreement with the transport number reached 
by the anion at the beginning of the third range in solutions of silver 
dodecyl sulphate, viz., 1 •10. 

The effect of added electrolytes on the conductivity also confirms the 
existence of the micelle over this third range. The “ conductance by 
difference ” of the added electrolyte increases extremely rapidly to values 
far exceeding its conductance alone. The effect is readily explained by 
the adsorption of ions of the added electrolyte by the micelle which is 
present over this range. 

We are indebted to Messrs. Imperial Chemical Industries for a research 
grant and for permission to publish this paper. 


Summary 

The electrical conductivities of aqueous solutions of sodium dodecyl 
sulphate and of sodium hexadecyl sulphate have been measured over a 
wide range of concentration at different temperatures from 20° to 100" C. 

The conductivity has been plotted against the square root of the con¬ 
centration and, at each temperature, the curve consists of three distinct 
ranges. 

Over the first range the fall in conductivity is linear as for a simple 
electrolyte and is of the same order of magnitude. The alkyl sulphate 
is therefore completely ionized and the fall in conductivity is due to 
ionic interaction as postulated in the Debye-Hiickel theory. Confirma¬ 
tion is obtained from the fact that the transport numbers are normal and 
that the “ conductance by difference ” of an added electrolyte falls as 
on the addition of one simple electrolyte to another. 

At the point where the first range is abruptly succeeded by the second, 
it is shown that the mean free path of the anion is proportional to its 
rotational volume. At higher concentrations the anions are prevented 
by their mutual repulsion from passing one another and they therefore 
move as a loose network. 

Over the second range the fall in conductivity is extremely rapid. 
Previous theories to account for this fall are discussed and shown to be 
untenable. The anionic network now postulated offers a satisfactory 
explanation and is in accordance with other properties observed over this 
range. The cations are unable to move freely through the network; 
with increasing concentration the network becomes more densely packed, 
so that the movement of the cations is increasingly hindered and eventu 
ally stopped. The contribution of the cations in carrying the current is 
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therefore reduced to zero and, since the network if less mobile than an 
equal number of ions moving individually, the conductivity at the end of 
this range is less than half the value at the beginning. 

Confirmation is obtained from the fact that the transport number of 
the cation falls and that of the anion increases to more than unity. Further 
confirmation is afforded by the fact that the “ conductance by difference ” 
of an added electrolyte is practically constant, since the cation is hindered 
by the network and the anion increases the mobility of the network. 

At the point where the second range is succeeded by the third, it is 
shown that the distance between the anions in the network is proportional 
to their length. It is shown that the same relation holds for aqueous 
solutions of the soaps. In any homologous series the tendency to form 
micelle is proportional to the length of the anion. This is the point, 
therefore, at which the network falls into micelle formation. 

Over the third range the conductivity rises to a small maximum and 
falls again. The conductivities of micelles of varying constitution have 
been calculated, and it has been shown that the increase in conductivity 
due to aggregation and the decrease due to adsorption of cations are 
sufficient to explain the observed changes over this range. 

Confirmation of the existence of micelle over this range is given by 
the fact that the transport number of the anion retains its high value of 
about unity and that the “ conductance by difference ” of an added 
electrolyte increases very rapidly owing to adsorption of its ions by the 
micelle. 

It is shown that for a completely dissociated substance the temperature 
coefficient of micelle formation is negative. 

It is aTgued that a partially dissociated electrolyte should form micelles 
when the distance between the molecules is greater than the distance 
between the ions in a completely dissociated electrolyte of similar con¬ 
stitution ; further, that the temperature effect may be positive. By com¬ 
parison of butyric acid with the soaps this is shown to be true. 

The ionic micelle is not highly charged. The charge is probably not 
more than one or two units. Thus it is shown from the conductivity 
and from transport numbers that initial formation of micelle with sodium 
dodecyl sulphate most probably yields Na* + [D 4 Na 3 ]'. 
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The Red Line of Cadmium as a Standard of Wave-Length 

By C. V. Jackson, Imperial College of Science and Technology 
(Communicated by A. Fowler, F.R.S.—Received February 8, 1936) 

Introduction 

The line 6438 of the first spectrum of cadmium was chosen by Michelson 
as the standard against which to measure the metre, because it was the 
best line he had discovered both from the point of view of its simplicity of 
structure and its capability of giving measurable interference fringes 
over very long paths. It has been used for comparison with the metre 
in four subsequent investigations and the wave-length 6438-4696 was 
adopted by the International Astronomical Union as the primary wave¬ 
length standard (or indeed the definition of the International Angstrom) 
in 1907. 

The line was produced by Michelson by exciting an H-shaped discharge 
tube with high tension alternating current, the lamp at the same time being 
raised to a temperature of 320° C with the aid of a furnace. Similar 
sources were used in six subsequent comparisons of the metre and the red 
line of cadmium. The results of these comparisons are in very good 
agreement, the accuracy appearing to be of the order of one part in five 
million, as can be seen from Table I. 

It will be seen that the mean of the seven determinations differs from 
the value adopted by the International Astronomical Union by a quantity 
less than the probable error of the mean. The limitation of the accuracy 
to about one part in five million is almost certainly caused by the difficulty 
of interpreting the marks on the metre standards. According to Benoit, 
there is an uncertainty of 0-2 micron in the setting of the microscope on 
these lines, and this source of error alone would account for an error of 
one part in five million. Since an accuracy at least ten times greater 
than this is possible in the comparison of wave-lengths of sharp lines, it 
seems essential to retain the red line of cadmium (or at any rate some 
spectral line) for defining the Angstrom unit. 

In view of the fact that the mean of the seven determinations of the 
wave-length of Cd R , 6438 -4693, differs from the adopted value of6438 -4696 
by less than the experimental error, and that when suitably produced the 
wave-length is reproducible to within ± 0-0001 A, it seems highly 
desirable that the adopted value should be retained as the definition of 
the Angstrom. Certain of the lines of krypton are even more suitable 
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for use as wave-length standards than Cd K , but since they have been very 
accurately compared with the primary standard, they may be used as 
reliable substitutes for it for all practical purposes, so there does not 
appear to be any necessity to change the definition of the Angstrom unit. 



Table I — 

Values of X Cd K 

As 

(JO J0 M) 

After ( a ) 
correction 


Date 


originally 

given 

and ( b ) 
adjustment 
to uniform 
conditions 

Difference 
from mean 

1895 

Michelson and Benoit . 

. 6438-4722* 

6438-4691* 

-0 000 2 

1905/6 

Benoit, Fabry, and Perot 

.... 6438-4696* 

6438-4703** 

f0*001 0 

1927 

Watanabe and Imaizumi 

.... 6438-4685* 

6438-46828 

-0 001 1 

1933 

Sears and Barreli. 

. 6438 *4711§ 

6438-47088 

4 0-001 5 

1934/5 


. 6438*47091! 

6438-4709!) 

t 0*001 6 

1933 

Kosters and Lampe ... 

. 6438-467211 

6438- 467211 

— 0-002 1 

1934/5 

»» • * • 

. 6438-4685H 

Mean . 

6438-4685H 

. 6438*4693 

-0*000 8 

±0 001 2 


Note : —The values originally quoted by the authors are corrected in the fourth 
column to take account of subsequent conclusions (a) regarding the values to be 
attributed to the standards of length employed, and adjusted (b), so far as the 
information available permits, to uniform conditions of “ normal ” air, i.e.. dry air 
at 15° C, and 760 mm pressure, containing 0 03% CO a . 

* * Trav. Bur. Poids Mes.,’ vol. 11, p. 85 (1895). 

f ‘ Trav. Bur. Poids Mes., - vol. 15, p. 131 (1913). 

t ‘ Proc. imp. Acad. Japan, - vol. 4, p. 351 (1928). 

§ ‘ Phil. Trans.,’ A, vol. 223, pp. 178, 179 (1934). 

|| 4 Proc. V. Com. int. Poid Mes.,’ pp. 125, 127 (1935) (in press). 

II ‘ Phys. Z.,’ vol. 35, pp. 223, 224 (1934). 

** C. E. Guillaume, ‘La Creation du Bureau international,’ p. 224; Gauthier 
Villars, Paris (1927). 

There has been some divergence of opinion as to the correct definition 
of the necessary conditions of excitation to reproduce accurately the wave¬ 
length of the primary standard, even if it is agreed that the Michelson 
lamp should be used. This is shown very clearly by the two definitions, 
adopted respectively by the International Astronomical Union in 1925 
and by the International Conference of Weights and Measures in 1927. 
These definitions are as follows:— 

International Astronomical Union, 1925 
“ L’6talon primaire de longueur d’ondes, X 6438 4696 du cadmium, 
sera produite par un courant electrique k haute tension dans un 
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tube a vide portant des electrodes intfrieures. La lampe sera 
maintenue 4 une temperature ne d£passant 320° C, et devra donner 
des differences de marche d’au moins 200,000 longueurs d’ondes. 
La valeur efficace du courant d’excitation ne d£passera pas 0-05 
ampere. A la temperature de la salle, le tube ne sera pas lumineux 
quand il sera connecte au circuit habituel 4 haute tension 

International Conference of Weights and Measures , 1927 

“ La lumidre doit etre produite par un courant electrique de haute 
tension, continu ou alternatif, de frequence industrielle (a l’ex- 
clusion de la haute frequence), dans un. tube a vide ayant des 
electrodes interieures. La lampe doit avoir un volume ne 
depassant pas 25 cm 3 * et un tube capillaire dont le diametre ne 
soit pas inferieur a 2 mm; elle doit etre maintenue k une tempera¬ 
ture voisine de 320°, et la valeur du courant qui la traverse ne 
doit pas exceder 0 02 ampere. A la temperature ambiante, le 
tube ne doit pas etre lumineux lorsque le circuit a haute tension 
y est dtabli ”. 

The main difference between the two specifications is that that of the 
International Astronomical Union is very much less stringent, which 
would be advantageous if it did not interfere with the accurate repro¬ 
ducibility of the primary standard. When it is excited under the strictest 
conditions there is no doubt that the red cadmium line is reproducible 
to an accuracy of at least 0-0001 A. This is shown by the smallness of 
the systematic differences between four sets of secondary measurements 
of the spectrum of neon and krypton. Thus the measurements of 
Humphreys - ! - and of Jackson J of the krypton spectrum show no systematic 
difference greater than 0-0001 A. And those of Burns, Meggers, and 
Merril§ and of Jackson|| on the spectrum of neon show an equally small 
systematic difference. But it must be emphasized that in none of these 
comparisons was the simplified specification of the International Astrono¬ 
mical Union used, and there appears to be hitherto no adequate experi¬ 
mental data showing whether the use of this simplified specification is 
justifiable or not. 

* Subsequently amended to “ un volume ddpassant 25 cm* ”, 

t ‘ J. Res. Bur. Stand. Wash.,’ vol. 5, p. 1041 (1930). 

t * Proc. Roy. Soc.,’ A, vol. 138, p. 147 (1932). 

S ‘ Bull. Bur. Stand. Wash.,’ vol. 6, p. 573 (1911); 4 J. Opt. Soc. Amer.,' vol. 2 
(1925). 

II * Proc. Roy. Soc.,’ A, vol. 143, p. 124 (1933). 
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For this reason I have made a careful investigation of the conditions 
necessary to ensure accurate reproducibility of the primary standard in 
Michelson tubes, and, as is shown below, I have found that die simplified 
specification is definitely unsatisfactory. I have also confirmed Fferard’s 
discovery that it is definitely advantageous to have a small pressure of air 
in the tube. 

The properties of the new Osram cadmium lamp have been investigated, 
and it is found that with a current not exceeding 1 ampere it may be used 
as a reliable substitute for the Michelson lamp. These three sources 
appear to give a wave-length which is identical and reproducible with an 
accuracy of about ± 0 0001 A. It was also found that the Schuler lamp 
may be used as a source of Cd B . 

Experimental 

The comparisons were carried out in the constant temperature room of 
the Imperial College, with the aid of the new etalon mounting and fixed 
6 talons of fused silica. The constancy of temperature of the room was so 
satisfactory that even with the longest etalon used (10 cm) the change in 
length during exposure did not exceed 0-003 or 0 004 of a fringe, or 
1 part in 100 million. This also included any change that might have 
been caused by a change of the barometric pressure. Comparisons were 
only made on days when the barometer was steady. £ talons of 1, 2, 3, 5, 

6 , 7i, and 10 cm were used. The first three were of the usual type 
(adjustable for exact parallelism by pressure with springs), while the 
longer separators were made accurately parallel (to within 1 /20th of a 
wave) and were not adjustable. Two new types of 6talons were devised 
for this purpose, but since a full description of the apparatus has been 
given in another communication, it is not considered necessary to describe 
it more fully here. Reflecting surfaces of silver, gold, platinum, and 
aluminium were used. All the observations .were made photographically, 
using Ilford Hypersensitive plates, which require only about one-third 
of the exposure time that is needed by any other make of plate. 

The Michelson Lamp 

The Michelson lamps were always excited by the high tension current 
from a l kw Marconi transformer, which was run off the 50 cycle 110 or 
220 volt A.C. mains, with a suitable rheostat in series. The Michelson 
lamps were of the usual H-type and made of pyrex glass. They were 
heated in an electric furnace, and as standard I used lamps having a 
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capacity of about 25 cc and a capillary diameter of about 2\ mm, run at 
a temperature of 320° C. The effect of altering these conditions was 
determined by direct comparison of the modified types of lamp with the 
standard type. 

The Effect of Addition of Air —As was discovered by P6rard, the visibility 
of the fringes given by the Michelson lamp is improved by the addition of 
air, at a pressure of about 1 mm Hg to the tube. The improvement in 
visibility is very marked, and furthermore, the exposure time is only 
about half of that required by the vacuum lamp, and the resistance of 
the lamp is much reduced. If, therefore, the lamp filled with 1 mm of air 
gives the same wave-length as the standard lamp, it would clearly form 
a very desirable substitute for it. This point was investigated and as 
Table 11 shows it is clear that the wave-lengths given by the vacuum lamp 
and the lamp containing air are identical within the experimental error. 
This was about ± 0 0001 A, and was due almost entirely to the error of 
setting the cross-wires on the fringes given by the vacuum lamp. The 
observations were made with the 3 cm and 1\ cm etalons. The data for 
each comparison are given separately to give an idea of the consistency of 
the results. Each number actually represents four comparisons, as it 
was the practice to take four comparisons on each plate. 


Table II—6438 (Vacuum Michelson Lamp)— 6438 (Michelson 


jfitalon 

cm 

Lamp + Air) 


Mean 

3 

-fO OOOl A, ±0 0000 A, rl: 0*0000 A 

+0 0000, A 

74 

-10*0001 A, -0*0001 A 

±0 OOOOA 

10 

Fringes of vacuum lamp visible but not 
good enough for accurate measure¬ 
ment 



It should be emphasized that when the lamp with air is run at a tempera¬ 
ture of 320° C (or even considerably lower) there is no trace of nitrogen 
lines in the red, yellow, or green part of the spectrum. This type of lamp 
may therefore be used with only a red screen as auxiliary monochromator, 
without any risk of impairing the definition of the interference rings by 
superposing rings due to nitrogen bands on them. 

The vacuum lamp shows very much greater self-absorption of the green 
line than the lamp containing air. Indeed, with certain lamps the self¬ 
absorption was so great that when the discharge was viewed end-on it 
appeared a pinkish colour, while when it was viewed transversely it had 
the usual apple-green colour. 
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Since the lamp containing air gives better visibility of fringes, greater 
intensity for the same current, and a wave-length which is identical with 
that given by the standard vacuum lamp within the experimental error, 
it may be safely recommended as an improvement on the older type. 
It also has the advantage of having a considerably longer life than the 
vacuum lamp. 

The actual form of the Michelson lamp which was found most com 
venient for producing the primary standard can be used either as a 
vacuum lamp or as an “ air filled ” lamp, the process of introducing the 
air being extremely simple, as can be seen from the diagram. Between 
the discharge tube and the pump there is a bulb B, fig. 1, which has a 
capacity of about 100 cc, and between this and the pump there are two 
capillary taps, T1 and T2. The volume between the two taps is 1/1500th 
of that of the discharge tube and the auxiliary bulb B. If one wishes to 
use the lamp in the vacuum condition it is only necessary to connect it to 
a good oil pump and, when it is sufficiently evacuated, close the taps T1 
and T2. These taps were carefully ground in and lubricated with Apiezon 
grease, and found to hold the vacuum for at least a day. In order to 
introduce air at \ mm pressure it is only necessary to fill the space between 
the taps with air at atmospheric pressure and let this into the apparatus 
by opening tap T2. If this process be repeated the pressure of air in the 
apparatus will naturally be 1 mm Hg. 

The Temperature of the Michelson Lamp —The effect of running the 
lamp at temperatures below 320° C was investigated very carefully, and 
found to cause no measurable difference in the wave-length or sharpness 
of the line. If, however, the temperature is raised above about 340° C 
the visibility of the fringes is impaired and the line shifts to the red. At a 
temperature of 400° C the shift is about 0-001 A. This leads one to the 
conclusion that it is a definitely necessary restriction to state that the 
temperature of the lamp shall not exceed 320° C. 

The Current Used for Exciting the Michelson Lamp —It is of some impor¬ 
tance to know the connexion between the wave-length and visibility of 
the primary standard and the current passing through the tube. An increase 
in current is accompanied by an increase in the intensity of the radia¬ 
tion, and a corresponding reduction of the exposure time required. For 
instance, with a current of 8 mA, with long interferometers and. apparatus 
working at F/30, the exposure required with Ilford Hypersensitive {dates 
is between 3 and 5 minutes, while with a current of 20 mA it is less 
than half this amount. It was found inadvisable to use a greater current 
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strength than 20 mA, as it greatly reduces the useful life of the lamp and 
tends to overheat it; further, there is no great advantage in reducing the 
exposure below 1 or 2 minutes. For these reasons the properties of the 
lamp were not investigated at currents exceeding this amount. The 
wave-lengths of the red line given by lamps carrying currents of 5, 10, 
and 20 mA were carefully compared, with the 1\ cm 6talon, but there 
was never any measurable difference found in the wave-length or in the 
visibility of the fringes. This refers only to tubes having 
a capillary of at least 2 mm diameter, but it was found 
to be immaterial whether the lamp was run in vacuo or 
filled with air at 1 mm Hg pressure. 

Details of Construction Of the Michelson Lamp —It 
was very soon found that it is of considerable impor¬ 
tance that the dimensions of the lamp should satisfy 
certain conditions. By far the most important detail 
is the diameter of the bore of the tube. In order to 
investigate this point lamps having bores of 1 mm and 
2 mm were constructed. In the lamp having a bore 
of 1 mm even with a low current, the red line was 
measurably shifted to the red and its visibility was im¬ 
paired, although the definition of the rings was still good 
with a retardation of 200,000 waves. The amount of 
the shift was not strictly reproducible, but it was of 
the order 0-0002 A to 0-0004 A, or even greater if the 
current were greater than 15 mA. This shows that 
the proposed definition of the International Astro¬ 
nomical Union of 1925 is definitely insufficiently strin¬ 
gent. Although it must be admitted that this error 
would probably be too small to detect when making a 
direct comparison against a metre standard, it exceeds Fto. i. 
by four or five times the accuracy attainable in the 
comparison of wave-lengths of sharp lines with the primary standard. 

The dimensions of the bulbs of the Michelson tube were found to have 
very much less importance, but it proved advisable to keep the total 
volume not less than about 20 cc as with smaller lamps there is some risk 
of overheating, due to the current inside the tube, unless this is kept 
inconveniently small. The larger tubes have also the advantage of a 
considerably longer life. 

The amount of cadmium present in the lamp was never found to have 
any effect on either the wave-length or the visibility of the red line. At 
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320° C the vapour pressure of cadmium is only one- or two-tenths mm Hg, 
and any excess of cadmium above the amount (a few milligrammes) 
necessary to give this pressure would not be expected to make any differ¬ 
ence to the characteristics of the lamp. 

The “ Osira ” Lamp 

Recently a new type of cadmium lamp, known as the “ Osira ” lamp, 
was put on the market by The General Electric Co., Ltd. This lamp 
consists essentially of a sealed-up glass tube, containing a small quantity 
of cadmium and filled with argon and helium in equal proportions at a 
total pressure of 5 mm Hg. The electrodes, which take the form of coils 
of wire surrounding a stick of activating material, are placed at each 
end of this tube. This tube is surrounded by an outer tube of glass about 
j inch greater in diameter, and the space between the two tubes is evacu¬ 
ated, in order that the inner tube may retain its heat. In order to start 
the lamp a current of 2 amperes is first passed through the two filaments 
and after a minute a switch joining the two filaments is opened and the 
current is carried between the two electrodes by the argon and helium. 
As the lamp gets heated the spectra of argon and helium are entirely 
displaced by that of cadmium. The potential difference across the 
electrodes is only about 20 volts, so it is necessary to use a suitable 
rheostat for controlling the current. The lamp works satisfactorily with 
currents ranging from 0-7 to 2 0 amperes, although with a current of 
0-7 amperes the intensity of the cadmium radiation is inconveniently low. 

A preliminary investigation of the lines emitted by this type of lamp 
was made by Sears and Barrell,* who used an adjustable Fabry-Perot 
interferometer made of steel, and they came to the conclusion that when 
the lamp was run with a current of 1 ampere, it formed a reliable source 
for the primary standard and its wave-length was identical with that of 
the Michelson lamp to within 1 part in 16 million. Unfortunately, the 
expansion of the steel interferometer during the comparisons prevented 
a more accurate comparison of the wave-lengths given by the two lamps. 

Shortly afterwards I made a series of comparisons of the wave-length 
and visibility of the red line given by the “ Osira ” lamp and the Michelson 
lamp. When the “ Osira ” lamp is excited with a current of 1 • 1 ampere 
the fringes are quite as sharp as those given by the air-filled Michelson 
lamp, and considerably sharper than those given by the vacuum Michelson 
lamp. With a plate separation of 10 cm (over 300,000 waves) the fringes 
are still very sharp; and, if the current does not exceed 1*1 ampere the 

* ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 202 (1933). 
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wave-length is identical with that given by the Michelson lamp within 
the experimental error, which appears to be under 0 0001 A, as can be 
seen from the data given in Table 111 below. 

Four different lamps of the normal type (i.e., with a non-constricted 
inner tube) were examined and found to have similar characteristics as 
far as the wave-length of the red line was concerned. One of them, how¬ 
ever, showed the lines of mercury strongly, but there was no difference 
greater than ± 0-0001 A between the wave-length of Cd B in this lamp 
and in the other three. 

Three of the lamps were filled with a mixture of argon and helium in 
equal proportions at a total pressure of 5 mm Hg, while the fourth was 
filled with a mixture of two parts of argon and one part of helium at the 
same total pressure. In this lamp the intensity of the red line is somewhat 
greater than in the others. 

Table III— 6438 (Michelson) — 6438 (Osira 11 amp) 


£ talon Mean 

cm 

2 ±0-0000 A, ±0-0000 A ±OOOOOA 

3 ± 0-0000 A, -0-00! A, ±0 0000 A, ±0 0000 A, ±0-0000 A 

±0-0001 A 

6 ±0 0001 A, -0-0001 A ±0 0000 A 

7i ±0-0001 A, ±0-0000 A ±0 0000 6 A 

10 ±0-0000 A, ±0-0000 A, (±0-0002 A -0 0002 A) ±0-0000 A 

Mean of all . ±0-0000 A 


If the lamp is excited with a current of 2 amperes the visibility of the 
fringes is considerably reduced, so that with the 10 cm etalon they are 
only just measurable, although they do not appear to be self-reversed. 
The broadening of the line appears to be slightly asymmetrical, as the 
line is shifted by about 0-0002 A to the red, relative to the wave-length 
of the line given by the Michelson lamp or the “ Osira ” lamp at 1*1 
amperes. The magnitude of this red shift was measured with etalons 
of 2, 3, 5, 6, 7^, and 10 cm with results ranging from +0-0000 s A to 
+0-0002 6 A. The accuracy of this wave-length comparison is naturally 
lower than that of the Michelson lamp and the “Osira” lamp at 1-1 
amperes on account of the lower visibility of the fringes. 

The wave-lengths and visibility of the fringes of the “Osira” lamp 
carrying 0-7 ampere were compared with those when the lamp carries 
1 • 1 amperes, but no measurable difference was observed. 

With a current of 1 - 7 amperes the visibility of the fringes is appreciably 
reduced, but the red shift is only just measurable, being appreciably less 




416 


C. V. Jackson 


than that of the lamp carrying 2 amperes. It is about 0-0001 A. PArard* 
has investigated a lamp of similar type, with the modification that it has 
a constriction (“ aplatissement ”) of cross-section 3 mm by 14 mm in the 
middle of the inner tube for the purpose of concentrating the light. He 
found that with a current of 1 * 1 amperes the visibility of the fringes is 
better than that of the fringes given by. the Michelson lamp, while the 
intensity is as great as that given by the ordinary “ Osira ” lamp with a 
current of 2 amperes. If a current of 2 amperes is passed through a lamp 
of this modified type, Cd H suffers reversal, which can be observed with 
gaps of 10 cm or greater. Although the greatest gap at which the fringes 
of the unreversed line are visible is 140 mm, it is possible to observe 
fringes of the reversed line with a gap of 170 mm, on account of the 
superposition of the two bright portions of the reversed line, while with a 
gap of about 140 mm there is no sign of fringes. The author has recently 
investigated a lamp having a similar constriction and found that with 
currents up to 1-1 amperes the wave-length of Cd K is 0-0002 A greater 
than in the case of the air-filled Michelson lamp or the ordinary type 
“ Osira ” lamp. This is in agreement with the result of M. PArard who 
has given the results of his wave-length comparisons of the new type 
of lamp with the Michelson lamp (by means of a Michelson interfero¬ 
meter) in a communication to the Institut d’Optique (February, 1935). 
He finds that for the lamp with “ aplatissement ” carrying a current of 

1 • 1 amperes Cd R — 6438 -4698 A, while in the case of the ordinary lamp 
carrying 2 amperes he finds Cd B = 6438-4701. No value is given for 
the ordinary lamp carrying 1 ampere. The difference (0-0003 A) between 
the results of M. PArard and the author for the ordinary lamp carrying 

2 amperes is somewhat greater than the experimental error, which does 
not exceed 0 -0002 A. It seems unlikely that the discrepancy is due to a 
real difference in the wave-length of Cd E as emitted by the different lamps. 
The explanation probably lies in the slight asymmetry of the red line 
emitted by Osira lamps carrying 2 amperes, which would result in its 
having a slightly different apparent wave-length when observed with the 
two different types of interferometers—Michelson and Fabry-Perot. 
This explanation is supported by the fact that the shift to the red of Cd R 
with increase of current is accompanied by a marked broadening of the 
line. 

* ‘ C.R. Acad. Sci. Paris,’ vol. 198, p. 727 (1934). 
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The Schuler Lamp 

Through the kind collaboration of Dr. E. G. Jones it was possible to 
make a comparison of the wave-length of the red line given by a Schuler, 
lamp, containing cadmium in the cathode and helium at a pressure of 
1 mm Hg, with that given by a standard Michelson lamp. Eight com¬ 
parisons were made with 6talon gaps of I ± and 2\ cm and it was found 
that the wave-lengths were identical within ±0 0001 A, and that the 
visibility of the fringes given by the Schuler lamp was quite as good as 
that of the fringes of the Michelson lamp. The accuracy of this com¬ 
parison of wave-lengths is slightly inferior to that of other comparisons, 
because it was unfortunately impossible for this investigation to be carried 
out in the equable temperature room. 


Other Sources of the Red Line of Cadmium 

The red line of cadmium may also be produced in the vacuum arc 
lamp. The usual type of this lamp is made of quartz and contains pure 
cadmium, or cadmium alloyed with a small percentage of gallium. It is 
started by heating the lamp, with the electrical circuit connected, with a 
Bunsen burner. It is not a very convenient source of the primary 
standard as the lamps are very apt to break when they are being started; 
and further, Cd K is much less sharp than it is with the Michelson lamp or 
the “ Osira ” lamp. The wave-length given by this type of lamp has been 
investigated by F. L. Brown and C. V. Jackson, and both observers 
found that it differed from that given by the Michelson lamp by less than 
0-001 A. 

•Keivin Burns and C. V. Jackson have also tested quartz-mercury- 
cadmium lamps (the purpose of the mercury being to prevent the lamps 
cracking when they are started), but they both found that these lamps 
always gave too high a value for the wave-length of Cd K . This was 
probably caused by a pressure-shift due to the pressure of the mercury 
vapour in the lamp. In these lamps, whose construction resembles that 
of ordinary Heraeus quartz-mercury vapour lamps, the amalgam itself 
takes the place of electrodes. 

It may therefore be reasonably concluded that vacuum arc lamps are 
definitely unsuitable as sources of the primary standard. 

A special type of cadmium lamp was designed by Nagaoka and 
Sugiura* which runs on the 100 volt D.C. mains. The lamp was found 


* 1 Sci. Pap. Inst. Phys. Chcm. Res.,’ Tokyo, No. 191 (1929). 
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to give observable fringes with interferometer gaps up to 200 mm, and 
it was found that with the longer separations there was a periodic fluctua¬ 
tion of the visibility of the fringes. This was taken by Nagaoka and 
Sugiura to indicate the presence of hyperfine structure in the red line, 
but actually it was probably due to self-reversal; particularly in view of 
the fact that the Doppler width of the-cadmium red line alone would 
prevent the appearance of fringes (except in a reversed line) with separa¬ 
tions greater than 15 cm. The life of the lamp is only about 3 hours, and 
it cannot be considered a very satisfactory source of the primary standard. 

The Constancy of the Wave-length of Cd K with Various 

£talon Gaps 

During the last few years I have made an extensive series of com¬ 
parisons of the krypton spectrum with the primary standard. In all, 
about 120 comparisons were made using etalon gaps of i, 1, 2, 3, 5, 6, 
1\, and 10 cm. It was found that the systematic error of a series of wave¬ 
lengths made with any of the 6talon gaps was never greater than the probable 
error of the comparisons. This may be taken as indicating that the 
wave-length of the cadmium red line is independent of instrumental 
conditions. 

It is a great pleasure to me to acknowledge my indebtedness to Professor 
A. Fowler for the kind interest he has taken in the progress of this work. 

Summary 

The Michelson cadmium lamp, under recognized standard conditions— 
capillary not less than 2 mm bore, temperature not exceeding 320° C, 
and current not greater than 0 02 ampere—gives a wave-length of Cd„ 
which is reproducible within about 0-0001 A. In agreement with PSrard, 
it was found that the addition of air equivalent to 1 mm Hg to a 
Michelson lamp is a definite improvement on the original form, having 
the advantages of greater luminosity and improved visibility of the 
fringes, while yielding a wave-length identical with that given by the 
vacuum lamp within experimental error. The “ Osira ” lamp of the 
General Electric Co., Ltd., has also been found to be a convenient and 
satisfactory source of Cd R , giving the standard value within 0-0001 A, 
providing the exciting current does not exceed 1 • 1 amperes. The Schuler 
form of cadmium lamp also gives a wave-length in similar agreement with 
that given by the original form of Michelson lamp. The vacuum arc 
lamp was found to be an unsatisfactory source. 
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In the table below is given a resume of the wave-lengths determined 
from five different sources, relative to 6438 *4696 for the line as given by 
the original form of Michelson tube:— 


Source 

Jackson 

P6rard 

Air-filled Michelson tube (1 mm Hg)_ 

.. 6438-4696 ± 0-0001 

*4696 

Osira lamp (ordinary type) 1 amp . 

*4696 ± 0-0001 

— 

„ „ 2 amp . 

*4698 ± 0*0002 

*4701 

„ (with constriction) 1 amp 

*4698 ± 0 0001 

-4698 

Schiiler lamp . 

•4696 ± 0*0001 

—* 


The Stopping-Power of Mica for «-Particles 

By W. E. Bennett, M.A., Exhibition of 1851 Scholar (Queen’s University, 

Kingston, Canada) 

(Communicated by C. D. Ellis, F.R.S.—Received February 10, 1936) 

Mica is commonly used in the laboratory for windows in counters and 
ionization chambers, and for absorption screens to determine the ranges 
of high-energy particles. For this reason, it is a matter of importance 
to have reliable values for the stopping-power of mica and for the variation 
of stopping-power with velocity. 

For computing the ranges of a-particles and protons, it has been cus¬ 
tomary to use a mean value, 1 43 mg/sq cm of mica as equivalent to 1 cm 
of air at 15° C and 760 mm pressure. The present experiments were 
undertaken in order to supply more accurate data. It has been found, 
however, that reliable values cannot be given because of the variation in 
mica from one sample to the next. Variations as great as 3% have been 
found for mica of the same kind (Green Madras). The best data have 
been plotted in fig. 3. If an error of 2% is not serious, this curve can be 
used; but for more accurate work, the stopping-power of the particular 
mica must be determined. 

Two methods were used to measure stopping-power. The first method 
was to measure the velocities of the a-particles of thorium active deposit 
before and after they had passed through a sheet of mica. The velocities 

t 







420 W. E. Bennett 

were measured in the large annular magnet at the Cavendish laboratory.* 
The second method was to measure directly the ranges of the incident 
and emergent a-particles in an air chamber. 

Incidental to the determination of stopping-power by the first method, 
it was possible to observe the straggling of the velocities of the particles 
as a result of their passage through mica. Values of the straggling co¬ 
efficient were obtained which were 1 • 1 times the values calculated from 
Bohr’s theory. This is of interest since Briggs,t who previously measured 
the straggling by a similar method, obtained values 1 *4 times the 
theoretical. 


The Magnetic Deflexion Method 

The annular magnet was constructed for the purpose of comparing 
velocities of a-particles with great accuracy. It has been described in 
several papers.! The a-particles describe a semi-circle of radius 40 cm 
from source to counting chamber. 

When the velocity of the natural group of a-particles is analysed by 
means of the magnet, a curve is obtained such as the one in fig. 1 a, 
in which the number of particles entering the counting chamber is plotted 
against the magnetic field in the magnet. The width of such a curve is 
due to experimental conditions and not to any inhomogeneity of the 
natural group. The breadth of the “ hump ” is due to the geometrical 
conditions of focussing, the width of slits, and a slight inhomogeneity 
in the magnetic field. There is a “ tail ” on the group which is due to 
particles slowed down in the source. The number of particles in the 
tail varies from source to source, depending upon its cleanliness, but is 
usually about 5%. The natural groups from Th C' and from Th C w 
are shown in figs, la, and 1 b, respectively. 

When the source is covered by a sheet of mica the beam is reduced in 
velocity and is spread out owing to straggling in the mica. 

The straggled curves are shown in figs, lc and Id. In the experi¬ 
ments the source was only partially covered, so that the unretarded and 

•Cockcroft, ‘ J. Sci. Instr.,’ vol. 10, p. 71 (1933); Rutherford, Wynn-Williams, 
Lewis, and Bowden, ' Proc. Roy. Soc.,’ A, vol. 139, p. 617 (1933); Wynn-Williams, 

‘ Proc. Roy. Soc.,’ A, vol. 145, p. 250 (1934). The entire magnet, magnet control, 
and counting apparatus was set up and used by Lewis, Wynn-Williams, and Bowden. 
It was taken over by the author in working order. The author wishes to thank in 
particular Dr. W. B. Lewis for instructing him in the use of the apparatus and for 
many helpful discussions in the course of the present investigation. 

t ‘ Proc. Roy. Soc.,’ A, vol. 114, p. 313 (1927). 

J See * note above. 
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retarded groups could be measured without opening the apparatus. 
Thorium active deposit was used as the source, since it gives two con¬ 
venient groups of particles (8-53 cm and 4-67 cm), from which two values 
of the stopping-power for different ranges can be determined. 

In calculating the change in velocity of a group of a-particles from 
curves such as those in fig. 1, it is not at first clear what is to be taken as 
the velocity of the group. Since the retarded group is broader than the 
unretarded group, there are no obviously corresponding points. A careful 
analysis of the problem, however, shows that the retardation of the 
centre of gravity of the group gives the change in velocity which corre¬ 
sponds to the change in mean range used in defining the stopping-power. 
Proof of this is given in Appendix B. 



Magnetic field 

Fio. I —a and b, Th C unretarded; c and d, Th C retarded. 

The three samples of mica used in the experiments were of the same 
kind, “ Green Madras ”, but were from different consignments. A thin 
sheet was split from each sample and examined for uniformity under 
sodium light. A rectangle (of 50-100 sq cm) was cut from the centre for 
weighing and measuring. The weighing was done on a microbalance 
and the measuring by means of a travelling microscope. The superficial 
masses of the three were: 


mica B . 1 -900 mg/sq cm (± 0 002) 

„ C . 1-317 „ 

„ D . 2-185 


Four pieces from each mica, one from each side of the rectangle, were 
used for measurements. 

2 F 
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All the measured Josses in velocity are given in Table I in arbitrary 
units (double Gauss as measured on the particular field compensator 
used). In the last column the ratio of the Th C Th C' loss for each piece 
of mica is given as a check on the consistency of the results. 

Table 1 



Change in velocity in arbitrary units 

Ratio 

Mica 

- 


col. 3/col. 2 


Th C' a-partide 

Th C a-particle 


B 1 

271-9 

448*2 

1*648 

B II 

272*6 

448*9 

1*647 

B III 

272*3 

448*0 

1*645 

B IV 

270*3 

445*3 

1 647 

Mean 

271 *8 

447*6 

1*647 

C I 

187 8 

302*4 

1*611 

C II 

189*5 

304*4 

1-606 

cm 

188*7 

303*8 

1 *611 

C IV 

187*4 

301 *0 

1*606 

Mean 

188*3 

302*9 

1*608 

D I 

318*9 

529*9 

1*662 

DU 

328*7 

542*5 

1*651 

D III 

327*0 

546*2 

1*670 

D IV 

324-8 

539*8 

1 *662 

Mean 

324*8 

539*6 

1*661 


Before reducing these values in any way, we shall consider their con¬ 
sistency. Within any group, the ratio of the losses of velocity is fairly 
constant, seldom differing from its mean value by more than 0-2%. The 
probable error was estimated from the magnitude of the sources of error 
such as field drift and counting fluctuations as being about 0*2%, and 
this agrees with the consistency of the figures in any one group of column 
4. Inside any group, the actual values of loss in velocity vary by as much 
as 1% (3% for mica D). This variation is probably due to imperfect 
splitting of the thin sheets.* It introduces an additional error in the 
mean values, since the average thickness of the four pieces of mica from 
each sheet may not be quite the average for the sheet. The error in the 
mean values, everything considered, should be less than 0*3% for micas 
B and C, and not much more for mica D. 

* The actual pieces used were far too small to weigh and measure individually with 
any accuracy. The method of taking one piece from each side of the measured sheet 
ensures that a fair average is obtained. 



423 


The Stopping-Power of Mica 


Knowing the velocities of the unretarded groups (Th C\ 1 *06870 x V # 
and Th C, 0*88808 x V,„ where V 0 is the velocity of the Ra C' a-particle) 
and using the calibration of the magnet made by Lewis and Bowden, we 
obtain the following values of the velocity corresponding to the centres 
of gravity of the retarded groups. 


Mica 

B 

C 

D 


Table II 


Velocity Th C' retarded 
V 0 

1-0144(9) 

10311 (4) 

1 0039 (1) 


Velocity Th C retarded 
Vo 

0-7985 (8) 
0*8275 (3) 
0*7801 (9) 


Each of these velocities corresponds to an a-particle range. It was 
possible to make the conversion from velocities to ranges for the Th C' 
particles by using the experimental data of Lewis and Bowden.* The 
values are given in column 1 of Table III. To treat the Th C groups in 
a similar way would involve extrapolation of the data to shorter ranges 
where the slope of the curve is rapidly changing. The Th C data cannot, 
therefore, be further reduced with the required accuracy, but they will be 
used in Appendix A to calculate theoretical constants for mica and air. 


No mica 
Mica B 
Mica C 
Mica D 


Table 111 


Range of 
Th C' a-particles 
cm 
8*533 
7*196 
7-589 
6-954 


Effective 
stopping-power 
cm air 

1*337 

0*944 

1-579 


Stopping-power 

factor 

mg/sq cm/cm air 

1 441 
1-415 
1*404 


Column 2 in Table III represents the change in range of the a-particle 
upon passing through the mica, Le., the stopping-power of the mica. 
The figures in the last column were obtained by dividing the effective 
thickness (in mg/sq cm) of each mica by its corresponding stopping- 
power. The effective thickness was 1*4 (±0*2)% greater than the 
measured thickness because of the geometry of the apparatus. The 
beam itself spread over an angle of 3° and it passed through the mica at 
an average angle of 9 $° to the normal. 

The stopping-power factor should be constant for any particular 
substance. The difference between the stopping-power factors of micas 
B and D is 2 * 6%. The experimental error is much less than that. Taking 

* * Proc. Roy. Soc./ A, vol. 145, p. 235 (1934). 


2 F 2 
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the worst view, that all the small errors are in the same direction, they 
amount to only 0-6%. There is no doubt that the difference is real. 

This variability of mica is confirmed by further measurements on the 
same micas (B, C, and D) by a somewhat less reliable method, but with 
similar results. 

The Direct Range Method 

The apparatus, fig. 2, used to determine the air equivalent of mica 
directly, consisted of a glass tube with source at one end and a counting 



chamber at the other. The mica was placed in the path of the beam by 
removing the source cap C. It was moved to a different position in the 
range by means of an electromagnet. The counting chamber was 2 mm 
deep, the ionization pulses being amplified linearly and those over a 
certain size being counted on a Wynn-Williams, high-speed thyraton 
counter.* This size was chosen small enough that all particles which 
passed through the chamber were counted. The pressure of air in the 
tube was adjusted by means of a system of taps and was measured by a 
mercury manometer. 

* The same amplifier and counter were used with the magnet. They are described 
in the papers of Wynn-Williams. 




The Stopping-Power of Mica 


425 


Before introducing the mica, the pressure was found at which half the 
particles penetrated to a sufficient depth in the counting chamber to be 
registered. This point was located by counting less than half the number 
at some pressure slightly too great and more than half the number at a 
smaller pressure, and interpolating to find the half-way point. With the 
mica in the tube, the “ half-count ” pressure was again found by the 
same process.* From the difference in pressure, the range difference 
equivalent to the stopping-power of the particular sheet of mica was 
calculated from the formula: 


press, diff. w 288 
76 273 + t° C 


1 

1 + a t° C 


x 29-85, 


a being the coefficient of expansion of mercury and 29 • 85 being the distance 
in the glass tube from the source to the opposite end. 

The same sheets of mica (B, C, and D) were used as in the experiments 
with the magnet, but larger areas (2 cm square) were used. The results 
are summarized in Table IV. 

Table IV 


Mica 

Stopping-power 

Stopping-power 

factor 

Range entering 
mica 


cm air 

mg/sq cm/cm air 

cm 

B 

1-320 

1-439 

8-17 


1-308 

1-452 

4-83 

C 

0-930 

1 -416 

8-14 


0-919 

1*433 

4 51 

D 

1-545 

1-414 

8-19 


1-526 

1 432 

5*02 


The only considerable inaccuracy in these results arose from the 
measurements of pressure. These measurements were made by focussing 
a cathetometer on the mercury levels in a manometer tube 3 cm in dia¬ 
meter. They were accurate to 1/20 mm, and this involves an error of 
0-5% in the final results. The determination of the change of stopping- 
power with range is more accurate than this, however, because it did not 
depend to the same extent upon measurements of pressure. The difference 

* Since the a-group is initially homogeneous and since the straggling in its passage 
through matter is Gaussian, it is obvious that the range exceeded by half the particles 
is the mean range and that this mean range is unaffected by the degree of straggling- 
Actually a few per cent of the particles are somewhat retarded in the source, but the 
difference largely cancels out in experiments of this type. 
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between the two values of the stopping-power for different ranges for 
any one mica is not in error by more than 15%. 

These values for the stopping-power factor for the longer ranges are 
comparable with the values given in Table Ill, the ranges of the particles 
being about the same. They are shown in Table V. 


Mica 

B 

C 

D 


Table V 


Stopping-power Stopping-power 
factor magnet factor range Difference 

mg/sq cm/cm air mg/sqcm/cm air % 

1-441 1-439 0-1 

1-415 1-416 0-J 

1-404 1-414 0*7 



Fig. 3—Stopping-power of mica (Green Madras). Dependability 2% (see text). 


It will be remembered that mica D appeared to vary in thickness by 
as much as 3%. The agreement, therefore, between the two sets of 
results is very satisfactory. This strongly confirms the conclusion that 
the stopping-power of mica is not a quantity which can be depended upon 
to within 2-3%. 


Discussion 

Although the purpose of these experiments was to obtain accurate 
data on mica for use in range measurements, in fact the result has been to 
show that no permanent data can be relied upon to within 2-3%. It 
must be emphasized that the three micas over which this variation has 
been found were from the same source (Nellore, Madras), and that still 
greater variations are to be expected in mica from various sources. 
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The values of stopping-power and variation of stopping-power with 
velocity have been averaged. The averages have been used to determine 
a theoretical curve giving the stopping-power of mica as a function of the 
velocity (and range) of the a-particle. This curve is given in fig. 3. Since 
stopping-power in terms of air depends upon the velocity of the moving 
particle but not upon its charge or mass, the stopping-power-velocity 
data in fig. 3 can be used for protons and other heavy particles. The 
range values, however, apply only to a-particles. 

The variability of the stopping-power factor for mica is undoubtedly 
due to its variability in composition. Differences in the iron content in 
particular may cause large differences in the stopping-power. Samples 
of micas B and D were examined optically by Professor C. E. Tilley. 
The optical data suggested the following composition: 


Si0 2 . 

45<v 

‘t~vo 

MgO. 

.. 0-5-1% 

A1.0, ... 

. 31-33% 

k 2 o . 

10-11% 

Fe 2 O s ... 

■ 4-5% 

Na 2 0. 

.. 0-5-1% 

FeO . 

■ 1-5-2% 

HjO .... 

.. 4-5-5% 


The coloration suggested that mica D contained more iron than mica B, 
but the optical properties were closely similar. 

In using mica to determine the ranges of a-particles and protons, three 
procedures are possible, depending upon the accuracy of the experiment. 

(i) The data given in fig. 3 can be used. If the mica is “ Green 
Madras ” or of a similar composition, the error introduced should 
not be greater than 2%. For other kinds of mica, the error may be 
much greater. 

. (ii) A better method is to determine experimentally the stopping-power 
factor for the particular piece of mica for some mean velocity, and 
to use fig. 3 to obtain the variation of the stopping-power with 
velocity or range. The difference between the stopping-power 
factors at two velocities is given by fig. 3 correct to about 20%, 
and this makes a very small error in the stopping-power factor 
even for wide extrapolations. 

(iii) For really accurate work it is desirable to measure the stopping- 
power factor of the particular piece of mica to be used, for a- 
particles of two velocities. These two values can then be used in 
formula 2 of Appendix A to determine the theoretical constants 
A and E m . This formula then gives the stopping-power at other 
velocities. It cannot be used, however, in the last centimetre or 
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so of range where other factors such as “ capture and loss ” and 
the velocity of the electrons begin to be important. 


Straggling 

In addition to the above result, it was possible to obtain information on 
the straggling of a-particles. The straggling is clearly shown in fig. 1. 
These curves have been analysed and it has been found that the curves 
for the retarded particles can be obtained from those for the unretarded 
particles by Gaussian straggling. It is not necessary to go into detail, 
however, to show how closely Gaussian the straggling is. Two experi¬ 
mental curves, one for unstraggled particles and the other for particles 
straggled by mica D, were corrected for the width of the counter slit 



Fig. 4—Gaussian straggling. A, unstraggled; B, straggled; C, Gaussian. 

and are plotted (in full line) in fig. 4. The dotted curve is a probability 
curve of the same height and area as the experimental curve for the 
straggled particles. The curves agree within the experimental error, 
except at the low velocity end where the excess particles are attributable 
to the usual retardation in the source. 

Theoretically, the straggling of a-particles should be Gaussian in 
range. It follows from this that it should also be Gaussian in velocity 
to a very close approximation. The present experiment on straggling in 
terms of velocity provides additional evidence, therefore, of the Gaussian 
nature of straggling. 

Briggs* has performed somewhat similar experiments, comparing his 
values of the straggling coefficient to the straggling expected on the simple 

* ‘ Proc. Roy. Soc.,’ A, vol. 114, p. 313 (1927). 
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Bohr theory. The straggling values for the different curves in the above 
experiments have been compared with theory in the same way, with the 
results given in Table VI. The straggling coefficient in terms of velocity 
(pj) was taken from the measurements of the height and area of the 
straggled and unstraggled beams. The straggled curves for Th C were 
considered as the sum of two probability curves. p t was converted to 
terms of energy (p 2 ) by multiplying by MV 2 , where M and V are the mass 
and velocity of the a-particle; and to terms of range (p 3 x) by dividing by 
the derivative of energy with respect to range at that velocity. 


Table VI 


M ica 

a-group 

<p 3 .v) obs. 

(Ps-tf) calc. 

(p 3 .v) obs. 
(p 3 *) calc. 



x 10 2 

x 10 2 


B 

ThC 

5-9 

5-3 

I'll (:i 5%) 

C 

Th C' 

5 0 

4*5 

Mi 

D 

Th C 

6 6 

5*7 

I * 16 

B 

ThC 

4 6 

40 

1*15 

C 

Th C 

3 9 

3*4 

1*15 

D 

ThC 

5-2 

4*3 

1 *21 


The straggling is much less than was observed by Briggs, whose experi¬ 
mental results were 1 -4 times the theoretical. The agreement with 
Bohr’s theory is much better, but there is still a discrepancy which is 
greater than the experimental error. The suggestion was made that, 
since (p a .v) 2 varies as the number of collisions, Briggs’s value for straggling 
would be accounted for by assuming that the a-particle in its path met 
with twice the number of collisions calculated from the theory, half of 
these of some different kind. The lower value obtained here does not 
lend itself as well to that explanation. 

It may be that the straggling depends upon the structure of the mica to 
some extent. This would account for Briggs’s values being higher, and 
would also account for the slightly higher values for mica D in Table VI. 

The values for the Th C a-particles seem in somewhat closer agreement 
with the theory than do the values for the slower particles, but the differ¬ 
ence is not certain. On the other hand, it is rather impressive that the 
variation of straggling with velocity should be so accurately represented 
by the simple Bohr theory. 
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APPENDIX A 
Theoretical Constants 


In order to calculate the energies of very high velocity a-particles and 
protons from their ranges, it is necessary to use theoretical expressions 
to extrapolate the stopping-power data from ordinary velocities. The 
expressions are: 
for range, 

R 12 = C {Ez (>’i) - E/ (v 2 )}; (1) 


and for stopping-power, 

where 


R a log 2 mt? — log Eg 
log 2 mv i — log Em ' 


( 2 ) 


2 log 


2 mvf 


p — stopping-power in mgm/sq cm/cm air. 


A and C are constants for the substance, and E is the average excitation 
energy of the atom. E also is usually treated as a constant for the substance 
(E„ for air) and is determined from experimental data. The expressions are 
obtained from the Bethe-Bloch theory by neglecting minor terms. 

Duncanson* has found E a = 131 e-volts, and Manof uses the value 
86 e-volts with a different constant C. The existing data fit either value 
well enough, but the extrapolation to higher velocities is, of course, 
different. 

When, as in the magnet experiments, two groups of particles of different 
velocities have the same range in mica, R 11S can be equated to R a4 and 
E/ f>'i) — E/ (>’ a ) — E i (y 9 ) — Ez (>’ 4 ). Putting the experimental values 
for the velocities into the equation and solving for E m , the values for 
micas, B, C, and D are respectively 145, 160, and 159 e-volts. By this 
method of treatment of the results, all errors connected with the weighing 
and variation of thickness of the mica cancel out. The remaining errors 
in the determination of v 2 and t> 4 give an error of 3% in the values of E m . 

The values of stopping-power obtained by the direct range method 
can then be used in equation (2) to calculate E„ and A simultaneously. 
The three values for E„ calculated in this way are 110, 116, and 106 
e-volts. The mean value, 111 e-volts, is probably the best value so far 
obtained for this constant, but it cannot be relied upon to within 5 or 

* ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 102 (1934). 
t ‘ J. Phys. Rad.,’ vol. 7, p. 623 (1934). 
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10%. It may be noted that this value E a — 111 e-volts, which is the one 
that should be used in extrapolating the data for air to higher velocities, 
is about the mean of Duncanson’s and Mano’s. 


APPENDIX B 

The Velocity Centre of Gravity of a Group of Particles 

In the experiments in which the stopping-power of mica was measured 
in the magnet, the velocity assigned to each group was that corresponding 
to its centre of gravity, 

fv /(V) dV 
j/(V)rfv ' 

This procedure requires justification. 

The a-particles leave the source with some velocity distribution. In 
passing through the mica they are retarded in velocity and are straggled 
symmetrically. The apparent distribution is further altered in the magnet 
because of imperfect focussing of the particles. And finally, the dis¬ 
tribution is analysed by means of a slit of finite width. 

(i) If the particles passed through the mica without straggling the 
distribution would be unchanged, and the change in velocity of the centre 
of gravity of the group would be a measure of the stopping-power. The 
straggling in velocities which occurs at the same time has been shown to 
be Gaussian. It is evident, and can easily be demonstrated, that any 
symmetrical straggling of a group does not change its centre of gravity. 

If the straggling is Gaussian in terms of ranges it cannot be strictly so 
in terms of velocities, but the difference is very small, quite inappreciable 
in these experiments. 

(ii) Any homogeneous beam of a-particles of velocity v leaving the 
source side of the magnet is spread out at the counter into a distribution 
fa (X), where X is the distance along the diameter from the source, and 
fa (X) depends upon the width of the path, inhomogeneity of the field, 
scattering, etc. These are all small effects, and it is reasonable to assume 
that the form of fa (X) is independent of the velocity of the particles over 
the limited range of velocities measured in one experiment. Also 

X — 2p = ^ v x , and fa (X) = fa (v x ) = g (t>, - v), v t being the apparent 

velocity corresponding to the position. 
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The initial beam is not homogeneous, but has a distribution with 
velocity of N ^ (v) dv. Its apparent distribution at the slit is then: 


e (v x ) — N I* g( v i ~ v )dv. 

J I'a-ati 

The centre of gravity 


C.G. 


j ?>! 0 (t'n) di\ 

_ J - - oo __ 

j 6 (P|) dv x 

- ■ OC 

TOO :* 0 O 

4* (v) dv v x g (t>! — v) dv } 

„ —oo Jp t "y~-oo _ 

j <\> (v) dv [ g (v x — v) di\ 

J r — ao JtljM- k 


but 


f 4* O’) dv 

— X 1 

V 

g(v 1 — v)dv 1 + j (v 1 — v)g(v 1 — v)dv l 

J t>, ** oc J r t -err — x 

1 

+ (f) dv 

r .... go 

g (t>! - v ) dvi 

v, » 


roo 

g (v x — v) dv x — A, independent of t> and of the form of 4* (») 

J i', ■ oo 


and 


r® 

(fj — v)g(v j — v) dv x — K, independent of v and of the form of <J> (v) 

J t>! au 


therefore 


f * v 4^ ( v ) dv 

C.G. = ii==s. -+ j 


r« 

<K») 

*>■*•* —® 


dv 


That is, the velocity corresponding to the centre of gravity of a group 
of particles, as shown on a photographic plate at the counter position, 
differs from the velocity corresponding to the actual centre of gravity of 
the group by an amount which is independent of the actual (iistribution. 
In experiments on stopping-power, therefore, this difference cancels out. 

(iii) It remains to show that the centre of gravity of a group of particles 
distributed along the x-axis is not changed in position when the dis¬ 
tribution is analysed by moving a slit of finite width across it. Whether 
the slit is moved across the group or the group across the slit is a matter 
of no consequence. 
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The observed distribution fix) is related to the actual distribution 
<f> (x) by the relationship: 

fix) — f 4> (x) dx. 

J j- a 

where a is the half-width of the slit, or 

d f (x) — <f> (x + a) dx — <f> (x — a) dx. 

In the relation 

- oo /•<* 

d (uv) = u dv + I v du, put u ~ x 2 , v — /(x). 

J--00 J — OC J — gO 

Then 

[x 2 /(x)]*«, = I" x 2 df(x) 4- 21* x fix) dx. 

J - oo J — ot> 


[x 2 /(x)£„ = 0, since <f> (x) is zero for all values of x outside a limited 
interval. 

Therefore 



i * x 2 d fix) 


— — i | x 2 <f> (x + a) rfx -f £ f x 2 <f> (x — a) </x 
J —00 * ■ 00 

~ — i [* (x — a) 2 <f> (x) cfx -f i ( (x + a) 2 <£ (x) dx 



Similarly, putting u ~ x and v = /(x), it can be shown that 


therefore 


f" / (x) dx ~ la f <f> (x) dx, 
J —co J - 00 

r co 

xfix)dx x <j> ( x) dx 

-- qp rrr: J ■—e0 

I* fix)dx f <j> (x) dx 

J —00 J — oo 


That is, the centre of gravity of the distribution is completely indepen¬ 
dent of the width of the slit used in analysing it. 
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Summary 

The stopping-power of mica for a-particles has been determined by two 
methods, by measuring the change of velocity by magnetic deflexion and 
by direct range measurements in dry air. The two sets of measurements 
agree in showing that the ratio of superficial mass to stopping-power 
varies by 2-3% for different pieces of mica. The different values of 
stopping-power and of variation of stopping-power with range are 
averaged and used to calculate a stopping-power-range curve for mica. 
In the course of the work, curves were obtained for the velocity straggling 
of a-particles in mica. These were definitely Gaussian, and gave values 
of the straggling coefficient 1 • 1 times the values calculated from Bohr’s 
theory. 


The Passage of Neutrons Through Matter 
By C. H. Collie and J. H. E. Griffiths 
(Communicated by F. A. Lindemann, F.R.S.—Received February 14, 1936) 

Introduction 

The interactions between neutrons and matter which have been chiefly 
investigated hitherto are of the types discovered by Fermi in which the 
neutron is either scattered elastically or absorbed with or without the 
emission of a proton or a-particle. The experiments to be described 
were started with the object of finding out whether any other type of 
interaction exists; some preliminary experiments by Fermi and others* 
and Leaf suggest that there are inelastic collisions in which the energy 
lost by the neutrons appears ultimately as a photon, and the results of 
our experiments can be interpreted in terms of this simple hypothesis. 

* Fermi, Amaldi, d’Agostino, Rasetti, and Segri, ' Proc. Roy. Soc.,’ A, vol. 146, 
p. 483 (1934). 

t ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 637 (1935). 
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Since neutrons can at present only be classified on an experimental 
basis, it is very convenient to use a nomenclature based upon Fermi’s 
theory,* which attributes the observed difference in properties entirely 
to a difference in velocity. In this way one can avoid a continual and 
very cumbersome reference to the experimental arrangement, without lack 
of precision. 

The neutrons which are generally absorbed with the formation of. new 
radio elements are believed for the most part to have energies less than 
01 e-volts (thermal velocities); there are also known to be groups of 
neutrons with highly specific properties which are absorbed by certain 
nuclei only, and these are believed to have energies less than 1000 e-volts. 
Neutrons with these properties are referred to as “ slow neutrons 
Neutrons with sufficient energy to cause nuclear disintegration have 
energies greater than 10" e-volts and are referred to as fast neutrons. The 
use of these terms is provisional and the results of our experiments are 
independent of the truth of the theory. 

The general method of experiment was to compare the amount of 
radioactivity produced in a suitable detector such as aluminium or silver 
by a source of neutrons, with the activity produced when the source was 
surrounded by a sphere of the material to be examined. The chief 
difficulty in experiments of this type is to avoid the effect of scattering by 
the absorbing material. If the neutrons are appreciably scattered in 
their passage through the sphere they will pass through the sheet of 
detecting material near the surface of the sphere at a greater angle than 
in the experiment when no sphere is present. Since most of the neutrons 
pass through the detector without collision the radioactivity induced is 
proportional to the length of the neutron paths in the detecting sheet, 
and will be a minimum for neutrons travelling normally to the sheet. 

If each neutron is scattered several times in passing through the sphere 
instead of leaving the sphere radially the number making an angle 0 
with the normal will be approximately proportional to sin 20, and the 
total path of the neutrons in a sheet of detector placed on the surface 
will be doubled. This effect may be greatly reduced by removing the 
detector to a distance from the source several times the radius of the 
sphere. When using an aluminium detector this method is impracticable 
as the intensity is reduced below the natural zero of the counter and no. 
accurate measurements can be made at all. Another way of avoiding 
the effect of scattering is to use a small sphere of detecting material; as 
long as most of the neutrons pass right through the sphere such a detector 

* Amaldi, d’Agostino, Fermi, Pontecorvo, Rasetti, and Segri, ‘ Proc. Roy. Soc.,’ 
A, vol. 149, p. 521 (1935). 
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will become uniformly activated from whatever direction the neutrons 
may come. In practice it is necessary to use a number of small spheres 
arranged closely together so as to provide sufficient intensity of induced 
radioactivity for accurate measurement. Other methods of avoiding 
the effect of scattering depending upon the chemical concentration of the 
radio element from a large quantity of material (e.g., aluminium sulphate 
or bromoform) were also tried but were abandoned owing to the difficulty 
of carrying out quantitative chemical separations in the short lifetime of 
the induced radioactivity. 

The experiments to be described fall into two classes according to the 
detectors used. 

Aluminium and silicon have been shown by Fermi, using chemical 
methods to identify the isotopes, to react with neutrons according to the 
scheme 

MAI + In -* "Mg + JH; "Mg -* "A1 + e (10 min) 

-Si + - “A1 + ;H; ”A1 - -Si + e (2-3 min). 

For each element the total change amounts to the conversion of a 
neutron into a proton and an electron of considerable energy so that at 
least 1 *75 x 10® e-volts are absorbed. Thus experiments using these 
detectors are concerned with fast neutrons Only. Actually all measure¬ 
ments using these detectors show a simple absorption effect and the 
induced activity is decreased when the neutrons pass through the absorbing 
sphere. 

Iodine and silver have a greatly enhanced probability of reacting with 
slow neutrons, and using these materials as detectors an increase in 
activity was in general produced by the absorbing sphere. 


The Counter and Neutron Source 

To obtain comparative results accurate to 2% at least 10,000 disintegra¬ 
tion electrons must be counted to overcome the statistical fluctuations 
inherent in the method of counting single electrons, and it is therefore 
desirable to make the effective solid angle subtended by the counter as 
large as possible. The Geiger-MUller counter used was a cylinder 4 cm 
diameter and 20 cm long, in which the central 5 cm had been turned down 
as thin as possible to allow the electrons to enter. The tube was made of 
“ electron ”, an alloy containing about 98% of magnesium, and no 
difficulty was experienced in working with a wall thickness of 0‘2 mm. 
These dimensions were adopted after several trials, it being found that 
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the greater solid angle subtended by a larger tube was more than com¬ 
pensated for by the increase in wall thickness and natural zero. 

The 1500 volts potential difference necessary for working the counter 
was supplied from a small electrostatic multiplier deriving its initial 
potential difference from a 100 volt dry battery. This arrangement was 
found to be steadier and more convenient than a direct supply from a 
battery of dry cells. The counter was very stable, seldom varying in 
sensitivity by more than 2% during a series of measurements, and had a 
natural zero of 12 per minute. Its maximum rate of counting was about 
1500 per minute, and when counting at rates of more than 200 per minute 
a correction was applied to allow for unrecorded electrons. The need 
for this correction is due to the discharge of the counter rendering it in¬ 
sensitive until the necessary potential difference has been again built up. 
If one assumes that this period of inactivity is a constant time t the 
relationship between « 0 , the average number of electrons entering the 
counter, and n the number actually recorded is 

n = !(l - e n "). 

T 

The correction curve was found experimentally and agreed well with this 
simple formula over the rate of counting investigated. 

The damping resistance in series with the counter had a value of 
5 x 10" ohms, and the kicks were recorded by a mechanical meter and 
thyraton after amplification by a 2-stage amplifier of conventional design. 

The source of neutrons consisted of a glass tube 5 mm internal diameter 
and 20 mm long filled with pure beryllium powder and provided with a 
Constriction. About 400 millicuries of radon, after a rough purification 
over potash and liquid air, were introduced into the beryllium tube, the 
whole sealed off and placed in a long pyrex tube 1 cm external diameter 
which was then sealed off. As well as providing a convenient method of 
handling the source, the outer tube prevented the contamination of the 
laboratory on the rare occasions on which the inner tube cracked. The 
neutrons given off by this source are distributed over a very wide range of 
velocity. The change of mass involved in the reaction suggests a maximum 
energy of 13 ± 2 x 10 a e-volts in good agreement with the 14 x 10® 
e-volts obtained experimentally by Dunning'''; a large part of this energy 
is' emitted as y-rays, and this accounts for the great number of much 
slower neutrons which Dunning observed. 

* ‘ Phys. Rev.,’ vol. 45, p. 586 (1934). 
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It is not certain what are the slowest neutrons emitted by such a source, 
but the discovery* that some of the y-rays have energy of 10-2 x 10® 
e-volts (in agreement with the \fC levels measured by Crane and otherst) 
makes it probable that the velocity spectrum continues down to neutrons 
of very small velocity. 

Experimental 

Aluminium and Silicon Detectors 

The detecting material in these experiments was in the form of spheres 
5 mm diameter fastened with sealing wax to the inside of a nickel cylinder 
8 cm diameter by 12 cm. Glass beads were used for the silicon, and the 
aluminium balls were turned from aluminium rod. The source was 
placed at the centre of the cylinder, either in air or at the centre of a 
sphere of absorbing material about 6 cm diameter in which a radial hole 
1 cm diameter was drilled to receive the outer glass container. Sodium 
and liquids were held in specially blown thin walled soda glass flasks. 
It was found easy to replace the source in the same position to I mm while 
separate experiments showed that owing to the cylindrical symmetry of 
the arrangement a displacement of 1 cm was without effect on the total 
measured activity. As far as possible experiments were made alter¬ 
nately with and without the absorbing sphere so as to avoid the effect 
of any systematic changes in the source or counter. 

The small detecting spheres had to be packed together fairly closely 
so as to obtain enough intensity, and thus a small error due to scattering 
will be introduced as some neutrons will pass through more than one 
sphere. This error is, however, small, as can be seen by an approximate 
calculation of its magnitude. Suppose the spheres are touching and are 
exposed to a parallel beam of neutrons making an angle 0 with the plane 
on which they lie. Then in the most unfavourable case the increase in 
activation due to neutrons passing through two spheres will not exceed 
(1 — sin® 0). (1 T 2 sin 0) and the maximum possible error for complete 
scattering is 15%. Actually the error will be much less than this, since 
the spheres are not touching in all directions, and any increased activation 
takes place in the underside of the sphere from which electrons cannot 
reach the counter. 

The following results were obtained. All measurements are corrected 
for natural zero, decay of the source and the efficiency of the counter. 
The percentage error refers to the computed statistical error (100/\/H, 

* Koch und Rieder, ‘ Mitt. Inst. Radiumforsch.,' No. 363. 

t Crane, Delsasso, Fowler, and Lauritsen, * Phys. Rev.,’ vol. 46, p. 1110 (1934). 
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n - number of electrons counted), which is much the largest error in the 
measurement. 

Silicon Detector— The silicon was exposed for eight minutes and 
counting was started one minute after irradiation and was continued for 


ten minutes. 

Absorbing material 

Table 1 

% decrease 

Cross-section 

*H a O 

14 

-!. 7 

sq cm 

8 ■ 7 x IO- aa 

*D a O 

15 

r 5 

(calculated as H) 
9*7 > 10 3ft 

S 

10 5 

A 7 

(calculated as D) 
11 10 34 

Cd 

12 .) 5 

I *0 • 10 34 

Sn 

13 

4 5 

1 4 .v 10 34 

Pb 

11-5 J; 5 

1 *4 x 10 24 

Bi 

9 

A 5 

1-3 ■ 10 24 


* A small sealed flask holding 96 gm of heavy water 98% pure, was used in these 
measurements. 

Aluminium Detector— The aluminium was exposed for twenty minutes 
and measured for twenty minutes. 


Absorbing material 

Table II 

% decrease ± 4% 

Cross-section 

A! 

8 

sq cm 

5 ■- 10-** 

S 

14 

1 4 10 24 

Fe 

23 

11 x 10 24 

Cu 

28 

1-3 > 10 24 

Cd 

17 

1-5 ■: 10 24 

Pb 

15 

1 -8 x 10 34 


Activated aluminium shows three periods, and these experiments refer 
to the one with a half-period of ten minutes. 


Experiments with Silver and Iodine Detectors 

Some preliminary experiments with sheet silver detectors showed that 
the absorbing material produced an increase in activity and some rough 
experiments with silver balls showed that this could not all be attributed 
to scattering. As the effect was rather small it was decided to use larger 
spheres of material, and it was also found possible to increase the radio- 
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activity produced in the silver by means of a sheet of paraffin wax to 
such a degree that it was feasible to place the detector at least a radius 
away from the surface of the sphere. If a small sheet of material is placed 
a distance R away from the centre of a sphere radius r the induced activity 
is given by R2 


21 


1 


sin cos 


1 -1 
R 1 ’ 


where 1 is the activity if there is no scattering; and the increase due to 
scattering falls off very rapidly as R increases. The 100% increase at 
the surface of the sphere has fallen to 14% when the detector is half a 
radius away (R — 3r/2) and to 7% at a radius (R 2r). 

Actually the effect of the paraffin will be to reduce this effect consider¬ 
ably since the neutrons are scattered in the paraffin and their initial 
direction ceases to have any effect on the way they pass through the foil. 
The paraffin sheet, however, introduces another disturbing factor, since 
neutrons reflected from it may be scattered back onto the silver by the 
sphere. It is obvious that this effect will decrease very rapidly as the 
two surfaces are separated, and it is believed that most of the observed 
variations of the increased activation with distance was due to this cause. 

The following arrangement was finally adopted. A brass tripod, fig. 1, 
was fitted with two sliding arms which were provided with clips to hold 
the detector at known distances from the centre of the sphere which was 
placed in a ring at the centre of the tripod. When the sphere was absent 
the source was held in a light brass tube with a circular base which fitted 
accurately into the central ring. Errors of centring were further avoided 
by exposing the detecting foils first on one side of the source and then on 
the opposite one. The detector was held between paraffin sheets 1 -5 cm 
thick. The silver detector was a sheet of pure silver 5 x 8cm weighing 
0-124 gm sq cm, while the iodine detector consisted of a layer of iodo¬ 
form, held in an envelope of thin cellophane. After exposure, the detectors 
were rolled into a cylinder which was clipped round the Geiger-Mtiller 
counter for measurement. 

As before, the results were corrected for the decay of the source, and 
any change in the sensitivity of the counter. The silver was exposed for 
eight minutes and measured for ten minutes; the iodine was exposed for 
fifty minutes and measured for thirty minutes. 

The results shown in Table III were obtained. 

The results in column two refer to measurements in which the front 
surface of the paraffin was 5 • 5 cm from the surface of the sphere, while 
for column three this distance was 7 cm. The corresponding distance 
for the iodine measurements was 12-5 cm. 
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Fig. I—A -- neutron source; B spherical absorber; C detector; D sheets of 

paraffin wax. 


Table III 



% increase 

12-5 cm sphere 

12 • 5 cm spin 

Element 

6 cm sphere 

silver 

iodine 


detector 

detector 

detector 


± 5% 

4- 4°/ 

-X. “/ i» 

4. 3°, 

Na 

1 

—■ 

— 

A1 

6 

9 

9 

S 

— 1 

0 

.4 

Fe 

24 

— 

— 

Cu 

23 

40 

37 

Zn 

20 

28 

29 

Cd 

20 

37 

34 

Sn 

23 

29 

25 

Sb 

— 

25 

14 

Hg 

— 

(60) 

35 

Pb 

12 

22 

17 

Bi 

8 

24 

16 
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A separate series of measurements was carried out with a 9 • 5 cm dia¬ 
meter sphere of mercury to find out how the observed increase depended 
upon the distance of the detector from the surface of the sphere, with the 
following results:— 


9 • 5 cm Diameter Mercury Sphere 

Distance from source to detector, cm.. 4.8 9-8 12-5 


Iodine detector. 53% ± 3 28% .4 2 28% ± 3 

Silver detector . 40% 4 3 29% 4 3 


When the iodine detector was used without any paraffin 5-25 cm from 
the centre the observed increase was 36 4 4%. Some further experiments 
with a lead sphere and a silver detector showed that the observed increase 
was not markedly dependent on the thickness of the paraffin layer. 

These results show that when the detector is between paraffin sheets 
there is an increase of activity due to some of the neutrons being trapped 
between the paraffin and the sphere, and that as was to be expected this 
effect falls off very rapidly with increasing distance and has disappeared 
when the detector is a radius away from the surface of the sphere. The 
experiment without the paraffin shows quite clearly that the relative 
magnitude of the observed increase is not very dependent upon the presence 
of the paraffin, a result which was confirmed by using various thicknesses 
of paraffin less than 1-5 cm. 

As well as the systematic experiments which have been described, 
certain special experiments were undertaken with the object of finding 
out how the observed increase in activity occurs. To find out whether 
there were any specific effects measurements were made using iodine and 
silver as absorbers. The iodine was cast into a sphere 9-5 cm diameter 
in a round bottomed flask, but the silver measurements were made using a 
cylinder 3 inches diameter and 3 inches high. A comparison between a 
copper cylinder and a copper sphere showed that the results agreed within 
the experimental error. 

Iodine sphere 9-5 cm diameter, Table IV. 

Table IV 

Detector Distance from source % increase 

cm 

9-8 
9-8 
4-8 


Ag 4 paraffin 
I 4 paraffin 
I (no paraffin) 


3-5 ± 4 
0 4 3 

9 4 5 
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Silver cylinder 3 inches high. Table V. 


Tabu- V 


Detector 

Distance from source 

cm 

% increase 

Ag (no paraffin) 

4-5 

48 1: 7 

Ag \ paraffin 

9*8 

4! .i 

! 4 

1 4- paraffin 

9 ’8 

45 

i 3 


These results show that there are no specific effects with silver and 
iodine. The increase with silver is the highest observed,* that with iodine 
is very small. The increase when the iodine sheet was placed on the 
surface of the sphere is probably due to scattering and shows the need for 
taking the special precautions which have been taken in this series of 
experiments to avoid the effect of scattering. 

With the object of finding out something about the neutrons concerned, 
the source was surrounded by a cylinder of paraffin wax at the centre of 
the sphere, and a bare silver sheet was used as detector. It was expected 
that with this experimental arrangement the increase would no longer be 
observed. This was not so, but a calculation using Dunning’st values 
for the scattering cross-section of slow neutrons showed that it would 
always be possible to attribute the observed increase in neutrons scattered 
back into the paraffin by the surrounding sphere. The only source of 
fairly homogeneous neutrons available was the photo neutronsj: from a 
beryllium cylinder 2-2 cm diameter, 6-8 cm high, with a central hole 
0-9 cm wide, along its axis in which was placed 300 millieurie of radon in 
a copper tube. Using this as a source and placing it as symmetrically as 
possible in the absorbing spheres, the following results were obtained 
using the usual iodine detector between paraffin sheets 9-5 cm from the 
source. 

Beryllium photo neutrons 

Absorbing material and iodine-detector 

% increase 

Copper -- 11 ± 3% 

* This increase is nearly the same as that recently reported by Ehrcnberg (40%), 
using a small silver cylinder 3 cm diameter (' Nature.* vol. 136, p, 870 (1935) ). It 
is not clear how much of the increase with this small cylinder was due to scattering, 
t Dunning, Pegram, Finck, and Mitchell, ‘ Phys. Rev.,’ vol. 47, p. 970 (1935). 
t Szilard and Chalmers,' Nature,’ vol. 134, p. 494 (1934). 
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Discussion of the Results 
a~Fast Neutrons 

The cross-sections for fast neutrons (silicon and aluminium detectors) 
are smaller than the values obtained by Dunning in which the combined 
effect of absorption and scattering was measured, and do not increase so 
much with increasing nuclear charge. Thus a fast neutron is more likely 
to be scattered than absorbed by a heavy nucleus. Fermi* has roughly 
measured the reaction cross-section of some of the most activated elements, 
e.g., aluminium 7 x 10 2: ' cm 2 , iron 6 x 10 28 cm 2 . These cross-sections 
are probably too small by a factor of at least two, since they involve the 
assumption that every neutron has sufficient energy to react, which is not 
true. 

Thus the absorption measured in aluminium can be accounted for by 
the removal of neutrons required by the known disintegration processes, 
but this explanation cannot be applied to the other elements. It is not 
known how a neutron is changed on collision so that it no longer activates 
aluminium and silicon. The simplest hypothesis is that it loses energy by 
forming an excited nucleus (or an excited neutron); the neutron has then 
not sufficient energy to react with aluminium and the absorbed energy is 
ultimately radiated as a photon. It is not possible to exclude disintegra¬ 
tion reactions which have not at present been detected. The cross-section 
for y-ray formation has been measured by Leaf who finds a continuous 
increase with increasing atomic number, whereas we find an almost 
constant cross-section; it is therefore not at all certain whether the same 
process is being observed in both experiments. As the energy lost by 
a neutron in an elastic collision decreases rapidly as the mass of the 
nucleus rises, the constancy of the observed cross-section makes it im¬ 
probable that this is the process being observed. 

The most obvious conclusion is that the quantity being measured is 
the size of the neutron, and indeed the maximum collision cross-section 
(X 8 /n) of a 3 x 10® e-volts neutron is of this order. 

Lea's results are also in agreement with such a hypothesis, since he 
found constant y-ray quantum emitted (1-6 x 10® e-volts) in the three 
nuclei for which he measured the absorption coefficient of the emitted 
y-rays. 

Since the y-rays observed by Lea are more readily absorbed than the 
Ra C y-rays which accompany the neutrons from a Rn, Be source, they 

* Fermi, Amaldi, d'Agostino, Rasetti, and Segre, ‘ Proc. Roy. Soc.,' A, vol. 146, 
p. 483 (1934). 

t ‘ Proc. Roy. Soc.,' A, vol. 150, p. 637 (1935). 
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can only be investigated easily by using a neutron source free from Ra C' 
rays. We hope to be able to carry out this investigation in the near 
future, and it appears useless to speculate further on the results obtained 
until these experiments have been carried out. 

b—Slow Neutrons 

■The increased activity observed when working with slow neutrons can 
only mean that more neutrons enter a state in which they react readily 
with silver and iodine. 

The nuclei of the two elements sulphur and iodine which we have 
observed not to show this effect appear to have little in common, the 
former being a completely even, the latter a completely odd, nucleus. 

Clearly little progress can be made in interpreting these results unless 
it is known what is the property which causes a neutron to be readily 
absorbed by silver and iodine. If one assumes that the difference is 
only a difference in velocity, that silver and iodine react with neutrons 
under about 10 volts, and that the probability of reaction increases 
(though not necessarily monotonically) with decreasing velocity one can 
draw some conclusions about the neutrons which have been observed in 
these experiments. 

The increased activation is shown by a bare silver sheet, and therefore 
they have been slowed down to the velocity range in which they react 
readily. 

Since the relative increase in activity is not very dependent on the 
paraffin thickness, the extra neutrons cannot be extremely slow ones 
(thermal velocities) or they would be reflected and absorbed and the 
paraffin sheet would cause a decrease in the effect. 

Since the observed increase is roughly proportional to the radius of the 
sphere of material used to slow up the neutrons it is probable that only a 
single collision is involved. 

One can thus conclude that a neutron passing through matter occasion* 
ally collides with a nucleus and is thereby slowed down enough to react 
with silver and iodine. If this is so, one would expect that the neutrons 
entering into this collision would be fast neutrons. This hypothesis is 
confirmed by the negative results of the experiments using the photo 
neutrons from beryllium, and the radon-beryllium source surrounded by 
a small central cylinder of paraffin wax. 

As it is impossible at present to calculate an unambiguous nuclear 
cross-section from these data, one cannot test the attractive hypothesis 
that the fresh neutrons appearing at the lower velocities are in fact those 
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whose absorption was measured in the experiments using aluminium and 
silicon detectors. Our results, however, are not inconsistent with this 
hypothesis. Further work is contemplated to elucidate the phenomena 
involved. 

In conclusion, we have to thank Imperial Chemical Industries for the 
loan of 100 gm of heavy water and Professor Lindemann for extending to 
us the facilities of his laboratory'and for his great interest in the work. • 

Summary 

The passage of neutrons through matter has been investigated under 
conditions which enabled true absorption coefficients to be measured 
independent of scattering. Using aluminium and silicon detectors 
absorption cross-sections (l — 1 -4 x 10 24 sq cm) were obtained which did 
not increase systematically with increasing atomic number. Using iodine 
and silver as detectors, the presence of the absorbing material was found 
to produce an increase in the activity with all the elements examined 
except sulphur and iodine. A simple hypothesis to account for the 
phenomena is put forward. 
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Relativistic Wave Equations 

By P. A. M. Dirac, F.R.S., St. John’s College, Cambridge 

(Received March 25, 1936) 

* 

1—Introduction 

The classical relativistic connexion between the energy p t of a free 
particle and its momentum p x , p y , p t , namely,* 

P * - P * 2 - P* - Pi ~ w 2 = 0, (1) 

leads in the quantum theory to the wave equation 

[Pt ~ Px ~ P* ~ Pi ~~ m2 } 't' - 0, (2) 

where the p's are understood as the operators ih ^, — ih ^ .. The 

general theory of the physical interpretation of quantum mechanics 
requires a wave equation of the form 

{Pe-HH-0, (3) 

where H is a Hermitian operator not containing p t , and is called the 
Hamiltonian. The obvious equation of the form (3) which one gets 
from (2), namely, 

[Pt ~ (P 2 + Pv 2 + Pt + w*)i} = 0, 

is unsatisfactory on account of the square root, which makes the appli¬ 
cation of Lorentz transformations very complicated. By allowing our 
particle to have a spin, we can get wave equations of the form (3) which 
are consistent with (2) and do not involve square roots. An example, 
applying to the case of a spin of half a quantum, namely, the equation 

{Pt + *rP* + + a ,p, + a n m) + = 0, (4) 

where the four a’s are anti-commuting matrices whose squares are unity, 
is well known, and has been found to give a satisfactory desorption of 
the electron and positron. The present paper will be concerned with 
other examples, applying to spins greater than a half. 

* We are taking the velocity of light to be unity. 

VOL. CLV.—A. (July 1,1936) 2 I 
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The elementary particles known to present-day physics, the electron, 
positron, neutron, and proton, each have a spin of a half, and thus the 
work of the present paper will have no immediate physical application. 
All the same, it is desirable to have the equations ready for a possible 
future discovery of an elementary particle with a spin greater than a half, 
or for approximate application to composite particles. Further, the 
underlying theory is of considerable mathematical interest. 

2—The Fundamental Matrices 

In a relativisitic theory an angular momentum appears as a six-vector. 
Let the spin angular momentum of our particle expressed in units of h 
be the six-vector s, with components s ik — — s ki . These satisfy the 
commutation relations, 

^zySyz S ve S x y is tx 

Sxy^xt ^xtPxv ~ i s vt 

Sj-yS v t Syt^xy ^ xt 

Sxy S it S, t S KV — 0 

Sx t^yt s vt s xt — is xv , 

together with the relations obtained from these by cyclic permutations of 
xyz. The usual procedure for studying the consequences of these com¬ 
mutation relations is to introduce 

a (t “ i {Syz is xt ) 

*y = i (s*x - is vt ) 

~ i (Sxv is lt ) 

Then the a’s and p’s satisfy 

- a v a * = i*» (6) 

P»Pv - PvP* = (7) 

and the relations obtained from these by cyclic permutations of xyz, and 
further all the a’s commute with all the p’s. The a’s and p’s are thus 
like the components of two independent angular momenta in ordinary 
three-dimensional space. We introduce the magnitudes k and / of these 
angular momenta in the usual way by 

*x 2 + a,® + a., 2 = k(k + 1) 

P«®+ Pv® + P,* = /(/+ 1), 


P. = i (Sye + is xt ) i 

P» = i (*.» + i*y,) [ • (5) 

P« = i + is,,) I 


( 8 ) 

(9) 
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and consider k and / as numbers. Each of them may be any non-negative 
integer or half-odd integer. In this way we see that in general four- 
dimensional theory a spin is characterized by two numbers. In the special 
case of the electron spin, k — / = We may consider <t v , a, as 
matrices with 2k + 1 rows and columns and p„, p, as matrices with 
21 + 1 rows and columns. 

We shall find it convenient to pass to spinor notation, following Van der 
Waerden* and Laporte and Uhlenbeck.f According to these authors, 
the quantities a„, a„ which determine a self-dual six-vector, can be 
represented by a spinor s M , with two undotted suffixes, its components 
being 

■ V U " . ( a r + <*»), S 22 — «* ■ V I2 — ■Sjl — (10) 

Similarly, the quantities p*, p„, p, can be represented by a spinor s A; 
with two dotted suffixes, its components being 

Sii ~ (P« — .Vii — P* + A’ii = Si{ = P,. (11) 

Let us raise the first suffix in s M ,,, so as to obtain s'*,, with components 

S 1 ! ~ S 21 — a, S J 2 = S 22 — <X-x iXy 

s\ — — s n = a* + s 2 a = — s 12 — — a,. 


We may arrange these as a matrix A in 2 (2k + 1) rows and columns, 
thus 


A = 


(' 


r*l 

)=r 

> \ jv ™L_ i, 




/a, 

*1 + 



( 12 ) 


The matrix A then has some rather remarkable properties. We find 


_ / *» 2 + («* — l«y) (** + /*„) M** ~ »«y) — (*« ~ /<*,) *, 

\(«* + /*v) a « -- a « (* *+ /a v ) (a, f /«„) (# x — /«,) + a 4 * , 

which reduces, with the help of (6) and (8), to 


A*-( 


and hence 


<k (k + 1) — a, — + /a v 

t. — la v k {k + 1) + 


) — k(k + 1) — A 

a./ 


A(A + !) = *(* + 1). 


(13) 


It follows that the eigenvalues of A are k and — (k + 1). Let us 
suppose these eigenvalues occur m and n times respectively, m + n being 


• ‘ Nachr. Ges. Wiss. Gott.,’ p. 100 (1929). 
t ‘ Phys. Rev./ vol. 37. p. 1380 (1931). 


2 I 2 
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2 (2k + 1). If we assume «„ a„ to be Hermitian matrices, then A 
is a Hermitian matrix and can be transformed into a diagonal matrix 
by a unitary transformation, thus 

A = U 1 DU, (14) 

where D is the diagonal matrix whose-first m diagonal elements are 
k and whose remaining n diagonal elements are — (& + 1). However, 
we do not wish to use the condition that a„, a v , a, are Hermitian at 
present, since this condition is not Lorentz invariant. If we do not have 
this condition, a a , a y , a, will still be transformable into Hermitian 
matrices by a canonical transformation, and thus an equation of the 
form (14) will still hold, but U will no longer be a unitary matrix. 

Let us express U in the form 

( b\ bo 

(15) 

v x tV 

where b l and b 2 are matrices with m rows and (2k + 1) columns, and v x 
and v 2 are matrices with n rows and (2k -f 1) columns. Thus when we 
multiply D into U in accordance with (14), b x and b 2 will get multiplied 
by k and v x and t> a will get multiplied by — (k + 1). Similarly, let us 
express U" 1 in the form 

U 1 = (2k + 1)~* ( Q * ***), (16) 

\a 2 u 2 / 

where a 1 and a 2 are matrices with (2k + 1) rows and m columns, and u 1 
and u 2 are matrices with (2k + 1) rows and n columns. Equations (12) 
and (14) now give us 


(2k + 1) a„ — ka l b l — (k + 1) w 1 ^, 

(2k + 1) (a, — i'a„) = kdb t — (k+l) uh t 

(2k + 1) (a* + J'a y ) « kd 2 b x — (k + 1) I 

— (2k +1) a, = ka 2 b t — (k + l) iPv, 


(17) 


Further, the condition U _1 U = 1 gives us 

2k + \ - a'b-L + u l v x 0 = db t + u r v 2 

0 = a 2 b x + tPv x 2k + l — a 2 b t + u 2 v t 

and the condition UU -1 = 1 gives us 

2k + 1 = b x d + hjo* 0 = b x u 2 + M 8 

0 = v x a l -f UjO* 2Jc + \ — v x u l + 
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Multiplying each equation (18) by (k + 1) and adding to the correspond 
ing equation (17), we obtain, after cancelling the factor (2k + 1), 

a, + k + 1 = dbi a* — ia» = a x b % 

a* -f /a, = a 2 b x — a, -f k -f 1 = a 2 b z 

Similarly, multiplying each equation (18) by — k and adding to the 
corresponding equation (17), we obtain, again cancelling the factor 
(2k + 1), 

a, — k — — uhu «. — ia. = — U x Va ) 

2 , 2 • ( 21 ) 
a. x + = — u l Dy — a, — k -- — irv 2 J 

We can now determine m and n, the number of eigenvalues of A equal 
to k and — (k + 1) respectively. The eigenvalues of a, form the arith¬ 
metical progression, with constant difference unity, extending from k 
to — k. Thus a„ + k + 1 has no eigenvalue zero and the determinant 
of the matrix representing it must not vanish. It follows from the first 
of equations ( 20 ) that the number of columns in the matrix a 1 must not 
be less than (2k + 1), i.e., 

m > 2k -f 1 • 

Again, a, — k has one and only one eigenvalue zero, so that the matrix 
representing it must be of rank 2k. It follows from the first of equations 
(21) that the number of columns in the matrix u 1 must not be less than 
2k, i.e., 

n > 2k. 

Since m + n = 2 (2k + 1), we have only two possibilities, namely, 

(i) m ~ 2k + 1 n — 2k -f 1 

(ii) m — 2k -f 2 n — 2k. 

The first of these, which makes all the matrices square, can be excluded 
by the following argument. We have from (6) and (8) 

(*» — i*») («* + <« v ) = k (k + 1) — *, (a„ + 1), 

and the right-hand side here has one eigenvalue zero. It follows that the 
determinant of either «„ — j* v or a* + must vanish. From (20) 
it now follows that, in the case of possibility (i), one (at least) of. the 
matrices a 1 , b a , a®, b t must have a vanishing determinant. Hence either 
«. + k + 1 or — «, + k + 1 must have a vanishing determinant, which 
is not true since these matrices have no eigenvalue zero. It follows that 
possibility (ii) is the correct one. 
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Referring to (12), we see that we can write (20) in the form 

+ (k + 1) 8? = a»b,„ 

and (21) in the form 

s", — — — ttv,. 

Further, we can write (19) in the form 

2k + 1 = b^a* — v,jt 
0 = b^it — v„ct 


(22) 

(23) 

] . (24) 


These equations are the only conditions that o'*, b v , it, i\ have to satisfy 
and since they are all of the correct tensor form in the suffixes |x and v, 
we may assume that a*, u u , v y transform under Lorentz transformations 
like single-suffix spinors, as the notation implies. 

Let us study the algebraic properties of the u's and v's. From (21) 
and (19) we have 

uh\ + uh\ — 2k (25) 

ViU 1 + v 2 u* = 2k + 1. (26) 

Multiplying (26) by v 2 on the right and (25) by v s on the left and sub¬ 
tracting, we obtain 

— v t . (27) 


This is of the nature of a commutation relation. Other commutation 
relations which may be obtained in a similar way are 


Vxt?v 2 — v^Vx — — Vx 
uh'xU 2 — uh\u r — — u 2 
uh> 2 u 2 — uhi^u 1 — u 1 


• (28) 


These equations give us all the commutability information which is pos¬ 
sible for the non-square matrices with which we are here dealing. A 
similar set of algebraic properties may be deduced for the a' s and b' s 
based on 

a'-bx + a % b a — 2k + 2 | 

bxa 1 + b&* * 2k + 1 j ' (29) 

We can deal in a corresponding way with the spinor s^,. We raise 
its second suffix and consider it as forming a matrix B with 2 (2/ -f 1) 
rows and columns. 

B = ( Sii (30) 

s k* K $kk — Sk'J + — & / 




Relativistic Wave Equations 


453 


As before, we have 

B (B + 1) — /(/ + 1), (31) 

from which we can deduce, corresponding to (22) and (23), 

V + (I + 1) V - a,b : ) (32) 

sS ~ /S A " = ~ urf ) 

where the a’s, b' s, m’s, v's with dotted suffixes have similar properties 
to those with undotted suffixes, with the number / replacing the number k. 


3—Wave Equations for Zero Rest-Mass 

Let us suppose our particle to be in an eigenstate of momentum, so 
that its momentum and energy have definite numerical values. The spinor 
components of the momentum-energy four-vector will be 

Pii — Pi + P % Pi 2 — P x ~ iPv 

Pii = P x + ip v Pit ~ Pi - Px 

If the particle has zero rest-mass, its momentum and energy will satisfy 

Pi - Px - Px - Px = 0 , 



which becomes, in spinor notation, 


Pit Pii Pii Pii — 0 . 


This equation shows that p^, can be expressed as a product of two single¬ 
suffix spinors, thus 

Pa* 5**, 

or, since p Av == p ; „, 


PA* 


= 5*5,. 


(34) 


Let us now assume that the momentum and spin of our particle are 
connected in such a way that 

(35) 


The wave function 4* here must have 2k + l components, in order that 
v„ may be multiplied into it. We take (35) as our general wave equation 
for a particle of zero rest-mass. It is obviously relativistically invariant. 
In order to give a meaning to (35) when + is not an eigenstate of momen¬ 
tum, we consider $ to be expanded in terms of these eigenstates and 
then require (35) to hold for each term separately in the expansion. 
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Let us express (35) in a more usual notation in order to see better its 
physical significance. Multiplying it by u*Xx on the left, we obtain 

= 0 , 


which gives, with the help of (23) and (34), 

(A: 8* — = 0 

or 

- s^piT) = 0 


■ (36) 


We have four equations here, corresponding to the two possible values 
for X and the two for (z. Putting X = jz and summing, we obtain as one 
of these four equations 

{k (p n + Ph) - (^iP; 1 + s 12 pi 2 + SnPi 1 + s 2i pf)} + = 0 
or 

{& (ph + p-h) + (- S n pu + SiaPh - SnP-h + s i2 p-h)} = 0 , 


with the rule for lowering spinor suffixes. Written in ordinary vector 
notation, with the help of (10) and (33), this becomes 


{kp t + + « ,P,} 4^0. (37) 

The other three equations, written in ordinary vector notation, become 
{kp x + a. x p, - i*„p t + ia.,p v ) <J/ = 0 
{kp v + * v p t - i«. a p x + i«. x p t ) 4/ = 0 l . (38) 

{kp t + a t p t - ia. x p v + KpX = 0 j 

These may be taken instead of (35) as the fundamental equations of 
the present theory foT a particle of zero rest-mass. Equation (37) is a 
wave equation of the usual type. From each of the equations (38) we 
can eliminate p t with the help of (37), and we then obtain a supplementary 
condition which the wave function has to satisfy at each instant of time. 
Thus the first of equations (38) leads to the supplementary condition 

( (k 2 - a a a ) p x + (ika. t - a a a v ) p„ - (<k« v + a*a,) />,} «|i = 0. (39) 

The other two may be obtained from this one by cyclic permutation of 
x, y, and z. 

4 —Wave Equations for Non-Zero Rest-Mass 

To get a satisfactory relativistic wave equation fof a particle of non¬ 
zero rest-mass, we assume that our wave function consists of two parts. 
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which we call + x and ^ B , which satisfy the equations 

a - 

b = m"v r ^ A 



where m‘ and m" are two constants whose values in terms of the rest- 
mass will be determined later. In order that these equations may have a 
meaning, it is necessary that | A shall have (2k 4-1)2/ components, 
labelled by two parameters, one of which is associated with the columns 
of the matrices v ; and takes on 2k 4 1 values, while the other is associated 
with the rows of tf and takes on 21 values. Similarly, must have 
2k (21 4 1) components, labelled by two parameters, one of which is 
associated with the columns of v ,L and takes on 2/ 4 1 values, while the 
other is associated with the rows of v r and takes on 2k values. Thus 
altogether our wave function has (2k 4 1) 2/ 4 2k (21 4 1) components. 
The case k = / — | reduces to the ordinary electron equations, for which 
the wave function has four components. 

Equations (40) are evidently relativistic. There is a certain amount of 
arbitrariness in them, owing to the us not being uniquely determined by 
the equations (17), (18), and (19) which define them. We may multiply 
Vx and v t on the left by any non-singular matrix y with 2k rows and 
columns, and u 1 and h 2 on the right by y~\ without changing any of the 
conditions that they have to satisfy. Similarly we may multiply v* and 
v* on the left by any non-singular matrix 8 with 21 rows and columns and 
multiply «i and w on the right by 84 We have that y commutes with 
v 1 and v % since it acts on a different parameter in the labelling of the com¬ 
ponents of the wave function, and similarly 8 commutes with v x and v t . 
Thus the wave equations that we get with the new u’s, namely, 


P* y ytV+A = 

= m" yt>H A 

may be written 

lh>, 84j, A = 

PiS? Y~Hb = m"v, 8" Ha. 



which are of the same form as (40) with 8 ~Ha and y - Hb for <]> A and +b 
respectively. 

Eliminating <j/ B from the two equations (40), we obtain the second- 
order equation 
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which gives us, on passing back to ordinary vector notation with the 
help of (33), 

(Pf - Px - P 2 - P 2 ) »* 4* a = 

Multiplying by u x on the left and using (25), we obtain 

(. Pt 2 ~ P* ~ Pv 2 - />.*) 

Similarly 

ip? - Px - Pv 1 - P, 2 ) 

Thus, provided we choose 

m'm” = m a , (42) 


each of the components of our wave function will satisfy the ordinary 
second-order wave equation (2). 

We must now obtain the Hamiltonian of our theory. The first of 
equations (40) gives us 

(p n i\ + p h v 2 ) <j> A — ffiVtji B 

(P 2i th + P n v % ) <J/ A = wV y B 



Multiplying these equations on the left by u 1 and m 2 respectively and 
adding, we obtain 

(p u uh\ + fP 2 u 2 v 2 + p^uh ’ 2 + p^tAj) 4 <a — m ' (wV + «V) 

which leads, with the help of (21) and (33), and the rule for lowering 
spinor suffixes, to 

{(Pt ~ P») (* - *«) + (Pt + P.) (k + «,) + ( P x + «> v ) («* - '«*) 

+ (/>* - 'Pv) (*«, + '*»)} (w 1 ^ + «*”*) + B 

or 

+ a v p y + a t p t ) iw' (mV + mV) 4- b . (44) 

Similarly, the second of equations (40) leads to 


{ fa ~ - PvPv “ $*Pz) 4»b = W ( u 'i v i + W 2 ) <lv 

These two equations may be combined and written as the matrix equation 
/Pt + k - 1 («*/>* +« v p v +*,p.) - ^m’k-'iu'v 1 + mV) \/<h \ = Q 

~^m"l- y (u\v l + uiv a ) Pt ~l~ l (?'*P*+P v Pv+PzPzV^J 

(45) 

Thus our Hamiltonian is the matrix 


/— k 1 (* x p x + x v p v -f a ,p t ) im'k ’ 1 (nV + mV) 

(upi + uiv a ) H (p„p w + $ vPy p ,p t ) 


I. (46) 
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We must verify that this Hamiltonian is Hermitian in a suitably chosen 
representation. Let us take a representation in which the «’s and P’s 
are Hermitian. Then we may choose the matrix U introduced in equation 
(14) to be unitary. This will result in the matrices u 1 and m 2 being the 
conjugate Hermitians of the matrices and v 2 . Similarly we can make 
the matrices u\ and u± the conjugate Hermitians of the matrices v i and 
v~. We shall then have wV + uh? the conjugate Hermitian of ujv t + uiv t , 
and the Hamiltonian (46) will then be Hermitian, provided 

m’k 1 ~ m" h 1 . 

This condition combined with (42) gives 

m' — m (*//)* m" = m ( l\k)K (47) 

The Hermitian condition reduces the arbitrariness in the v's. If U 
is unitary, the arbitrary matrix y appearing in (41) must be unitary, in 
order that we may have tty 1 conjugate Hermitian to yiy at the same 
time as it is conjugate Hermitian to i\. Similarly § must be unitary. 
If we put 

tV+A = k*i> y — f 4 4''% 

equations (40) take, with the help of (47), the form 


fp r ty r =■• 

PfivV = 

which is just the form of the usual electron equations in spinor nota¬ 
tion. This equivalence between our equations (40) and the usual electron 
equations persists when there is an electromagnetic field present, provided 
the effect of the field on equations (40) is the usual one of requiring p to be 
replaced by p + eA, A being the vector potential. Thus our equation 
(40) will give us something essentially new only provided other kinds 
of forces can be put into them, requiring other kinds of terms in the equa¬ 
tions. The possibility of putting other kinds of terms into the equations is 
very much restricted by the requirement that the equations shall remain 
invariant under the introduction of y and 8 as in (41), combined with a 
suitable transformation of the ^’s. However, there do exist terms that 
satisfy this requirement, for example, the term B^v^, <j/ A can be put 
into the first of equations (40), being some vector field function. 

There exist supplementary conditions in our present theory, as in the 
theory for zero rest-mass. These are provided by the whole set of 
equations which one gets when one multiplies the first of equations (40) 
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by u k and the second by m;. We get an example of a supplementary 
condition by multiplying equations (43) on the left by n 1 and w 2 respec¬ 
tively and subtracting (instead of adding, as we did to get the Hamiltonian). 
We obtain in this way 

( p n u 1 v 1 — p 22 u 2 v , 2 + p'hih's — p 21 u 2 v x ) = m‘ (mV — mV) (J'bs 
which leads, with the help of (21) and (33), to 

{(Pt~ Pi) (k ~ a *) — ( Pi 4 P:) (k 4 a*) + ( p x 4- ip*) (<— <*») 

- (P« - iPv) («* 4- /«,)} +a — m ’ (“V 1 ~ mV) 'J'b. 
or 

{kp z + a z p t - ict x p v + i&yPz} “ W (“V " mV) +b- 

Eliminating p t with the help of (44), we obtain 

{{iko-y — a z a x ) p x — (ik a* + a,a v ) p v + (k 2 — a, 2 )/?,} 

= ~~ $m’ {(k + O «V — (k — a,) mV 8 } <\> b , 

which is one of the supplementary conditions. 


5—Wave Functions in Spinor Notation 

We shall here consider briefly an alternative way of introducing the 
m and v matrices and of expressing the wave equations (40). Let F be any 
spinor containing 2k undotted suffixes and symmetrical between all these 
suffixes. Its general component may be written F r>!ii _ r , r being the 
number of suffixes equal to 1 and 2k — r the number equal to 2. We now 
define v x to be an operator which can operate on F and turns it into a 
spinor, called i^F, containing (2k — 1) undotted suffixes and symmetrical 
between them. The general component of v x F is assumed to be 

Similarly, we define v a to be the operator which turns F into a symmetrical 
spinor in (2k — 1) undotted suffixes whose general component is 

(fjjF),, 2i—r—l — 

Further, we define m 1 to be the operator which, operating on any sym¬ 
metrical spinor G in (2k — 1) undotted suffixes, turns it into a symmetrical 
spinor in 2k undotted suffixes whose general component is 

(M*G)f, j>i_ r = rGf— i,2t—r. 

The right-hand side here vanishes for r = 0, so that we do not have to 
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give a meaning to G_ 1>2 *. Finally, we define w 2 to be the operator which 
turns G into 

= (2k — r) Gr'M-r-l- 

With these definitions we obtain 


(tpvjfyr.u-r — r(v x F) r _ li2i _ r — rF r , 2 t_ r 

(w 2 p,F) r .»- r - (2* - r) (^ a F)r, 2 Ji- r -i - (2* - r) F,. 2i _ r . 

Thus 

w 1 ^ + w 2 r 2 — 2/c. 

Again 

(t ? iW^G) f _^ > 2A---r ™ (w*G) r|2 jt._ r — /*G r _i f2 i —r 

(r 2 U 2 G) r _i t 2t-r (w*G) r ~l.*i-r+l — (2k — r + 1) G r _i j2 *—f 

Thus 

i.’jw 1 -(- r a w 2 2/c -1- 1. 


These algebraic equations for the u s and v's are the same as (25) and 
(26). It follows that the commutation relations for the present w’s and 
v's are the same as those for the u's and vs of § 2. Further, by consider¬ 
ing the effect of a Lorentz transformation on the spinor components, it is 
easily verified that the present w’s and v's satisfy equations (21), and thus 
that they are completely equivalent to those of §2. 

We may introduce it, if in a corresponding way as operators on 
spinors with dotted suffixes upstairs, and verify that they are the same as 
those of § 2. Thus we have an alternative way of building up the theory. 

Consider now 4 >a to be a spinor AJ*;;. with 2k undotted suffixes 
downstairs and (21 — 1) dotted suffixes upstairs, and to be a spinor 

with (2k — 1) undotted suffixes downstairs and 21 dotted ones 
upstairs, both spinors being symmetrical between all the undotted and 
between all the dotted suffixes. Equations (40) may then be written, 

= w'bS ;• 

P^t: - m" a &:.. 

This is an alternative and very simple way of writing our fundamental 
equations. 

Summary 

The paper deals with the setting up of relativistic wave equations, linear 
in the energy operator, for particles of spin greater than half a quantum. 
It is found that this can be done quite simply when the rest-mass is zero, 
and somewhat less simply when the rest-mass is not zero. 
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Wave Resistance: the Mutual Action of Two Bodies 

By T. H. Havelock, F.R.S. 

(Received March 27, 1936) 

1—Methods of calculating wave resistance which depend upon energy 
considerations are appropriate for a single body or a single system for 
which we require the total resistance. There are, however, certain prob¬ 
lems in which there are two or more bodies and we wish to calculate 
the resistance of each separately, or more generally the resultant force 
on each body in any required direction. For instance, the effect of the 
walls of a tank upon the resistance of a model might be calculated from 
the resistance of one model among a series of models abreast of each 
other. Another problem is suggested by experiments made by Barrillon.* 
Two or more models were towed in various relative positions and the 
resistances measured separately; the results for a model in the waves 
produced by other models in advance of it were considered to show 
interference effects due to both the transverse and the diverging waves 
from the leading models. Without attempting to deal with these actual 
problems at present, the following paper contains a method of calcu¬ 
lating wave resistance which seems suitable for the "purpose. It depends 
upon obtaining the force on a body as the resultant of certain forces on 
the sources and sinks to which it is equivalent hydrodynamically. A 
general discussion is given first and then a simple case is worked out in 
some detail ; this may be described as two equal small spheres at the 
same depth, first with one directly behind the other, then with the two 
abreast of each other, and finally in any given relative positions. 

2—Consider a solid body held at rest in a liquid in steady irrotational 
motion. We shall suppose the motion to be due to a uniform stream 
together with given sources and sinks in the region outside the body, 
and we suppose the effect of the body to be equivalent to a certain dis¬ 
tribution of sources and sinks within the surface of the body; the latter 
may be called the internal sources. It is known that the resultant forces 
and couples on the body may be calculated from forces on the internal 
sources due to attractions or repulsions between the external and internal 
sources taken in pairs; the fictitious force between two sources m, m' is 
4npmm'Ir 2 and is an attraction when m and m' are of like sign. Another 
way of expressing this theorem is that if m is a typical internal source, the 

* ‘C.R. Acad. Sci. Paris,’ vol. 182, p. 46 (1926). 
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force on it may be taken as the vector — A-rtpmq, where q is the resultant 
fluid velocity at that point due to all the other sources, in which the remain¬ 
ing internal sources may be included as their actions and reactions do 
not affect the final result. 

It is true'that for a solid of given form an important and difficult part 
of the problem is the complete determination of the internal sources so 
as to satisfy all the required conditions. However, assuming this has 
been done, we can proceed to calculate the resultant forces. Further, 
in certain problems results of some value may be obtained by using dis¬ 
tributions of internal sources which satisfy the conditions approximately. 


3—Take the origin O in the free surface of deep water which is stream¬ 
ing with uniform velocity c in the negative direction of Ox, and take Oz 
vertically upwards. Let there be a source of strength m in the fluid at 
the point (0, 0, —/). The velocity potential of the fluid motion is given* 
by 


, i m 

6 = cx H— 

ri 


m 


f sec 2 G di) 

* J-n 



£>—*{/ •'£) {UW 

/c 0 sec 2 8 + /(x sec 6 


d* 9 


(i) 


where the limit is to be taken as the positive quantity (x tends to zero, 
and 

r/ = x 2 -f y 2 + (z + ff ; rf — x 2 + J’ 2 + (z - ff ; 

ct = x cos 0 -f y sin 0; k 0 — g/c 2 . 


The second term on the right of (1) is the given source, the third term 
represents an equal sink at the image point above the free surface, while 
the last term could be interpreted as a certain continuous distribution 
of sources lying in the plane z —/ — 0. The expression (1) may be 
generalized by summation and integration for the velocity potential of 
any given distribution of sources in the liquid. We shall assume that 
this distribution is such that it represents a solid body in the stream, the 
total source strength being therefore zero. 

4—Consider in the first place a continuous distribution over a finite 
part of the vertical plane y — 0, the surface density of source strength 
being o at a point ( h , 0, —/). The velocity potential is 


* = cx + \)(k- 7 )° Md/ 




sec 1 


QdQ ’ 


-«(/-*) H i«* 


Jo k — k 0 sec 2 0 + ip. sec G 


(Ik, (2) 


* Havelock, ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 340 (1932). 
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where 


ri a = (* 
r? = (x 
(x 


T3 


hf + y* + (z + ff 

hf +y* + (z —fy 

h) cos 0 + y sin 0. 


Using the theorem given in § 2, we may write down the total wave resis¬ 
tance for the body which is represented by the given distribution. It is 
given by 

R = 4*p jj <j (h',f) u dh' df, (3) 

taken over the distribution, u being the .v-component of fluid velocity at 
the point (h\ 0, —/'). 

Consider the contribution of the various terms in (2) to the value of u 
in (3). We may omit the uniform stream c since the total source strength 
is zero, and also any contribution from the internal sources. Further, it 
is easily seen that there is no total horizontal force on the internal sources 
due to the image system represented in (2) by the term involving r 2 . 
Thus the only part of u which gives any integrated effect from (3) comes 
from the x-derivative of the last term in (2). Thus we obtain the expres¬ 
sion 

R = 4« 0 p/ [ j a' dh' df jj a dh d/j ' sec 0 dO 

r e -*U+f') 4 co* 0 

k — k 0 sec® 0 + in sec 0 


k da, (4) 


The integrations in 0 and * may be written as 

gi* (A'-A) eoa 0 

k 0 sec® 0 + i(x sec 0 

A) otw 6 




k — k 0 sec® 0 — /(a sec 0/ 


_\ - 


(5) 


Regarding k as a complex variable we may transform the integrals by 
taking as contour an appropriate quadrant bounded by the positive half 
of the real axis and the positive or negative half of the imaginary axis 
according to the sign of h' — h. Reducing the expressions and finally 
putting fj. zero, the integral with respect to k in (5) is equivalent to 

2i *o sec* e s »i w (/+ f) - m cos m (/ +/ ■') m{h .„ h) CM , dm 

Jo m® + « 0 ® sec 4 0 

for h! — h > 0, (6) 
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and 

T r *o sec 8 0 sin m (/ + f') — m cos m (/ ± /') „ <*._*> co. « m 
“Jo m 2 + k 0 2 sec 4 0 

— 4-k 0 i see 2 0e~ K,if ^ n,,>r ' e cos {/c 0 ( h ' — A) sec 0}, 

for h’-h < 0, (7) 

the function defined by (6) and (7) being continuous at h 1 — h ----- 0. 
Writing —/F (h\ /', h,f, 0) for this function, we have 

R = 8* 0 p jj a' dW df |j dh df f" F (h',f, h, /, G) sec 0 c/0. (8) 

It is obvious from (6) and (7) that the part of F from the integrals in m 
will give zero result when integrated twice over the distribution; and 
we are left with 

R - 32™ 0 2 P |j a' dh' df \\«dh df 

x [ sec 3 cos {«■„ (h' — h) sec 0} c/0, (9) 

Jo 

with h' — h < 0, the integrand being zero for h' — h > 0. 

This is the wave resistance expressed in a form which brings out more 
clearly than the usual forms the fact that the solution we require is one 
in which the regular waves trail aft from each element of the distribution. 

It is easily seen that the limitation h' — h < 0 in (9) is equivalent to 
talcing one-half the result of the repeated integration over the distribution 
without this limitation. Hence we obtain the result 

R - Ibr.xfo f> + Q 2 ) sec 3 6 dO, 

Jo 

with 

p + iQ = |J ae UJ ‘ sw f —t m ""' dh df. (10) 

This agrees with the general result obtained from energy considerations 
in the paper already quoted, where the distribution was not necessarily 
confined to the plane y — 0. There is no difficulty in extending the 
present method to more general cases, but that is left over until occasion 
arises for applying the results to some particular problem. 

5—To proceed to the case of two bodies, it is only necessary to suppose 
that the distribution of sources is divisible into two parts, each contained 


VOL. clv.—A. 


2 K 
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within a distinct closed surface. For convenience, we shall limit the 
discussion to a distribution in the vertical plane y = 0. We suppose that 
the total distribution a of the previous section can be divided into two 
distributions <Ti, ct 2 , each representing a solid body and one being aft 
of the other. The resistance for either body is given by the same general 
expression (3), the integration being takea over the corresponding partial 
distribution. For instance, for the resistance Ri of the body a lt the 
velocity u at any element of g x will be that due to the rest of a x and to a 2 , 
and the integration is to be taken over a,. The velocity potential is given 
by (2) with a — + g 2 . It is convenient to regard (2) as made up from 

the following parts: the uniform stream c, the given distributions gj and 
<t 2 , distributions —a x and —cr 2 over image positions above the free surface, 
and finally a part represented by a certain integral taken over the dis¬ 
tribution -f ct 2 . 

Consider the contributions of these parts to the value of Rj. The 
uniform stream gives no resultant effect as we suppose the integrated 
source strength of a, to be zero. We have now a resultant force from the 
mutual actions between and <r 2 , given numerically by 


4np [ J a, dh y df x | f a 2 dh 2 df 2 


hi 




(id 


the sign depending upon whether g x is in advance of <r 2 or to the rear of 
it. It may be noted in passing that this corresponds to the apparent 
repulsion between two bodies, one behind the other, in a uniform stream 
of infinite extent. There is also a similar resultant due to the actions 
between — a 2 and given numerically by 

4, P j] „ * «|] V. |W r7^T7 WW <l2) 

Finally we have the part due to the last term in (2) for the velocity poten¬ 
tial, and this will be given in the notation of (8) by 

8k 0 p 11 a\ dh\ df\ I j (oi dhx df t -I- <r 2 dh z df 2 ) I 1 F sec 0 dO, (13) 


where F is given by (6) and (7). 

The terms in F represented by the integrals in m will give a resultant 
effect different from zero when summed over the partial distribution 
arising from the part due to ct 2 when summed over a v From the term in 
(7) representing the regular waves, the part due to a t when summed over 
<j x will give the wave resistance of as if existing alone; the part due to 
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a 2 will give no effect over a x if <r 2 is aft of <r x , but the full interference effect 
of the two systems will be added to R x if <i x is aft of 
Summing up this general discussion, we see that the total resistance 
of each system consists of various parts: the resistance of each as if exist¬ 
ing alone, mutual actions between the two systems which are equal and 
opposite and may be classed as due to local disturbances, and wave inter¬ 
ference acting on that system which is to the rear of the other. It may 
be noted again that in this analysis we are assuming the source distri¬ 
butions to be given. It has been shown how the various terms in the 
resistances can be calculated when the two systems are in one and the same 
vertical plane. A similar analysis could be made for more general cases; 
but we shall consider in some detail a simple distribution consisting of two 
isolated doublets. 


6—Suppose that there are two equal horizontal doublets A, B each of 
moment M in the liquid at the points (0, 0, —/) and (—/, 0, —/) respec¬ 
tively; thus A is directly in advance of B. If the points are sufficiently 
far apart, the corresponding bodies would be, approximately, spheres each 
of radius b given by M — }b :, c. However, all we shall assume meantime 
is that the doublets are far enough apart to represent two distinct bodies, 
one enclosing each doublet, whatever their actual shapes may be. 

The velocity potential is given by 


where 


<f> ~~ CX + (f> A -I- </>», 


(14) 


<h 


M.v _ M.r 

,3 TT 

'1 '2 


/«()M 

TC 



0- 'k( f - t) | (x <‘0* j .t/ mJ n &) 

k — k „ sec 2 0 -f / (j. sec 0 


k dx. 


(15) 


and <£ b is a similar expression with ,v + / instead of .v, the notation being 
the same as in (1). 

The form which (3) takes for an isolated doublet is 


R = 


47rpM 3’ 


(16) 


where in d 2 <j>l?x 2 we must omit the term in <f> due to the doublet at the 
point in question. Thus we may calculate the resistances R A and R„ 
separately. In the process we have to evaluate the expression 


lim i 

M—0 



00 £— 1 . */+1 xX cos V 

o x — k o sec 2 0 4- /(x sec 0 


k s dx. 


(17) 


2 K 2 
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By the method already described, this is transformed into 


f nj'l *00 

cos 0 dO | 

0 Jo 


* 0 sec 2 9 sin 2mf— m cos 2mf e ~„ 
m 2 + * 0 2 sec 4 0 


for x > 0, (18) 


4 f' ! cos DdD r 3f rn>dm 

.o Jo m 2 + * 0 sec 1 tr 


— 8tc* 0 3 sec 5 Qc-**./***’' 1 cos (k 0 x sec 0)</0, 

J 0 

for x < 0, (19) 

the two expressions having the same limiting value as x tends to zero. 

Writing R 0 for the resistance of either doublet if existing alone, and 
using these expressions in (16), we get at once the known result 

R 0 -- 16~px 0 4 M 2 I sec 6 dti. (20) 

Jo 

Considering R A , the contribution from the doublet M at B and the image 
doublet — M is easily found to be —R' where 


R' - 24*pM 2 


J ! _ /(/ 2 6 / 2 ) | 

1 1* (I st + 4/*) 7/2 J 


It may be noted that if we put M — the first term in (21) gives 
6up b 6 c 2 // 4 , which is the usual approximate value of the repulsion between 
two equal spheres moving in the line of their centres in an infinite liquid. 
Finally, for R A , there is the term which comes from (18) and (16); we 
denote this by —R", with 


ft” - 16* 


r a sec * f ™ cos M dm. 

v Jo Jo m 2 + *o 2 sec 4 0 


If we calculate R B , remembering that A is in advance of B, the forces R' 
and R” are reversed, and we have in addition the effect of the second term 
in (19). We obtain finally 

R A -R„-R'-R” ^ (23) 

R B — Ro + R' + R" + 327tp* 0 4 M 2 f T, ‘ sec 6 cos (* 0 / sec 0) d%. 

Jo 

(24) 

The sum of R A and R B is the result which would be given by energy 
methods for the two parts regarded as one system. In (23) and (24) 
we have the separate resistances with the wave-interference part assigned 
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to the rear system. In addition we have the terms R' and R", which may 
be regarded as a local action and reaction, their magnitudes diminishing 
rapidly with increasing distance. It may be noted that with M pro¬ 
portional to the velocity c, R' increases as the square of the velocity; this 
may be associated with the fact that, although the regular wave system 
diminishes to zero ultimately with increasing velocity, there is a permanent 
local surface elevation. 

7—Suppose now that the two doublets are abreast of each other at a 
distance 2k apart, that is, suppose equal doublets A and B at the points 
(0, 0, —/) and (0, 2k, —/) respectively. The velocity potential is 

<A — cx + <f>\ + <Ab’ (25) 

with 4>k given by (15), and <f> i} by a similar expression with y — 2k instead 
of v. 

We have 

R A =-47cpM(^ + ^), (26) 

evaluated at the point A and omitting from <f> A the term representing the 
doublet at A. 

It is clear from the symmetry of the arrangement, that the local terms 
give no effect; reducing the remaining terms we obtain the result 

R a = R 0 + 16rtp« 0 4 M 2 [ sec r ’ (]?--■•/“«** cos (2 k^c sin Gsec 2 6) c/0, (27) 

Jo 

with R 0 given by (20). 

Taking M — \b 3 c, we may regard this as the resistance of a small 
sphere at depth / in a stream and at a distance k from a vertical wall 
parallel to the stream; it is of some interest to estimate the influence 
of the wall upon the resistance. R 0 has been expressed previously in 
terms of Bessel functions; it is given by (using the notation of Watson’s 
Treatise on Bessel Functions) 

R 0 = e- |k„ («) + (l + 1) K, («)j , (28) 

with a kJ — gfjc 2 . 

The second integral in (27) is equal to i3 2 X/0a 2 , where, with = k Jc, 

X = [ sec Ge -20 **** 9 cos (2(3 sin 0 sec 2 0) dO 
* 0 

f e ~2a co«h* u cos (p sinh 2 u) du = ^e~" K 0 (V« 2 + p 2 ). (29) 

Jo 
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Using these results in (27), we obtain 




2a 2 + ft 


K „ («) + (I + 2i] K i («) + 2(a «vV 2 ) K ° (Va * +' W 


i I M -f ~ ) 

+ ((a 2 + |i 2 ) 12 f (a* + P 2 ) 3 ' 2 / 


K x (vV + P 4 ) 


(30) 


with a — gf jc 2 , (i = gkjc 2 . 

Values have been calculated from this, using tables of Bessel functions, 
and graphs are shown in fig. 1. 

The ordinates are values of Rf s ’-r:gpb e , while the abscissae are those of 
c/\/(sf)- The curves are for different values of the ratio kf; the curve 



for klf — oo is the graph of R 0 , the resistance in an infinite stream, and 
the other curves show the increase of resistance with increasing nearness 
of the wall. 


8—It may be remarked that the present method of calculating the 
forces gives not only the wave resistance, which is the resultant force in 
the line of motion, but can also be used to give the resultant force in any 
direction; for instance, in (3) it is only necessary to replace u by the 
component velocity in the required direction. 

For the problem treated in § 7, the force on A in the direction towards 
the wall is given by 


Y = 47tpM 


. r>x cy dx d y 


(31) 
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Carrying out the calculation as before, we find 


Y 


_,H 

T8 


M 


M k ) 

\k 4 (h 2 


8« oP M> f* * sin 9 df> f" ajSglj njgLl ™ cos dm 

W Jo J<. m 2 + k 0 s sec 4 6 

167rp* 0 4 M 2 [ sin G sec 6 cos (2* 0 & sin G sec 2 G) */0. (32) 

J n 


Here again with M = \b*c, the first term is the usual approximation for 
the attraction between two spheres moving abreast in an infinite liquid 
at a distance 2k apart. 

9—When one sphere is directly behind the other, the oscillating part of 
its resistance is due to the transverse waves in the pattern made by the 
leading sphere. When the two spheres are abreast of each other, there 
are no similar oscillating terms. We shall now consider the more general 
case of any relative positions, when in suitable circumstances we can 
distinguish between interference due to transverse waves and diverging 
waves. 

With the same notation, we take the doublets A and B to be at the 
points (0, 0, —f) and (—/, k, f) respectively; thus, with / and k positive, 
B is a distance l to the rear of A and a distance k to one side. The 
velocity potential is 

<f> — cx + <£a + (33) 


with <f> A given by (15), and <f> }i a similar expression with x + l instead of 
x and y — k instead of y. Each resistance is given by the expression in 
(26), evaluated at A or B in the manner already explained, and the calcu¬ 
lation of the various terms follows the same lines. 

For the term corresponding to R' in (21) we now obtain 

n , f 2/ 2 - 2k, 2 2/ 2 - 3 k* - 12H 

R 12rtpM |^ 2 py/a (/2 _|_ -f- 4 y*)V/sj ' 


The remaining terms are more complicated than in the previous simpler 
cases; for their contribution to R A we have to evaluate an expression 


yrr /*0O M* (l cos <?— k B) 

i cos 0 dO --—rn—- 5 e~ M k* dx. 

J_ n Ju x — k 0 sec 2 0 + i\x sec 0 


(35) 


We first reduce the integration in 6 to the range 0 to $n. Then the 
various integrals in * are transformed by contour integration, the form of 
the results depending upon the sign of / cos 9 — k sin 0; this involves 
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dividing the integration in 0 into the ranges 0 to a and a to where 
tan a = ljk. Reducing the various expressions we find that the part 
corresponding to R" in (22) is now given by 

«•„ sec 8 0 sin 2mf — m cos 2 mf 
o w 2 -Jr *0* sec 4 ® 

x e~ {l e ’ 1 * ln S) w 3 dm. (36) 

The remaining terms give contributions to both R A and R B . It is found 
that the complete results for the two resistances can be put into the form 

R A = R 0 - R' - R" 

+ 167rp« 0 4 M 2 [ sec fi 0e _2 ' , - fMC ' ( 'cos{^osec 2 0(/cos 0+Asin G)}</0, 

(37) 

R« = R 0 + R + R" 

+ 167tp/f 0 4 M 2 j” ‘ sec’ cos {«■<> sec 2 0 (/cos 0+A sin 0)} dO, 

(38) 


R" = 8k 


opm 2 r ■ 

J — o 


cos 0 d 0 


where R 0 is given by (20), R' by (34), R" by (36), and tan a = ljk. 

The previous results for A and B in line, and for A and B abreast, are 
particular cases of these expressions with a = and a - 0 respectively. 

The sum of (37) and (38) could have been obtained from expressions 
given previously for the total resistance of A and B considered as one 
system. Perhaps the most interesting difference between R A and R B , 
compared with simpler cases, occurs in the last terms in (37) and (38). 
It might appear that both A and B experience effects of wave-interference, 
in the usual meaning of that term, although A is in advance of B. 
However, this is not so, and this can be seen most easily if we suppose 
k u \/(I 2 4 - A' 2 ) to be large and apply the Kelvin method of approximation 
to the integrals in question. According to this, the important pans of 
the integral come from narrow ranges of 0 in the neighbourhood of the 
stationary values of / sec 0 + k sec 0 tan 0, that is, near values of 0 
given by 

tan 0 — £ tan a ± \ -y/(tan 2 a — 8). (39) 

Such values only exist if tan 2 # > 8; moreover, even if they do exist, they 
do not contribute to the value of the integral unless the values of 0 given 
by (39) lie within the range of integration. It is easily seen that they do 
not come within the range for the integral in (37);'hence the resistance of 
the leading sphere does not exhibit any characteristic interference effects. 
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On the other hand, there are such effects for the other sphere if tan 2 « > 8, 

that is, if ~ — a < 19° 28' approximately. Thus the interference effects 

occur if this sphere lies within the wave pattern left by the leading sphere; 
and the two prominent terms in the evaluation of the integral.correspond 
respectively to the transverse waves and the diverging waves of the pattern. 

Summary 

A new method is given for calculating wave resistance directly from the 
source distribution equivalent to the body producing the waves. The 
method can be applied to two source systems representing two distinct 
bodies in any relative positions, giving the resistance of each separately. 
It can also be used to obtain the resultant force in any direction, or the 
resultant couples. 

Results are obtained for a simple case representing two small spheres in 
various relative positions. With the two spheres in the line of motion, 
the resistances differ by certain forces of action and reaction and also by 
the wave-interference effects, which are assigned entirely to the following 
sphere. 

Taking the two spheres abreast, the results are interpreted as showing 
the effect of a vertical wall upon the resistance of a sphere; the expressions 
are given in terms of Bessel functions and curves show the magnitude of 
the influence of the wall for various distances and velocities. An expres¬ 
sion is also given for the force towards the wall. 

Finally, with the spheres in any relative positions, it is shown that 
effects of wave interference occur when the following sphere lies within 
the wave pattern produced by the leading sphere, and arise from both 
the transverse waves and the diverging waves. 
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Negative Atomic Ions 

By H. S. W. Massey, Ph.D., Independent Lecturer in Mathematical 
Physics, Queen’s University, Belfast, and R. A. Smith, Ph.D., 
Carnegie Fellow in Applied Mathematics, University, St. Andrews 

(i Communicated by D. R. Hartree, F.R.S.—Received January 18, 1936) 

In a previous papert we have applied quantum-theoretical considera¬ 
tions to the passage of positive ions through gases, but in certain circum¬ 
stances, as for example the electric discharge in iodine vapour, negative 
ions are of importance. Very little has been done in discussing theoreti¬ 
cally the behaviour of such ions, and in fact there has also been little 
experimental investigation of their properties. It is therefore of interest 
to discuss, by quantum-mechanical methods, the formation and neutraliza¬ 
tion of negative ions. Results obtained in this way should indicate the 
most profitable directions for further experimental research and assist 
in the interpretation of observations already obtained. Further interest 
attaches to these considerations because of the close analogy presented 
by the attachment of electrons to neutral atoms to the capture of neutrons 
by atomic nuclei .% 

Throughout the work of this paper we restrict ourselves to the con¬ 
sideration of atomic ions such as Cl - , O”, H”. Before considering the 
formation of these ions by various processes it is desirable to discuss 
in general terms how a negative ion is to be regarded from the quantum 
standpoint. The existence of a stable negative ion (i.e., an atom of 
positive electron affinity) implies that there is a stationary state of negative 
energy for the attached electron in the average field of the atomic nucleus 
and the remaining electrons. This in itself is not remarkable, for a 
neutral atom exerts an attractive force on an electron and the existence of 
negative ions might be anticipated. However, the number of stationary 
states for attached electrons is limited and not infinite, owing to the short 
range of the effective attractive field in which the electron moves. The 
operation of this effect combined with the Pauli principle, which further 
limits the possible states into which an electron can be attached, results 
in the exclusion of a number of atoms from the list of those which form 
stable negative ions. For example, the ion He” is not known to exist in 
stable form. The helium effective atomic field is sufficiently strong to 

t * Proc. Roy. Soc.,’ A, vol. 142, p. 142 (1933). 

% See, however, Bohr, * Nature,’ vol. 137, p. 344(1936). 
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give rise to a Is electron state of He " but no excited states. Such a state 
would involve 3 electrons in the same s level, and so would violate the 
Pauli principle. The third electron is thus left without a vacant state 
into which to go. Similar considerations apply to the other inert gases. 
For the halogen atoms, however, a vacant state exists in the incomplete 
outer shell. Thus an electron can be attached in a 3 p state to form Cl . 
But, since Ne~ is unknown, it is very unlikely that a second excited 
stationary state of Cl" exists, for an electron in such a state would move in 
an effective field very similar to that in which an electron in Ne - would 
move (both in 3 d or 4a - states). 

Detailed calculations of electron affinities have been carried out in 
very few cases. Hylleraasf and BetheJ derived the value 0-7 e-volts 
for the electron affinity of the hydrogen atom, while Hartree§ has calcu¬ 
lated the self-consistent field of the Cl" ion, and Brownj| that of the ion 
F". Further, Fermi^J has considered the stationary states of electrons 
moving in the statistical atomic field of the iodine atom and found that a 
5 p state exists but no 5 d or higher excited states. Apart from this 
calculation, which is only a rough approximation in view of the in¬ 
accuracy of the statistical field at large atomic distances, there have been 
no attempts made to investigate theoretically the existence or otherwise 
of excited negative ion bound states. We can conclude, however, from 
general considerations that such states, if existing at all, lie very close to 
the continuum and to all intents and purposes may be considered as 
merged with it. 

In view of this the observation of a line emission spectrum due to 
transitions between discrete states of the ion is not to be anticipated, but 
a continuous emission spectrum (and a corresponding absorption 
•spectrum), due to capture of electrons from states of the continuous 
spectrum of the ion to the single negative energy stationary state, is to 
be expected. We shall shortly proceed to discuss the intensity of this 
spectrum, which we shall show will not be easy to observe. The negative 
ions formed by the capture should, however, be observable. 

Apart from radiation processes, atomic ions may also be produced by 
molecular dissociation either accompanying electron attachment to the 
molecule or by direct separation of the molecule into a positive and 
negative atomic ion. These processes are usually much more effective 

t ‘ Z. Physik.’ vol. 60, p. 624 (1930). 

t ‘ Z. Physik,’ vol. 57, p. 815 (1929). 

§ ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 282 (1933). 

|| ‘ Phys. Rev.,’ vol. 44, p. 214 (1933). 

H * Leipziger Vortrfige,’ p. 109 (1928). 
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than direct radiation capture and have been observed by mass spectro- 
graphic methods. In § I below we consider these and other processes 
which lead to the formation of negative atomic ions while the second 
section is devoted to a discussion of processes leading to the neutraliza¬ 
tion of the ions. 


I—The Formation of Negative Ions 

1 —By Radiative Capture —The only way in which a negative ion can 
be formed from a neutral atom by electron impact is by direct capture of 
the electron with radiation of the excess energy. Thus this process alone 
could be effective in the formation of Hg~ by electron impact in pure 
mercury vapour or of K - in pure potassium vapour. Quantum mechani¬ 
cally we have to evaluate the probability of an electron making a transition 
from a continuous to a discrete state in the field of the neutral atom. 
For this purpose the standard formula for transition probabilities may 
be used. We represent the result in terms of emission and absorption 
cross-sections Q ( ,Q a respectively. Alternatively the probability of light 
emission (or electron capture) can be represented as the chance of attach¬ 
ment per collision, which is given by the ratio of Q, to the total effective 
collision cross-section Q. 

We are here concerned with the emission only and we havef 


where 


0, = (|M,| 2 + |M„|* 


3/jc 3 


M '. = 


'1'o'k dx. 


( 1 ) 


is the normalized wave function of the ground state of the negative 
ion, and <J»« that representing the wave function of the electron moving 
with kinetic energy \mv 2 in the atomic field. is normalized to have 
the asymptotic form: 

«r» {<?“’ + r- 1 c“'/(0, (2) 

where 

k — 2nmv/h. 

v is the frequency of the emitted radiation. The main problem in the 
calculation is the determination of the wave functions 4*o* 4v Calcula¬ 
tions were carried out for H~, Ch, Na~, and Hg~, and the method of 

f Cf. Morse and Stuockelberg, * Phys. Rev.,' vol. 36, p. 16 (1931). 
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choosing the functions will be described separately for the different cases. 

(a) Hydrogen —In this case the function <^o was found in the following 
way. It was assumed that the attached electron moves in an exponential 
field of form: 

V - - Ce 

giving for <J> 0 f 

(3) 

where 

. _ StAwE rj2 %v?mC 

a ‘ h 2 ' v ~ ~w ’ 

E is the proper energy, and N the normalizing factor. The constant pc 
was taken as 1 ja 0 , which is asymptotically correct, and C was adjusted 
so that the binding energy given by (3)J was equal to the correct value of 
7 • 1 e*volts. (The total binding energy, 14 -3 e-volts, will be shared equally 
between the electrons.) 

For the function the best simple approximation is to take a plane 
wave e Ul and not a screened Coulomb field wave function as adopted 
by Jen§ in his calculations on this subject. If we consider the function 
as expanded in zonal harmonics 

<!».« ^ 'V (r) P, (cos 0), 

then only the function contributes to M x , M„, M r This corresponds 

to the electrons which have an angular momentum \/2 ^ about the 

hydrogen nucleus. Such electrons only penetrate the atomic field appre¬ 
ciably at high energies and so are never markedly perturbed by it. Thus 
the maximum value of the phase shift produced in the incident electron 
waves with this angular momentum by the hydrogen atomic field is only 
0-30 radians for electrons of 400 e-volts energy. Hence it is a good 
approximation to represent by a plane wave. The difference between 
this approximation and that of Jen becomes most marked at low energies 
of impact. Jen finds that Q, tends to infinity as v 2 when the electron 
velocity v tends to zero, whereas we find Q, tends to zero as v — 0. For, 
with our approximation, 

f co « 

- (xr cos xr — sin «r) <]/„ dr, 
o K 

t Massey and Mohr, ‘ Proc. Roy. Soc.,’ A, vol. 148, p. 206 (1935). 
t The energy is determined from the condition that J« (P) = 0). 

§ • Phys. Rev.,’ vol. 43, p. 540 (1933). 
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and for small k 

M,-y j r*^ 0 dr, 

~ -*’ j r*i> 0 dr. (4) 

To show that this result is not dependent on the choice of unperturbed 
plane waves for «J\ calculations were also carried out using functions 
perturbed by a field of potential:— 

V = — D r < r 0 , 

0 r> r n . (5) 

where D and r 0 were so chosen as to give a good imitation of the elastic 
scattering by hydrogen calculated accurately by McDougallf for electrons 
with energies in the range 1 to 25 e-volts. As expected, the results obtained 
did not differ appreciably from those yielded by the plane wave function. 

The effect of the change in the wave function of the atomic electron 
due to the capture of the second electron may be taken into account 
by multiplying the cross-section calculated as above, by 

j {■]'„* 

where ■<]><, is given by (3) and is the atomic wave function 

(7ta„ s )~J e~ T/at . 

The final results, obtained in this way, are illustrated in fig. 1. Since 
the total collision cross-section is of the order 10 ls cm 2 it will be seen that 
the chance of negative ion formation on collision is of the order 10~°. 
That this is a general feature of this process may be confirmed by refer¬ 
ence to fig. 1. However, the formation of H~ by capture of electrons 
lies outside the range of present-day experimental investigation and so 
we shall now consider cases which are more interesting in this connexion. 
Nevertheless, the analogy which this process presents to the capture of 
neutrons by protons is noteworthy. 

(b) Chlorine~We have chosen chlorine as a typical member of the 
halogens as it offers a possibility of evaluating the cross-section for 
capture with considerable accuracy. Wave functions for the motion of 
electrons in the static field of neutral chlorine have been worked out 

t ‘ Proc. Roy. Soc.,* A, vol„ 136, p. 549 (1932). 
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accurately by numerical methods'! and the self-consistent field of the Cl~ 
ion has also been calculated by Hartree.J The electron will be attached 
to a 3 p state instead of to an s state as for H, and this leads to an impor¬ 
tant difference between the two cases. In fig. 1 the variation of the capture 
cross-section with electron energy is illustrated, calculated from (l) by 
taking Hartree’s self-consistent 3 p wave function of Cl - for and the 
calculated wave functions for motion of electrons with positive energy in 
the self-consistent field of Cl, for tjv The effect of the capture on the 
other atomic electrons was neglected. It will be seen from fig. 1 that 
in this case the cross-section for capture becomes very large at low energies 



Electron energy in e-volts 

Fig. I—Cross-sections for capture of electrons by neutral atoms. 

of impact (actually Q ( , -*• « as r -1 where v is the electron velocity). This 
is a general result for attachment to a p state, and very special conditions 
have to be satisfied by the atomic field in order that the effect should not 
occur. In chlorine these conditions are approached, though not exactly 
satisfied, for the cross-section actually falls for energies between 12 and 
2 e-volts. The maximum at 12 e-volts is due to capture of electrons with 

h 

angular momentum V6 about the atomic nucleus, while the main con- 

tribution to the effect at the low energies arises from electrons making 
head-on collisions with the atom. 

f D. Hartree, Petersen, and Kronig, ‘ Physica,’ vol. 1, p. 895 (1934). 

X Loe. clt. 
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At low velocities of impact the p state capture and elastic cross-sections 
both depend on the electrons with zero angular momentum about the 
nucleus, and the correspondence is such that in general the elastic cross- 
section tends to a finite value and the capture cross-section tends to 
infinity as ir 1 . Under certain conditions, however, depending on the 
atomic field parameters, the elastic cross-section tends to zero as v -* 0 
and then the capture cross-section tends to a finite value. These results, 
which are important in the theory of the capture of slow neutrons by 
atomic nuclei, have been discussed in that connexion by Elsasser and 
Perrint and by BetheJ and so will not concern us further here. 

It would be very difficult to design experiments to investigate the 
accuracy of the calculated cross-sections for Cl as atomic chlorine is not 
easily obtained; but it should, however, prove possible to investigate 
capture by atomic iodine, which would follow very nearly the same 
behaviour as for chlorine. Two possibilities present themselves. Either 
the emitted radiation or the ions formed could be observed. The first 
of these would probably be more difficult for the following reasons. The 
intensity of radiation of frequency lying between v and v -f dv emitted in 
the process of formation of the ions in a discharge is given by 

I (v) d't — nohvQ e v N (E) dE, 


where E = \mi^ = Av — A, A is the electron affinity of the atoms, n 0 
the number per cc, and N (E) dE is the number of free electrons per cc 
with energies between E and E -f dE. For not too large concentrations 
of electrons this number is given in terms of the number (N f ) of free 
electrons per cc by 


N(E) 


27tN r E i 


K 

"if 

1 "> 


where T,, is the “ effective electron temperature Using these expres¬ 
sions we see that, for capture to a p state I (v) tends to zero like v for 
small v (for capture to an s state I (v) tends to zero as r 3 for small v). 
This is to be contrasted with the case of capture by positive ions in which 
the intensity tends to a finite limit for small v. As a consequence, only 
quite short wave radiation would be emitted with appreciable intensity 
and its observation would be difficulty In any case it would not be 

+ ‘ J. Phys. Rad.,’ vol. 6, p. 194 (1935). 

t * Phys. Rev.,' vol. 47, p. 747 (1935). 

§ This probably accounts for Oldenburg’s failure to detect the emission resulting 
from capture by I atoms (‘ Phys. Rev.,’ vol. 43, p. 534 (1933)). 
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possible to determine the long wave-length limit of the radiation with any 
accuracy. 

(c) Mercury —Negative ions of mercury have been observed by Hey 
and Leipunski.t GlockerJ gives an extrapolated value of the electron 
affinity as 1-79 volts, and application of Slater’s rules§ also leads to a 
value of this order. The extra electron will probably go into a p-state 
if it is the normal mercury atom that forms the negative ion. There 
seems some doubt about this, but we shall assume that the extra state is 
a p-state and take as wave function 


N„r"' 1 e~" ,r 


2 4 sin be***' 


with n* — 4 -25, Z - 3 • 7 a 0 . This is the form to be expected by applica¬ 
tion of Slater’s rules, and although not very accurate will give the main 
features of the results. Comparison of wave functions obtained in this 
way with the self-consistent field functions of Cl - shows that the Slater 
functions fall off more rapidly with distance than the more accurate 
ones and so give sharper maxima and minima in the cross-section velocity 
curves. 

To obtain the continuous wave function we use the self-consistent 
field calculated by Hartreel! for mercury, and Jeffreys’s approximation.1l 
For this case, as for Cl ; we require the radial wave functions 4'«°» 
corresponding to states with azimuthal quantum numbers 0, 2. The 
equations satisfied by these functions are 


d 2 
rfr 2 


(r<|>,*) + («*• 


8 t frn Z v e 2 
bp r 



0 , 


( 7 ) 


where / — 0 for F 0 and / ~~ 2 for F 2 . Z P , the effective nuclear charge for 
potential, is a function of r given by Hartree’s field. The form taken by 
Jeffreys’s approximate solution depends on the position of the zero of 
the expression multiplying (r ^, 0,2 ) in the equation (7). If r 0 is the value 
of this zero then the method gives 

2TFi “ F-‘ ■*» Gj + £ P*]. r>r„ 

— F~ s exp | j * F* dr j r < r 0 (8) 

t ‘ Z. Physik,’ vol. 66, p. 669 (1931). 

t ‘ Phys. Rev.,’ vol. 46, p. 111 (1934). 

§ ‘ Phys. Rev.,’ vol. 36, p. 57 (1930). 

|| * Phys. Rev.,’ vol. 46, p. 738 (1934), and * Proc. Roy. Soc.,’ A, voL 149, p. 210 
(1935). 

f ‘ Proc. Lnd. Math. Soc.,’ vol. 23, p. 428 (1925). 
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where 


F 


-V 4. 


h* r 


IJ[± 1) 

,a 


Difficulty arises when no zero exists, as for In such a case Jeffreys’s 
method breaks down for small r. This difficulty is overcome by using 
the solution of the equation 


1-0, 


with Z equal to the actual nuclear charge, to approximate to the correct 
solution for small r and then fitting it smoothly to the solution obtained 
by Jeffreys’s method at an appropriate value of r. 

Having determined the function the calculation then follows in 
exactly the same way as for Cl . The results are illustrated in fig. 1. 
The calculated curve does not agree with that observed by Hey and 
Leipunski (he. cit .), for they find no negative ion formation until the 
electron energy > 8 e-volts. This would seem to indicate that the ions 
are only formed by excited mercury atoms. Further experiments are 
necessary to clarify the situation.f 

(d) Sodium —There is some doubt as to the existence of Na~ ions. 
GlockerJ estimates 0 08 e-volts as the electron affinity of sodium, but a 
detailed calculation by the method of the self-consistent field, including 
Fock’s modifications to take account of exchange, would be necessary to 
determine theoretically whether a stable ion does exist. However, as 
K is known to occur,!! it is reasonable to suppose that Na~ also is stable. 
If so the extra electron must be attached in a 35 state and the behaviour 
of the capture cross-section for low electron energies will resemble that 
for hydrogen (fig. 1). Slater’s rules were used to obtain the function 
and Jeffreys’s method for the continuous function just as in (c). 

Assuming Glocker’s value for the electron affinity, we obtain the curve 
illustrated in fig. 1. 

It should be possible to test these results for alkali metal vapours by 
experiments designed to observe directly the formation of the negative 
atomic ions. 


2 —Formation of Atomic Ions by Molecular Dissociation —The intro¬ 
duction of mass spectrographic methods has made the study of the ions 

t See, however, the footnote, p. 484. 
t ‘ Phys. Rev.,’ vol. 46, p. til (1934). 

8 ‘ Z. Physik,’ vol. 61, p. 126, and vol. 62, p. 795 (1930). 

|| Ditchburn and Arnot, ’Proc. Roy. Soc.,’ A, vol. 123, p. 516 (1929). 
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formed by electron impact in gases much more precise, t It is thus often 
possible to determine the reaction which gives rise to the observed ions. 
In many gases the formation of negative atomic ions has been studied. 
The production of I ~ from iodine vapour has been investigated by Hogness 
and HarknessJ and that of 0~ from O a and CO by Tate and Lozief§ 
and by Lozier.|| In all cases the evidence shows that the negative atomic 
ions are not formed by direct attachment to neutral atoms arising from 
dissociated molecules but by dissociation of the diatomic molecules. 
Thus for CO the processes which occur are 

CO + f-»C + O (a) 

CO + e C+ + O- + e. (fJ) 

In (a) the electron is captured by the molecule into an unstable state of 
CO which dissociates into C and 0~. This may involve either a tran¬ 
sition to an electronic state of CO~ with no potential minimum (case A, 
fig. 2) or to a state in which the minimum occurs at a nuclear separation 
much greater than that in the ground state of the molecule CO (case B, 
fig. 2). In the latter case the Franck-Condon principle, which states that 
the nuclear separation will change only slightly in an electronic transition 
ensures that the energy of the CO molecule which results will be above 
the dissociation value. 

The conservation of energy in this process requires that any excess 
brought into the system by the incident electron must be taken up by 
the nuclear motion. The Franck-Condon principle requires that this 
change of kinetic energy of the nuclei must be small and so we expect the 
formation of negative atomic ions by this process to take place only 
when the incident electron has an energy lying in a narrow range about 
a definite value (corresponding to aa\ bb' on the curves). The energy 
range is determined by the extent of overlap of the nuclear wave functions. 
The function for the initial state of the molecule (a vibrational type of 
wave function) is of appreciable magnitude in the range gg' (fig. 2) of 
nuclear separation. The energy range over which the process can occur 
will then be given closely by ef(e'f) (fig. 2). From this we see that the 
steeper the slope of the potential energy of the upper state the larger the 
energy range over which the reaction will take place, and in general a 
transition to a purely repulsive state as in A will usually occur over a 
wider range of energies than that to a state as in B. By comparison with 

t See, for example, Smyth, ‘ Rev. Mod. Phys.,’ vol. 3, p. 347 (1931). 

| * Phys. Rev.,’ vol. 32, p. 784 (1928). 

§ ‘ Phys. Rev.,’ vol. 39, p. 254 (1932). 

II 1 Phys. Rev.,’ vol. 42, p. 518 (1932). 
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actual potential energy curves (as for H a ) it appears that the effective 
energy range should in general be of the order of a few volts. This is 
of the same order as the observed width. Thus 0~ ions are formed from 
0 2 by electrons with energies between 5 and 10 e-volts and from CO 
between 10 and 13 e-volts, by this process. Further evidence as to the 
theoretical plausibility of the process (a) is provided from more detailed 
calculations by Stueckelbergf in discussing the continuous absorption 
of oxygen at 1450 A due to electronic transitions from stable to unstable 



Fio. 2—Illustrating formation of negative ions by dissociation of molecules on electron 

impact. 

molecular states. He finds, in agreement with the observations, that 
the energy taken up by nuclear motion produces an absorption range of 
about 2 e-volts, that anticipated from the above more purely qualitative 
considerations. 

The process (p) is a type of inelastic collision of the electron with a 
molecule. Here the potential energy curve concerned is C represented 
in fig. 2. The excitation potential for the process will be given by g'h'. 
If the transition between the states represented by G and C is not 


t ‘ Phys. Rev.,’ vol. 42, p. 518 (1932). 
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optically allowed then the variation of the probability cross-section with 
electron velocity will follow the usual form for electron excitation of 
such levels, i.e., will rise gradually to a maximum at about twice the 
excitation energy and will then fall off slowly as tr*t (where v is the electron 
velocity). This is of the observed form. The magnitude of the prob¬ 
ability naturally depends on the extent to which the molecule concerned 
can be said to be polar in its ground state. Thus the electronic wave 
function for this state may be written approximately in the form 

’>•= ;, (»« + »♦,)■ ( 9 ) 

VI + |a! a 

where Vj is a homopolar function (representing shared electrons) and 
4/ P a polar function (representing capture of an electron by the oxygen 
atom from the carbon atom or vice versa). The magnitude of a is a 
measure of the polarity of the normal molecule. The function 4*p will 
alone be effective in a transition of the type (P) and so the probability 
of such a transition contains a factor \a\ 2 . For molecules such as CO 
and 0 2 \a\ is small compared with unity, and the yield of O ions is 
therefore small compared with that of CO + and 0 2 + ions.J « 1% for 
0 2 and < 0 1% for CO.) H has never been observed to arise from 
electron impact in H, (in this case |a| is known to be of the order of 

o-i§). 

More detailed calculations of these effects could be made and may lead 
to interesting information about the polar properties of molecules, but 
owing to their complexity their consideration will be deferred to a later 
paper. 

These processes provide the best method at present available for 
determining electron affinities, but as this has been completely discussed in 
connexion with the experiments cited above it will no longer concern us 
here. 

3— By Collision Processes with Heavy Atoms —In a previous paper 
(Joe. cit.) we discussed inelastic collisions of heavy particles and showed 
that they only occur with appreciable probability when the kinetic energy 
of their relative motion exceeds a certain value (activation energy) which 
is many times greater than the minimum necessary (excitation energy) 

t Mott and Massey, “ The Theory of Atomic Collisions,” Oxford University 
Press (1933), p. 177. 

| The fact that the formation of CO+ and 0, + is the result of an optically allowed 
transition and that of 0~ is not, also indicates a low probability of formation of the 
latter. 

§ Weinbaum, ‘ J. Chem. Phys,,’ vol. 1, p. 593 (1933). 
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for the process to occur on energetic grounds. Moreover, other things 
being equal, the activation energy increases as the square of the excitation 
energy. For energies greater than the activation energy the probability 
cross-section rises rapidly to a value comparable with the gas-kinetic. 

These considerations apply also to collisions involving negative ions. 
For example, the process 

1 + Cs - 1" + Cs+ 

requires only about 0-6 e-volt excitation energy (ionization potential of 
Cs = 3 • 87 e-volts, electron affinity of I — 3 • 3 e-volts) and so will take 
place with quite high probability if the kinetic energy of the colliding 
atoms is of the order 10 e-volts or higher. Such collisions would lead to 
a considerable yield of negative ions. Similar reactions may be con¬ 
sidered between other atoms although the activation energy necessary 
will then be greater than in the most favourable one considered above. 
Experimental observation of these charge exchange reactions involving 
negative ion production will not be easy, for it would be necessary to 
obtain an accelerated beam of neutral atoms. Further, the presence of 
molecules such as 1 2 would complicate the interpretation of the results. 
Nevertheless, these difficulties should not prove insuperable. 

4— By Extraction of Electrons from Metals —If a slow neutral atom 
with electron affinity A e-volts, collides with a metal surface for which 
the work function is <f> e-volts then there is a considerable probability 
of the atom capturing an electron from the metal if A > <f>. For in this 
case there is an electronic state within the metal which is in “ resonance ” 
with the unoccupied state in the atom, and we have zero “ activation ” 
energy (see 3). This source of negative ions could hardly be considered 
as a practical one inasmuch as there are few metal surfaces for which 
the conditions are satisfied. Thus for iodine, with one of the highest 
electron affinities, the only surfaces available are those of alkali or alkaline 
earth metals. Such surfaces would not long remain uncontaminated in 
the presence of iodine atoms. Certain other surfaces such as aluminium 
or molybdenum and certain composite surfaces might, however, be 
effective.f 

t [Note added in proof, May 27, 1936.—The formation of negative ions by electron 
extraction from metal surfaces would be much facilitated if the colliding atom is excited 
to an energy B e-volts above the ground state as the condition for appreciable capture 
then becomes A + B > This can be fulfilled for most atoms without difficulty, 
and it is probable that the negative ions of mercury observed by Hey and Leipunski, 
see 1 (a) and found to occur only when excited mercury atoms were present, were 
formed in this way. We are indebted to Professor K. Emellus for suggesting this 
possibility to us.] 
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II—The Neutralization of Negative Ions 


1 —By Light Absorption —The effective cross-section for absorption 
of light of frequency v by a negative ion, resulting in ejection of an electron 
with velocity v, may be obtained from the emission cross-section Q r by 
Milne’s formulaf 


Qa — 


mhPc 2 ^ 
2//V 


00 ) 


The calculated cross-section for absorption by Cl - '(which will be very 
similar to T ), obtained in this way from the values of Q, calculated in 
§ I, 1, is shown in fig. 3. 



Fig. 3—Effective cross-section for absorption of radiation by Cl~ ions. 

It will be noted that the absorption tends to zero as v -*• 0. This is in 
contradistinction to the continuous absorption by neutral atoms which is 
finite at v — 0. This result must make it difficult to detect the absorption 
of light by negative ions. The maximum absorption occurs at an in¬ 
conveniently short wave-length and falls off quite rapidly for longer 
waves. If more powerful concentrations of I " could be obtained the 
absorption effects should show up and improved ultra-violet technique 
may make possible a verification of the absorption maximum for the 
halogen ions for wave-lengths in the neighbourhood of 1500 A. 


t Milne, ‘ Phil. Mag.,’ vol. 47, p. 209 (1925). 
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2— Neutralization by Heavy-Particle Collisions —As pointed out in § I, 
the effectiveness of neutralization by collision with heavy particles depends 
largely on whether or not the available kinetic energy involved in the 
impact is greater than the activation energy or not. For example, for 
direct “ ionization ” of I~« by impact with a heavy particle the activa¬ 
tion energy would be of the order of 50 to 200 volts. At energies below 
this the neutralization effect would be very small. These considerations 
show that the only effective encounters between slowly moving ions and 
heavy particles will be those in which the energy necessary for the removal 
of the attached electron is provided almost entirely by transfer of energy 
from an excited state of the second particle, involving no appreciable 
change of mutual kinetic energy between the systems. When no such 
agency exists, slow negative ions will be quite stable despite the occurrence 
of numerous collisions with atoms or molecules.f 

This suggests the necessity of considering also the possibility of electron 
detachment by electron impact for, although there are many less electrons 
in any region of a discharge tube than there are neutral atoms and mole¬ 
cules, the efficiency of electronic ionization per impact will be far higher 
than that arising from heavy particles. 

3— Ionization of Negative Ions by Electrons —In an electric discharge 
through iodine (I 2 ) vapour the negative ions tend to concentrate along 
the axis of the discharge tube and so do not suffer so much neutraliza¬ 
tion at the walls as do positive ions (see also 4 below). It is very probable 
that the main process responsible for destruction of the negative ions, 
apart from neutralization at the anode, must occur within the volume of 
the discharge tube. We have already shown that heavy particles will 
not be effective in destroying slow ions, and we shall now consider the 
efficiency of ionization of Cl~ by electron impact. 

Within the validity of Born’s approximation the cross-section Q, for 
ionization of Cl - is given byj 

w 2 f* max Cj* 

J j dil diY /c* |M«, *| 2 d*, (11) 

where 

J + 0 +« e iK * ' dr. (12) 

t For kinetic energies less than the activation energy the efficiency of neutralization 
on collision will be less than 0-1% in general (see Massey and Smith, loc. cit.). 

t Mott and Massey, “ The Theory of Atomic Collisions,” Oxford Univ. Press 
(1933), p. 160. 
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n is the change of momentum of the colliding electron, #cA/2it the 

momentum of the ejected electron, dil, dLV refer to elements of solid 
angle in the directions of scattering and ejection respectively. (|*o is 
the p wave function of the bound electron, and of the electron after 
ejection. To calculate the integral over these functions, was expanded 
in spherical harmonics in the form 


<I»« = 2 F, (r) P, (cos 0) /* (2s + 1), (13) 


where 

cos 0 — cos 0 cos 6' + sin 0 sin 0' cos (<f> — 

0' being the angle between the direction of ejection and the vector n. 
Employing the expansion 


iKr,0 “ 9 - ^ 2„ i n (2 n + 1) J n+4 (Kr) P n (cos 0), 


and writing 


we find 

J 


, f( , )2 * sin 0 e** 1 

lo =J(r) _ n 

) cos 0 


32n* 

3K 


[{j*F 0 /(r)J,(Kr)r»dr}* 

+ 2 {[“ F 2 /(r) J, (Kr) r* dr]* + [ J" F J(r) J 4 (Kr) r* dr j •* 
+ higher order terms involving squares and products of 
integrals of the form [ F„/(r) J n±4 (Kr) r» dr . (14) 

Jit 


■ The third term represents the contribution arising from a p-p transition 
which is not optically allowed, and will be small because of the ortho¬ 
gonality of Fj and /. The first and second terms represent the contri¬ 
bution arising from the optically allowed p-s, p-d transitions and gives 
the major contribution to Q. As a completely accurate calculation is 
unnecessary the contribution from this term was alone considered. The 
functions F 0 and F s were obtained as described in § 1,1, and the evaluation 
of the integrals involved performed numerically. 

For high energy impacts the approximate method adopted by Bethef 

t Vide Mott and Massey, ** The Theory of Atomic Collisions,” Oxford Univ. Press 
(1933), p. 181. 
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in discussing ionization of atoms may be used. Thus provided the main 
contribution arises from *, K < k, 

(l5) 

where M = j r cos 6 +0 4 / « E is the energy of the incident electron, 

and — E 0 the binding energy of the electron before ejection. Now M 
has been evaluated in § 1, 1, in connexion with the capture of electrons 
by chlorine, and so we may readily obtain Q, in this way. 

The resulting ionization cross-section, calculated up to energies of 
50 e-volts from formula (14) directly, and at higher energies by (15), is 
illustrated in fig. 4, as a function of the energy of the incident electrons. 
It will be noticed at once that the maximum probability does not occur 
at about 3-4 times the excitation energy, as in ionization of atoms, but at 
a much higher energy. This is due to the difference in form between the 



Fig. 4 —Effective cross-section for ionization of Cl - by electrons. 

functions and those (representing motion in a Coulomb field) which 
occur in the theory of the ionization of atoms. 

The maximum cross-section is of gas-kinetic order of magnitude. 
Actually the true probability of “ ionization ” will be even smaller at 
low electron energies than that illustrated in fig. 4, for we have taken, 
following Born’s approximation, plane waves to represent the incident 
and ejected electrons, whereas the density of the colliding electrons in the 
region of the negative ion will be considerably less than that given by 
plane waves because of the repulsive action of the ionic field. This will 
be appreciable at low energies in giving rise to a decreased overlap of the 
colliding electron wave functions with the ionic wave functions and so to 
a reduced probability of ionization. 

Since a negative ion in a discharge tube makes at most 1 electron 
collision per thousand collisions with atoms it is apparent from fig. 4 
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that ionization of slow ions by electron collisions cannot be much more 
important in practice than that by atomic collisions. 

4— Neutralization by Collision with Metal Surfaces —This process is 
the reverse of that considered in § I, 4. In order that a negative ion 
should be neutralized at a metal surface it is necessary that the work 
function of the metal should be greater than the electron affinity of the 
ion. It is possible that this may be of importance in designing tubes for 
negative ion sources. 

5— Destruction by a Strong Electric Field —It has been suggested that 
negative ions may be destroyed in a strong electric field, but this is not to 
be expected from the close analogy between a neutral atom and a negative 
ion. This is confirmed by a detailed calculation analogous to the theory 
of the auto-ionization of an atom. 

Reviewing these neutralization processes as a whole we see that low 
energy negative ions are likely to persist for a considerable time in a 
discharge, particularly if no neutralization at the walls can occur. Faster 
ions (energies > 100 e-volts) are probably destroyed by process 2. 

In conclusion, we should like to express our thanks to Professor K. G. 
Emeldus for information concerning discharge phenomena and much 
discussion on the points dealt with in this paper, and to Professor Hartree 
and to Mr. R. Buckingham for providing us with wave functions for the 
motion of electrons with positive energy in atomic fields. 

Summary 

The various processes which can lead to the formation of negative 
atomic ions (direct electron capture, dissociation of molecules on electron 
impact, collisions of heavy particles, extraction of electrons from metals 
by atoms) are discussed with particular reference to the quantum theory 
of the phenomena. Similar considerations are applied to neutralization 
phenomena (light absorption, ionization by electrons and by heavy 
particles, neutralization at metal surfaces). 

In particular it is found that the absorption and emission of light by 
negative ions is not completely analogous to that by neutral atoms. The 
behaviour of H~, Cl - , Hg", and Na~ in this connexion is explicitly 
considered. 

The bearing of the results ahd conclusions are related in all cases to 
experimental possibilities. 
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The Variation of the Mobility of Gaseous Ions with 
• Temperature 

II—Caesium and Sodium Ions in Helium 

By A. F. Pearce, B.Sc., Chattock Research Student, Wills Physical 
Laboratory, University of Bristol 

(i Communicated by A. M. Tyndall, F.R.S.—Received February 10, 1936) 

In a recent paper* Professor Tyndall and the writer described experi¬ 
ments on the variation with temperature of the mobility of positive ions 
of helium moving in helium gas. Owing to lack of knowledge of the 
precise effects of the phenomenon of electron transfer, it was not possible 
to deduce from the results the forces between an ion and a neutral atom of 
this gas. But it was pointed out that if alkali ions were used instead of 
helium ions, electron transfer between the atoms and ions would not 
occur. In that case the main objection to a treatment based on a classical 
model disappears,! so that the results might then be related to classical 
theories which had already been proposed. Further it was suggested 
that the most marked variation of mobility with temperature might be 
expected for a relatively large ion moving in a weakly polarizable gas. 
In the work described below, it was this condition that determined the 
choice of caesium ions in helium. Sodium ions also have been studied 
mainly for purposes of comparison. 

Experimental 

Fig. 1 is a | scale diagram of the apparatus. In principle, the appa¬ 
ratus is similar to experimental tubes employed previously with the alkali 
ions in this laboratory;! but it was necessary to modify the old design 
so that the enclosed gas could be maintained at various temperatures 
ranging between that of liquid nitrogen, and about 250° C. A Kunsman 
source S, run at a dull red heat, was used as emitter of ions, and this had 
to be placed as far as conveniently possible from the section M in which 
the ionic speeds were measured, so that it would not affect the temperature 

* * Proc. Roy. Soc.,’ A, vol. 149, p. 426 (1935). 

t Massey and Mohr, • Proc. Roy. Soc.,’ A, vol. 141, p. 434 (1933). 

t Tyndall and Powell, • Proc. Roy. Soc.,’ A, vol. 136, p. 145 (1931); Powell and 
Brata, ‘ Proc. Roy. Soc.,’ A, voL 138, p. 117 (1932). 
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of the gas in that region. Accordingly the apparatus was arranged as 
in the figure, with the source S at the upper end and the measuring 
section M at the lower end, the ions being carried across the intervening 
space by means of a uniform electric field maintained by six guard rings. 
The measurement of the speed of an ion 
in the gas at any chosen temperature was 
made in the manner previously described. 

For temperatures below atmospheric the 
greater part of the apparatus was sur¬ 
rounded by a bath of boiling liquid nit¬ 
rogen, oxygen, or a slush of solid carbon 
dioxide in acetone. The leads from the 
electrodes in M passed up in thin glass 
sheaths to pinches outside the bath at the 
top of the apparatus (only one of which 
is shown in the figure); they were con¬ 
sequently made of fine wire to diminish 
heat conduction to a minimum. The elec¬ 
trodes themselves were supported on three 
metal rods (insulated by thin glass sleeves), 
which passed out through seals (not shown 
in the figure), so that their lower ends were 
in direct contact with the bath. The guard 
rings above M were also similarly therm¬ 
ally connected to the bath through their 
leads. A water jacket surrounded the hot 
Kunsman source. These precautions were 
taken to secure a uniform known tem¬ 
perature of the gas in M, though there was 
evidence to the effect that in liquid oxygen 
the temperature was 92° K instead of 
90° K. 

For temperatures above atmospheric the 
liquid bath was replaced by an electrically 
heated enclosure. In that case, the source 
was not water-cooled. A platinum plati¬ 
num-rhodium thermocouple of fine wire attached to one of the discs of M 
(not shown in the figure) was used to indicate the temperature. 

Quartz bushes were used to support the ion collecting disc at the bottom 
of M, so that the electrical insulation remained good at high tempera¬ 
tures. The wire leading from it to the electrometer was enclosed in a 
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tube which was electrostatically screened by an earthed coating of graphite 
on the tube shown dotted in the figure. 


Results 

The results for caesium and sodium ions in helium are given in Tables 
I and II and plotted in figs. 2 and 3 in two forms, as in the previous paper. 


Table I—Caesium Ions 


Temperature ° K 

k v 

kp 

79 

4*70 

17*5 

92 

5-69 

18*0 

195 

12-8 

19 2 

290 

18*8 

18*9 

392 

24*2 

181 

492 

29*3 

17*4 


Table II— Sodium Ions 


Temperature ° K 


kp 

92 

5*81 

18 5 

195 

14*0 

20*9 

290 

22*7 

22*8 

405 

33*3 

24*0 

477 

40*3 

24*6 


k v is the mobility at normal pressure in cm /sec/volt/cm, whereas k„ is the 
mobility at normal density, the relation between them at any temperature 
T fJ K being k„ — k p x 291/T. Each value given represents the mean of 
several determinations, varying within 1 to 2%. 

The constant density mobility curve shows a maximum at about 
215° K for the caesium ion, whereas the sodium curve shows no maximum 
within the experimental range. 


Discussion 

In the absence of the phenomenon of electron transfer it is justifiable 
to discuss these experimental results in terms of the existing theories on 
classical lines of Langevin* (amplified by Hassd)f and of Hass6 and Cook.+ 

* ‘ Ann. Chim. Phys.,’ vol. 5, p. 245 (1905). 
t ‘Phil. Mag.,’ vol. 1, p. 139 (1926). 
i ‘ Phil. Mag.,’ vol. 12, p. 554 (1931). 



Mobility at normal pressure, k p Mobility at normal pressure. 
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Fig. 2—Caesium ions in helium, a, k v : b y k p . 



Temperature ° K 

Fig. 3—Sodium ions in helium, a , k P ; b y k { 
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Langevin, assuming the ions and atoms to be elastic spheres having a 
distance of closest approach a, with a force of attraction due to polariza¬ 
tion of the atom in the field of the ion of the form deduced the 
following expression for the mobility at normal density:— 

k p — AxQ, 

where Q is a constant given by 

Q Vp(K — 1) 1 + M' ’ 

in which p == density of gas at 18° C, K = dielectric constant of gas, 
and M, m are the masses of an ion and gas atom respectively. 

The quantity A is a function of a parameter A and has been evaluated 
for various values of A by Hass6. It has a maximum value in the neigh¬ 
bourhood of A = 0-6. A is defined by the relation 

A 2 = T/S, 

where s _(K-l)c 2 

87rR.N0 4 

In these equations T = absolute temperature of the gas, e = charge on 
an ion, N = number of gas atoms per cc, R = Boltzmann’s constant. 

Given values of all the constants concerned, we could calculate S and 
Q and hence plot a graph of k p with T, and compare it with experiment. 
The equations contain known physical constants and two other quanti¬ 
ties a and K. We are not entitled to include K amongst the constants 
which are known accurately, because it is not necessarily the same as 
that obtained in static laboratory experiments. But, treating a and K as 
arbitrary constants, curves may be drawn to obtain the closest fit with 
experiment. A satisfactory fit would establish the theory and give the 
values of o and K which apply. But this process would be very laborious, 
and the writer is indebted to Professor Hass6 for pointing out a simpler 
method of comparison, due originally to Keesom, and used also by 
Lennard-Jones.* 

From the above equations we see that log k f — log A + log Q and 
log T = log (A 2 ) -f log S. If therefore we plot the experimental values 
of log k„ against log T and also a theoretical curve log A against log (A*) 
and shift the latter over the former, keeping corresponding axes parallel 
until the two curves fit as closely as possible, then the distances between 
the corresponding axes are equal to log S and log Q. Hence «r and K 
can be calculated. 

* ‘ Proc. Roy. Soc.,’ A, vol. 106, p. 468 (1924). 
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Alternatively, Hass6 and Cook have deduced an expression for the 
mobility on a different model, in which the conception of elastic spheres is 
replaced by one of point centres of force, the force law being of the form 
nr~ h — A parameter s replaces the A of the Langevin theory, s 

being given by 

T/S,, 

where c __ p. 2 

^ ~ 2RX ‘ 

This leads to an expression for the mobility of the form 

= Qi^,V s. 


where 


Qi 


“ 16 VtcNp^lI 1 + m)' 


I, is a function of s, its value having been tabulated by Hass£ and 
Cook. 

We see that these two equations have the same form as the corresponding 
ones in the Langevin theory, and so a similar comparison with experiment 
is possible. In figs. 4 and 5 graphs a show log A plotted against log (A*) 
(Langevin), and graphs b log l II,Vs plotted against log (.V s ) (Hasse and 
Cook), over the appropriate ranges. 


Comparison with Experiment 

(a) Caesium —The two dotted curves (c) in fig. 4 represent the experi¬ 
mental results log k 9 and log T expressed graphically, with the axes adjusted 
to the position of the closest fit with each theoretical curve. It will be seen 
that in both cases a good fit can be made at the higher temperatures, but 
not throughout the whole range, though the agreement is definitely better on 
the basis of point centres of force. The direction of the deviation from the 
experimental curve at low temperatures is opposite in the two cases. This 
suggests that the selection of a power n higher than 9 in the repulsive 
field term of the centres of force model should give better agreement, 
since the concentration of repulsive force in the conception of elastic 
spheres in the Langevin model is equivalent to putting n equal to infinity. 
In this connexion reference may be made to the work of Lennard-Jones* 
with models of this type expressing the field between neutral atoms and 
also between ions in crystals. He used various powers of r in the repulsive 

* R. H. Fowler, “ Statistical Mechanics,” ‘ Camb. Univ. Press,’ chap. x. 
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field term, and in a number of cases found better agreement with physical 
data when n was higher than 9. 

Although the fit between experiment and the present theoretical model 
is somewhat imperfect, and no special significance can therefore be 
attached to the values of the constants so deduced, it is tempting to 
calculate them as a test of order of magnitude. From the attracting 
elastic sphere model we can deduce K — 1 and a. The values so obtained 



Fig. 4—a, Elastic sphere model; b, centre of force model; c , experimental results for 

caesium ions. 



Fto. 5— a, Elastic sphere model ; b, centre of force model ; c, experimental results for 

sodium ions. 

are:—K — 1 — 6*25 x 10~ 5 agreeing well with the known experimental 
value for helium 6-6 x 10" f> ; a = 2-5 A 0 as compared with 2-77 A°, the 
sum of the radii of a helium atom, and a caesium ion.* 


* Wasastjema, * Soc. Sci. Fenn.,’ vol. 6, p. 21 (1932). 
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On the centre of force model the values of the force constants are 
deduced to be [x = 2-37 x 10 43 and X = 4-9 x 10 73 absolute units. 
This value of fx is approximately three times as great as the value one 
obtains by assuming that the only force existing between a caesium ion 
and a helium atom is the electrostatic force of attraction between the 
ion and the dipole it induces in the helium atom. Since on this assump¬ 
tion other attracting forces are neglected, it is satisfactory that the experi¬ 
ments lead to a higher value of (a. 

From these values of [a and X we may also calculate the depth of the 
minimum in the mutual potential energy curve of a helium atom and a 
caesium ion. It is found to be quite small, of the order 0-01 electron 
volt, occurring at a distance of 3 • 8 A, a value which is definitely greater 
than the estimated sum of the radii of ion and atom treated as spheres. 
The small binding energy indicates that the existence of a caesium-helium 
ionic molecule is improbable, as we should expect. 

(b) Sodium —Fig. 5 shows the results for sodium ions. The theoretical 
curves a and b are those given in fig. 4, but over a slightly different range 
of log (A 2 ) and log (s 2 ). No satisfactory fit can be obtained with either 
of them by any parallel shift of the axes of the dotted experimental curve 
c. Its general form, however, suggests a position in which its slope is 
intermediate between those of the two theoretical curves, and it is so 
shown in the figure. From this we conclude, as for caesium ions, that 
an inverse power of the radius greater than 9 for the repulsive field is more 
likely to represent the experimental facts. 

I am greatly indebted to Professor A. M. Tyndall for his continued 
interest and advice throughout the course of the experiments, and to the 
Colston Research Society of the University of Bristol for a grant in aid. 

Summary 

The variation with temperature of the mobility of sodium and caesium 
ions in helium has been determined experimentally over a range of about 
410 degrees from the boiling point of nitrogen upwards. The mobility 
of the caesium ion at constant density passes through a maximum value, 
a result which agrees with theoretical deductions. The shape of the corre¬ 
sponding graph for the sodium ion suggests that a similar maximum occurs 
at a higher temperature beyond the range of the present experiments. 

Since for these ions the phenomenon of electron transfer does not occur, 
a theoretical treatment of the problem on classical lines is fully justified. 


2 M 2 
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The results are therefore discussed quantitatively in terms of Langevin’s 
theory of attracting elastic spheres and of Hass£ and Cook’s point centres 
of repulsive and attractive force. The conclusion reached is that such 
agreement as exists with the model of point centres of force would be 
improved by a recalculation using a power of the radius in the repulsive 
field term which is higher than nine. 


The Dye Quartz Ring Oscillator as a Standard of 
Frequency and Time. 

By L. Essen, B.Sc., of the National Physical Laboratory 

(Communicated by Sir Joseph Petavef, F.R.S.—Received February 12, 

1936) 

Introduction 

At the time of his death the late Dr. D. W. Dye was investigating the 
oscillations of a quartz ring, cut to have a frequency of 20,000 cycles per 
second, and intended to form a frequency standard. The work has been 
continued, the properties of the ring fully investigated, and the oscillator 
has now been in operation as a standard of frequency for two years. 
Sufficient information has been obtained of its performance to indicate 
that oscillators of this type can form standards of very high precision. 

Previous investigations on quartz resonators had shown conclusively 
the complexity of the modes of oscillation of thin quartz plates and even 
of plates of a thickness comparable with their length and breadth. Such 
complications in the vibrations increase the logarithmic decrement and 
render it necessary to increase the coupling between the quartz and the 
driving circuit for the maintenance of oscillations. The frequency 
thereby becomes more dependent on circuit conditions and the oscillator 
becomes less suitable as a standard of frequency. The type of oscillator 
described here and the method of mounting are chosen with a view to 
obtaining as pure a vibration and as low a decrement as possible. 

The paper is divided into three main sections. In the first there is a 
description of the quartz oscillator, its electrode system and the method 
of mounting it within the electrodes, the arrangements for maintaining 
the oscillator at a constant pressure and temperature, and the associated 


The Dye Quartz Ring Oscillator 


499 


driving, amplifying, and demultiplying circuits, including the arrange¬ 
ments for obtaining seconds impulses from the oscillator. 

The second section gives a brief summary of the results of measurements 
made before the final installation of the oscillator, to determine the extent 
of its frequency variations with various factors. 

The third section describes the method of obtaining the rate of the 
oscillator and gives an account of its performance over long and short 
periods of time. 

I—Description of the Apparatus 
(a) The Quartz Ring Oscillator 

The oscillator consists of a cylindrical ring of quartz cut in a plane 
perpendicular to the optic axis. The inner diameter is 75-28 mm, the 
outer diameter 98 -60 mm, and the thickness in the direction of the optic 
axis is 16-28 mm. Six pairs of electrodes are used to excite the ring, as 
shown diagrammatically in fig. 1. Alternate pairs of electrodes are cross- 

E 



connected, so that the applied voltage tends to expand and contract all 
segments of the ring at the same time. A vibration is thus obtained in 
which the ring expands and contracts radially as a whole. The frequency 
of a vibration of this type is given approximately by the expression 


N = 



where N is the frequency in cycles per second, a is the mean radius of the 
ring, q is the Young’s Modulus, and p the density of the material. Sub¬ 
stituting the constants for quartz 

q — 7-85 x 10 11 
p = 2-65 



500 L. Essen 

and the dimensions given above, we obtain the theoretical frequency 
N ~ 19,970 cycles per second. 

The actual frequency is 20,000 00 cycles per second. 

The dimensions of the ring were chosen so that there should be no 
other mode of vibration present. There is thus no temperature com¬ 
pensation due to the influence of other modes of vibration of different 
temperature coefficients, and the coefficient of the oscillator is the 
coefficient for pure longitudinal vibrations in quartz. The measured 
value is -2-5 parts in 10" per 1° C rise in temperature, between the 
temperatures 15° C and 30° C. 

The frequency of the ring can be adjusted comparatively simply and 
very precisely by grinding the outer edge of the ring to produce an increase 
and the inner edge to produce a decrease in frequency. During the 
adjustment the ring was frequently tested as a resonator* to ascertain 
that the resonance curve was a simple one and that no other resonance 
due to an unwanted mode of vibration was present. One such mode did 
occur at one stage in the adjustment and it was necessary to grind both 
the outer and inner edges of the ring, keeping the frequency constant, to 
eliminate it. 

The final stages of grinding were carried out with the finest emery 
powder. The edges of the cylindrical ring were slightly chamferred in 
order to decrease the risk of chipping and also to avoid a very sharp bend 
in the suspensions which are described later. 

(b) The Electrodes and the Mounting of the Ring 

The electrodes are shown diagrammatically in figs. 2, 3, and 4. The 
lower electrode system (A, fig. 3) is cut from a solid block of brass, the 
electrodes being left projecting as shown at the cross-hatched portions 
of fig. 2. The upper electrode is cut in a similar manner and the two 
are clamped in position by the screws B, and are separated by the silica 
ring C, fig. 3, in such a manner that the electrodes are intermeshed. The 
upper electrode carries a spindle D, on which slides the tube E. Attached 
to this are three arms F, which are pivoted at the points G in order that 
the heights of the ends may be adjusted. The ring is suspended between 
the electrodes by three stirrups of No. 48 gauge Eureka (copper nickel) 
wire, 0'04 mm diameter, which are soldered to small arms, made of copper 
strip, pivoted on shafts fitting into V-shaped housings cut in the arms F. 
Holes are cut in the upper and lower electrodes to make room for the 

* Dye, ‘ Proc. Phys. Soc.,’ vol. 38, p. 399 (1926). 





502 


L. Essen 


suspension wires and to facilitate the suspension of the ring. Consider¬ 
able care needs to be taken during this part of the operation to ensure 
that the ring hangs symmetrically between the electrodes, when the system 
is level, and that the suspension wires merely take the weight of the ring 
and do not exert any horizontal forces on it due to inaccuracies of sus¬ 
pension. 

Before it was decided to employ the thin wire for the suspensions, silk 
threads, horse hair, and wires of different gauge were tried. The mass of 
the suspension had an appreciable effect on the decrement of the ring, 
and care also was needed to be taken to avoid resonant oscillations in 
the suspensions themselves. The thin Eureka was chosen as giving the 
smallest logarithmic decrement, 9-5 x 10 6 in a vacuum, and yet being 
sufficiently strong not to show any “ creep ” with time. 

A rigid form of mounting for the ring is naturally precluded since there 
are no nodes in this type of vibration. 

(c) The Pressure and Temperature Control of the Ring 

The action of the atmosphere on the vibrations of the ring is not to 
produce a simple loading effect, which would be accompanied by a 
decrease in frequency, but is complicated by the movement of the air 
between the ring and the electrodes. The resultant effect is a large 
increase in damping and in frequency. 

The logarithmic decrement varies linearly with pressure and indeed self- 
oscillations are not obtained at a pressure greater than a few centimetres 
of mercury. The ring and its electrode system is therefore mounted in a 
glass pot which can be evacuated and sealed. In addition to the reduced 
decrement the general stability of the oscillator is considerably improved 
by the operation in a vacuum. The electrical connexions from the 
electrodes are sealed into two glass rods which are ground into the lid 
of the glass container. Grease was found to be unsuitable for these 
ground joints, and also for the ground joint between the container and 
the lid, but a fairly hard wax has been found to keep the joints perfectly 
airtight for a period of two years. 

The temperature coefficient of the oscillator being —2*5 in 10 -6 per 
1° C rise in temperature, it is necessary to maintain the temperature 
constant to 0 003° C to preserve the desired frequency stability of 1 part 
in 10 K . The type of oven adopted is essentially the same as that used 
with very satisfactory results for the tuning fork standard* at the 
Laboratory. The glass container A, fig. 5, is surrounded by a stout 
* Dye and Essen, ‘ Proc. Roy. Soc.,’ A, vol. 143, p. 285 (1934). 
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copper cylinder B. This is enclosed in another thick copper cylinder 
C. The heater consists of a cylindrical wire heating mat which extends 
over the greater part of the surface of the outer copper cylinder. The 
thermal regulator D, consisting of a long length of glass tubing built 
into the form of a squirrel-cage, is situated as near as possible to the 
heating element. The regulator is filled with transformer oil and ends 
in a wider bulb and a capillary which contain mercury and serve to close 
the circuit governing the heating current. Great care was taken to 
ensure the absolute cleanliness of the glass, the oil, and the mercury. 



The satisfactory working of the regulator is entirely dependent on this. 
The temperature was regulated at 36° C. The electrical circuit of the 
heating and regulating elements is shown in fig. 6. When the regulator 
contacts K are closed, the relay, which is of the mercury switch type, is 
opened thereby inserting an additional resistance R x in the circuit and 
reducing the current passing through the heating mat R a . The resistances 
R x and R 8 are adjusted so that the current is changed by about 25% 
of the total value and that the two different heating currents are operating 
for equal lengths of time. The resistance R 4 is adjusted so that the voltage 
across it is sufficient to operate the relay. 

The whole equipment is installed in a thick-walled underground vault 
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where the temperature fluctuations during the year do not exceed ±1° C. 
Under these conditions it is not necessary to employ a double oven to 
attain the required temperature stability. 



(d) The Driving , Amplifying, and Demultiplying Circuits 

The electrical circuits and the values of the inductances, capacitances, and 
resistances are shown in fig. 7. The simple Pierce circuit is used for main¬ 
taining the oscillations of the quartz ring. This circuit is loosely coupled to 

20,000 ~ output 1000 ~ output 



ohms; R x ~ 10,000 ohms; R * = 20,000 ohms; Q= 0-0055 |xF; C, = 0-00055 jxF; 
C, — 0-0075 |xF;C 4 = 2|xF;L, 10mH;L,= 100mH;X «= rectifier. 

a single amplifier stage which acts as a buffer, making the frequency inde¬ 
pendent of the load taken from the output circuit. A coil coupled to the 
anode coil of this stage provides an output at 20,000 cycles per second. A 
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second coil coupled to it applies this frequency to a multivibrator tuned to 
1000 cycles per second. The oscillations of this multivibrator are strongly 
controlled at a frequency corresponding to the 20th sub-multiple of the 
frequency of the quartz oscillator, the control being maintained for a 
change in the circuit conditions of the multivibrator which would produce 
a 5% change in its uncontrolled frequency. The output at 1000 cycles per 
second is fed to an amplifier, not shown in the diagram, and the power 
from the amplifier drives a phonic motor. This provides contacts at 
1-0 second, 01 second, and 0-01 second, which are used for deter¬ 
mining the frequency of the quartz oscillator. It also drives a clock 
mechanism, reading in hours, minutes, and seconds, as on the ordinary 
clock dial. The outputs at 1000 cycles per second, and 20,000 cycles per 
second are used for the purpose of frequency measurement, standard 
frequency emissions, and for any other purpose requiring an accurately 
known frequency. 

The driving and amplifier stages and the demultiplier are contained in 
two metal boxes except for the coils which are brought outside the boxes 
to keep their decrements as low as possible. Special precautions are 
taken to keep the capacitance and resistance between the grid and filament 
of the driving valve constant. The cap is removed from the valve and 
the valve connexions are soldered directly to the leads. The lead from 
the electrode of the quartz oscillator to the grid of the valve is of stout 
copper wire and is rigidly fixed. 

The valves used are of the type LS7, which are chosen for their long 
life. The supply voltages of 3 • 8 for the filaments and 60 for the anodes 
are obtained from batteries which are trickle-charged by a rectified A.C. 
mains supply. The disposition of the voltage supply equipment is shown 
in the left-hand corner of fig. 7. 

The essential parts of the whole equipment were designed by the late 
Dr. D. W. Dye, F.R.S., and constructed under his direction in the work¬ 
shops of the National Physical Laboratory. The only items which have 
been modified in the light of experience gained since his death are the 
demultiplier circuits and the valves. 

2—Alteration of Frequency with Various Factors 

The effect on its frequency of varying the physical and electrical 
characteristics of the oscillator was thoroughly investigated, in order 
to determine to what degree these characteristics would affect the stability 
of the oscillator, and to enable the necessary precautions to be taken to 
ensure great steadiness of operation. 
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(a) Temperature 

As already stated, the temperature coefficient of the quartz oscillator 
is —2-5 parts in 10® per 1° C rise in temperature, and for a frequency 
stability of 1 part in 10 s a temperature constancy of 0-003° C is required. 
A thermometer reading to 0 01° C recorded the temperature of the inner 
metal cylinder B, fig. 5, and no observable change in its reading was 
noticed in a period of 12 months. The temperature stability was best 
tested by the frequency comparison of two oscillators in different ovens 
with dissimilar periodicity of heating current regulation. Such observa¬ 
tions indicated a temperature stability of better than 0-001° C during 
hourly periods. It has not been possible to check the temperature 
stability over long periods with an accuracy greater than 0-01° C. 

(b) Pressure 

The effect of atmospheric pressure on the frequency and logarithmic 
decrement of oscillations of this type was studied thoroughly with a 
smaller experimental ring of outer diameter 59-8 mm, inner diameter 
40-6 mm, thickness 7-61 mm, and frequency 35-2 kc/s. The air gaps 
between the ring and the electrodes were 0-12 mm. The decrement was 
found to vary with pressure according to the empirical relationship, 

log decrement — 1-15 x 10 -4 + 2-3 x 10 «p, 

where p is the pressure in mm of mercury and may have any value between 
0 and 760. The frequency varied linearly with pressure between the 
same limits of pressure, the coefficient of frequency being +8-8 parts in 
10 7 increase in frequency per 1 mm of mercury increase in pressure. The 
pressure coefficient of frequency of the ring of 20,000 cycles per second, 
in its final mounting was +2-6 parts in 10 7 per 1 mm of mercury increase 
in pressure. • 

(c) Position in the Electrodes 

A movement of the quartz ring between the electrodes may alter the 
capacity between the ring and the electrodes or it may change the position 
of the electric axes with respect to the electrodes, according to the nature 
of the movement. The effects were first measured separately. Table I 
gives the frequency changes resulting from variations in the air gaps, 
which were preserved equal on each side of the ring. The electrodes were 
moved radially so that their position with respect to the electric axes 
remained unchanged. Table II gives the frequency change produced by 
a vertical displacement of the ring. 
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The nature of the frequency changes produced by the second effect, 
is shown in fig. 8. The ring was rotated through 360° being maintained 
in a central position between the electrodes. An experimental electrode 
system was employed in which the rotation could be effected by simply 


Table 1 


Air gap 

Frequency change 

mm 

parts in 10* 

5-5 

0 

4*5 

—63*5 

3-5 

“154*0 

2*5 

“358*0 

1*5 

“684-5 

0-75 

-944*5 

Table II 

Vertical displacement 

Frequency change 

mm 

parts in 10* 

0*8 

4 20 

1-6 

f 29*2 

2-4 

4*40*7 



Fig. 8—Variation of frequency with rotation of the ring in the electrodes. 

rotating the suspension arms. The frequency variations were consider¬ 
able, amounting to 1 part in 10 4 for a rotation of 20°. At positions where 
the electric axes coincided with the gaps between one pair of electrodes 
and the next, the oscillations of the ring were naturally not maintained. 
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The slightly asymmetrical nature of the curve is probably to be attributed 
to mechanical irregularities of the temporary electrode system. 

In the final mounting of the ring it was set in the position corresponding 
to a minimum of the frequency curve, fig. 8, so that frequency variations 
with small rotational displacements were small. 

The two effects both come into play when the electrode system with the 
suspended ring is tilted. It is therefore necessary to take special pre¬ 
cautions to ensure that the level of the system is preserved. The glass 
container, fig. 5, is supported by three silica pillars, which pass through 
holes in the metal walls of the oven, so that the brass feet of the pillars 
rest directly on a slate slab. The slate slab is supported on a specially 



Fig. 9—Frequency variation with levelling of the ring. 

constructed pier by means of three levelling screws, provided with en¬ 
graved heads. One complete turn of one of the screws produces a tilt 
of 20 minutes about the axis formed by the line joining the other screws. 
If the ring is suspended symmetrically in the electrodes, then its frequency 
attains a maximum value when the system is level. If the suspension is 
not exactly symmetrical, as will probably happen in practice, there will be 
some position of a slight tilt at which the frequency is a maximum. To 
obtain the best position the slate base is first tilted about one axis and set 
at the position giving a maximum frequency; and then the same process 
is repeated for tilting about another axis. By alternate tilting about two 
of the axes, a position is attained in which the ring is central with respect 
to any direction of tilt. 

Two sensitive levels fixed to the base are then set and are kept under 
observation to detect any change in level. A typical curve showing the 
frequency change produced by tilting the system is reproduced in fig. 9. 
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(d) Variation of the Frequency with Variations in the Conditions 
of the Electrical Circuit 

An alteration in the capacitance in the anode circuit of the driving 
valve C lt fig. 7, between the values 0-003 gF and 0-010 pF produces an 
increase of frequency of only 1 -7 parts in 10®. 

Variations of the capacitances between the grid and filament, and the 
grid and anode of the driving valve produce a decrease in frequency of 
1 -0 part in 10® for 2 ppF increase of capacitance. 

A grid leak of 1 megohm connected between the grid and filament of 
the driving valve produces a decrease in frequency of 5-9 parts in 10®. 
These results are given in more detail in Table III. 

A 10% change in the filament or the anode voltage produces a frequency 
change of 2 parts in 10 a . 


(e) Effect of Coupling Other Circuits to the Oscillator 

A coil of an inductance of 4 mH, coupled to the anode coil of the driving 
valve and to a receiving circuit, produces a frequency change of 5 parts 
in 10 8 . The same coil coupled to the anode coil of the buffer stage pro¬ 
duces a frequency change of less than 1 part in 10 8 . An output for 
laboratory use may therefore be taken from this stage without fear of 
causing an observable change in frequency. 

3—Rating and Performance of the Oscillator 

The method of rating standards of frequency has been fully discussed 
by Scheibe and Adelsberger*; but as the conditions are not precisely the 
same here, and for the sake of completeness, the essential details are 
briefly outlined in this paper. 

(a) The Mean Daily Frequency 

The frequency F of the oscillator is given by equation 

F = N/T, (1) 

where N is the number of vibrations occurring in time T. 

The nominal frequency is 20,000 c/s, and this is demultiplied by means 
of a multivibrator to 1000 c/s. An output at 1000 c/s drives a phonic 
motor which has 100 teeth, at 10 revolutions per second. An additional 


* ‘ Ann. Physik,’ vol. 18, p. 1 (1933). 
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spindle is geared down to make 1 revolution per second. A fine metal 
strip let into an amber wheel on this spindle serves to close an electrical 
circuit including a recording mechanism. The seconds impulses thus 
obtained are recorded on a chronograph together with astronomical 
time signals, and the interval of time t„ between the 1st impulse and the 
86,401st, which is the corresponding impulse 24 hours later, is measured. 
The frequency of the oscillator is sufficiently near to the nominal value for 
there to be no risk of confusing the 86,400th, 86,401st, and 86,402nd 
impulses. The daily frequency is thus 

, __ 86,400 x 20,000 _ 1728 x 10" 


The times transmitted by the observatories are subject to corrections. 
Adopting the usual notation that the correction is positive when the 
signal is late, we have for the corrected daily frequency F x 

F 1728 x 10' ,,, 

+ <C,~ c,.,v (3) 

where C x and are the signal corrections for the .vth and the (x — 1 )th 
days. 

If we assume that the errors of the measurement of t x and the errors 
SC X of the time signal corrections are not systematic then the accuracy 
of the determination of the frequency is increased by averaging over a 
period of days. Calling this value averaged over n days the mean daily 
frequency F x we have 

p. _ n x 1728 x 10" ✓ 

* /„ + (C n — C 0 ) ’ 


where t n is the measured time interval between the 1st impulse and the 
(86,400 m + l)th. 

( b ) The Mean Daily Rate 

It is sometimes more convenient to regard the oscillator as a clock and 
work in terms of its rate instead of its frequency. 

The uncorrected rate during one day r x is given by the expression 

r x — 86,400 — t w , (5) 

and the corrected rate R, by the expression 

R* - 86,400 - [t w + (C. - C e _,) 1, (6) 

when defined by these expressions r x and R, are positive when the clock, 
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driven by the oscillator, is gaining, or when the frequency is greater than 
the nominal value. 

The mean daily rate obtained by extending the observations over n 
days may be expressed 


R, = 86,400 - 


jn ± (C B - C 0 ) 
- n 


(7) 


The frequency and the rate are related according to the equation 



20,000 


1 + 


K 

86,400 


( 8 ) 


(c) The Accuracy of the Determinations 

The accuracy of the determination of frequency and rate depends on the 
accuracy of the measurement of t x and also that of the time signal cor¬ 
rections C x and 

In the measurement of t x three errors may arise:— 

(i) The error in the measurement of a point on the chronograph. 
This amounts to 0 008 sec, and may therefore produce an un¬ 
certainty of ± 0 016 sec in the measurement of a time interval. 

(ii) The error in the recording of the signal from the phonic motor. 
This is less than 0 001 second. 

(iii) The error in the recording of the time signal. This arises mainly 
from the fact that unsteady conditions of reception vary the out¬ 
put of the receiver which in turn produces a variation in the lag 
of the relay used for recording. This effect may produce errors 
of as much as ± 0 01 second. 

The overall accuracy of the measurement of t x is thus ±0-27 second. 
The time signal corrections are also subject to errors of ±0 016 second 
so that the total error in the determination of the mean daily rate may 
be estimated at ±0 043 second. This corresponds to an error in the 
frequency determination of about ±4 parts in 10 7 . To determine the 
mean daily rate with a precision of ±0-001 second it is thus necessary 
to extend the observations over a period of about 40 days. 

In practice three sets of time signals are employed ; the Paris 0930 
hour Rythmic, the Rugby 1000 hour Rythmic, and the Nauen 1200 hour 
Rythmic, and, by averaging the three sets of observations over weekly 
periods, a rate which is usually accurate to ±0 003 second is obtained. 



513 


ThetS>ve Quartz Ring Oscillator 

To illustrate the coifflstency of the daily rates the uncorrected values 
r m and the corrected values R, for a period of one month, March, 1935, 
are given in Table IV. 

Table IV 

Paris Rugby Nauen Mean 

March tx, Ra* R# Rx r* R^ 


A 

7 

40*049 

40*021 

40-008 

40*012 

0-00 fl ^-0 i 002 

40*016 

40*010 

■5 

40*016 

-0 002 

0*000 

-0*005 

-0*008 

40*007 

40*005 

0*000 

J 

A 

40016 

40*012 

0*000 

40*008 

40*016 

40*001 

40*011 

40*007 

•f 

C 

0*000 

+0*006 

0-000 

40*007 

-0 049 

-0*005 

-0*016 

40*003 

J 

— 0*008 

40*006 

0 000 

-0*011 

40*049 

40 003 

40*013 

-0*001 

O 

7 

-0 008 

0*000 

0*000 

0 000 

40*008 

40*015 

0*000 

40*005 

8 

Q 

40*008 

-0*001 

40*008 

40*008 

-0*016 

-0*014 

0*000 

-0*002 

40*008 

4 0*016 

-0 008 

-0*008 

-0*008 

-0 001 

-0*002 

0*000 

y 

-0 016 

40 001 

40*008 

40*001 

0*000 

40*001 

-0*003 

40*001 

10 

11 

12 

— 

— 

— 

— 

— 

— 

— 

— 

-0*041 

0*000 

-0*008 

-0 009 

40*024 

40*009 

-0*008 

0*000 

4-0*033 

-0*006 

40*017 

40*015 

-0*008 

-0*012 

40*014 

-0*001 

13 


+0012 

-0*005 

0*000 

-0*004 

+0013 

40*012 

40-008 

40*001 

14 


0 000 

0 000 

-0 009 

-0 008 

-0*029 

-0*028 

-0*013 

-0*012 

15 

• 

0*000 

40*001 

+ 0 009 

40*007 

+ 0 024 

40*007 

40*011 

40*003 

16 

17 

+0 008 

+0 006 

+ 0 008 

-0 001 

0 000 

40 004 

40*005 

40*003 

+0 025 

+0 006 

+ 0 008 

+0017 

0 000 

40*004 

40*010 

40*009 

18 


-0 041 

-0015 

0*000 

- 0*006 

0*000 

40 006 

-0*014 

-0 005 

19 


0 000 

-0 004 

40*016 

40*009 

40*008 

4 0 013 

+0 008 

+0 006 

20 


-0015 

+ 0 001 

-0*008 

40*002 

+0017 

40*005 

-0 002 

+0 003 

21 


4-0*016 

-0 002 

40*016 

40*010 

0*000 

-0*002 

-0011 

+0 002 

22 


0 000 

-0 002 

+0010 

40*( M 2 

0*000 

40*009 

+0 003 

40*006 

23 


+0 000 

+0 001 

+0015 

+0 007 

+0016 

+0 002 

40*010 

40*003 

24 


0 000 

-0 004 

0 000 

+ 0 002 

+0016 

+0 002 

+0 005 

0*000 


2 N 2 
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Table IV —(continued) 


Paris Rugby Nauen Mean 


March r x 

Rx 

r T 

Rx 

r x 

Rx 

r x 

Rx 

25 

4-0033 

+ 0*009 

+0*017 

+ 0*007 

+ 0*016 

+0*014 

+0*022 

+ 0*010 

26 

0 000 

+ 0*005 

-0-QQjL, 

-0*001 

-0*008 

-0*010 

-0*006 

-0*002 

27 

+ 0 008 

+0*008 

+0W 

+ 0*014 

0*000 

+0*008 

+0*008 

+0*010 

28 

0*000 

-0 003 

• - 0*008 

-0*002 

-0*008 

-0*001 

0*000 

0 000 

29 

0*000 

-0*008 

-0*009 

-0*008 

-0*025 

-0*014 

-0*011 

-0*010 

30 

31 

0*000 

-0*016 

0*000 

-0*002 

+0*007 





(d) The Performance of the Oscillator Over Long Periods 

Although the oscillator was installed in its final form at the end of 
1932, a number of causes combined to prevent it from giving a satis¬ 
factory performance before the beginning of 1935. 

The valves used at first were of the PM2DX type, whose average life 
was only about 4 months. In addition to small changes in rate due to 
ageing of the valves and due to replacing them, a slow continuous drift 
in rate was observed. This drift gradually increased and finally one of 
the suspension wires broke, indicating that this effect had been due to 
a flaw in the suspension. Trouble was later experienced through vibra¬ 
tions caused by structural alterations in a neighbouring room. In spite 
of these troubles the oscillator was all the time giving valuable service as 
a frequency standard having a stability of rather better than l part in 
10 7 over intervals of 1 month. 

At the end of 1934 a type of valve used in telephone repeaters was 
employed for driving the quartz oscillator and the associated circuits, 
and the toluene regulator was also reconditioned. Since then a per¬ 
formance has been obtained which may be considered entirely satis¬ 
factory, a monthly stability in the rate of ±0 002 second per day having 
been maintained. 

Table V gives the corrected mean daily rates R* averaged for the three 
sets of signals and over monthly periods. 


(e) The Instantaheous Frequency 

To obtain information concerning the frequency stability of the oscil¬ 
lator during the intervals over which the absolute determination of 
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frequency is effected, it was compared with another oscillator of nearly 
the same frequency. Since the two oscillators were not subect to any 
known variables which would effect their frequencies in the same manner, 
it was assumed that if the frequency difference between the two remained 
constant then the absolute frequency of each also remained constant. 


Table V—Mean Rates of Quartz Clock Averaged Over 
Monthly Intervals During the Year 1935 


Month 

February . 

March . 

April . 

May. 

June. 

July . 

August. 

September . 


Mean rate 
seconds per day 
+0*002 
+ 0*002 
-0 001 
- 0*001 
+ 0*003 
+ 0*003 
+ 0*003 
+0*001 


The two outputs at 20,000 c/s are fed into an oscillating receiver so 
that two beat tones F — f x and F — / 2 , where f x and / 2 are the frequencies 
of the standard oscillators and F is the frequency of the receiver, are 
produced. A slow beat at a frequency A/ — f x — /„ is obtained between 
the two beat tones and is timed by means of a vibration galvanometer. 
A f is usually of the order of 0 02 per second. If t is the time for M beats 
we have 

A/=/i — / a = (9) 

If 8t is the departure of t from its mean value t then the departure of the 
frequency A f from its mean value is 

( 10 ) 

t t 

and the fractional frequency fluctuation between the two standards is 

(in 

fm t t fm 

When M = 2, t — 100, fm — 20,000, t is measured with an accuracy 
of 0-1 second, and an accuracy of 1 x 10~° is thus obtained in the deter¬ 
mination of 8 fjfm in a time of 100 seconds. 
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The values of 8f/fm during a period of 1 hour are given in fig. 10. 

It is seen that over the hourly period the frequency difference measured 
each 150 seconds remains constant to ±0-15 x 10~*. This was the 
order of stability whenever such comparison measurements were made. 

These variations of frequency correspond to fluctuations in rate of 
±0-00015 second per day. 

The comparison between the two oscillators revealed maximum fluctua¬ 
tions of ±5 parts in 10® when continued for a period of 24 hours. 



Time in minutes 
Fio. 10. 


4 — Deductions Concerning the Accuracy of the Astronomical 

Time Signals 

The results given in Sections 3 (cl) and 3 (e) show that the uniformity 
of rate of the quartz clock is much greater than that given by the daily 
time signals. The corrected rates R* given in Table IV vary between 
+0-021 and — 0 -028, whereas the short period comparisons show that the 
rate does not depart by more than ±0 -001 second per day from its mean 
value for the month which is +0-002 second per day. The departure 
of the values R* from the value +0 -002 second per day therefore repre¬ 
sents the error in the measured time interval between time signals received 
on consecutive days. It is seen from the last column which gives the 
average rate as determined by the three sets of time signals, that this 
average time interval is never in error by more than ±0-012 second during 
that month. 

In Table VI are given the monthly rates determined from the un¬ 
corrected and corrected time signals received from the Paris, Rugby, and 
Nauen stations. The corrected rates for the three sets of signals are 
always in agreement within ±0 -001 second per day, which is the anticipated 
accuracy of measurement on the assumption that the signal errors are 
not systematic. It may be concluded from the results therefore that 
during this period there were no such systematic errors. 
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An agreement of ±0-001 second per day is also obtained between the 
rates as calculated from the uncorrected and the corrected signals, indi¬ 
cating that if the time signals are averaged over monthly periods the 
rate may usually be determined with this accuracy without waiting to 
apply the signal corrections, which are sometimes only published after 
lapse of four or five months. 


Table VI —Mean Rate: Seconds per Day 



Uncorrected Corrected Uncorrected Corrected Uncorrocted Corrected 


signals signals signals signals signals signals 

February. 0 000 +0 001 +0 002 + 0 003 + 0 001 +0-003 

March . +0 004 +0 002 + 0 003 +0 002 +0 002 +0-001 

April . -0 002 0 000 - 0 003 -0 002 -0 002 - 0-002 

May. -0-003 - 0 002 +0 001 0 000 -0 002 -0 002 

June. +0 002 + 0 004 +0 001 +0 002 + 0 006 +0-004 

July . +0 004 +0 002 H 0-003 +0 003 +0 003 +0-003 

August. | 0-003 — +0 004 + 0-003 +0-001 +0 002 

September . +0 003 — rO-OOl +0-001 +0-001 +0-001 


To demonstrate the average consistency of the time signals, the errors 
of the individual daily rates as determined by signals on consecutive 
days from the three stations, have been averaged, irrespective of sign, 
over periods of one month. The values obtained were very consistent 
from month to month so that only one set of values are given in Table 
VII. 


Table VII— Average Error of Daily Rate: Seconds per Day 


Paris Rugby Naucn 

Uncorrected signals. 0-018 0-008 0-018 

Corrected signals. 0 -007 0-007 0-009 


It is seen that the rates determined from the uncorrected Rugby signals 
are considerably more reliable than those determined from the Paris and 
Nauen signals, but the results are brought into close accord when the 
signal corrections are applied. The rather larger error obtained with the 
Nauen signals is probably due to the greater difficulty of reception of this 
station in London. 

5—Conclusions 

Throughout the period February 16, 1935, to October 1, 1935, the 
quartz ring oscillator clock has vibrated with a mean daily rate of ±0-001 
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second per day with maximum variations of rate of ±0-002 second per 
day from this value; or at a mean daily frequency of 20,000-0002 cycles 
per second with maximum variations of ±0-0004 cycles per second. Com¬ 
parisons between two such oscillators, in which the individual measure¬ 
ments were of 150 seconds’ duration, indicated a stability of rate during 
hourly periods of ±0-00015 seconds per day and during daily periods 
of ±0-0005 seconds per day; that is with a stability of ±0-15 x 10 -8 
during hourly periods and ±0-5 x 10' 8 during daily periods. It may 
therefore be inferred that over any such short interval of time within the 
period February 16,1935, to October 1, 1935, the rate was ±0-001 ±0-002 
second per day, and the frequency 20,000 (1 ± 1 x 10~ 8 ± 2 x 10~ 8 ) cycles 
per second. 

The seconds impulses obtained from the clock are measurable with an 
accuracy of ±0-0002 second. 

The clock thus enables short intervals of time to be measured with a 
precision better than ±0-001 second and intervals of the order of several 
months with a precision of ±0-002 second. 

The author wishes to express his very deep indebtedness to the late 
Dr. D. W. Dye, F.R.S., who conceived the idea of this type of oscillator, 
and saw its possibilities as a time and frequency standard. He has 
endeavoured to complete the work in the same manner as he imagines 
Dr. Dye himself would have adopted. 

The rating of the oscillator was carried out by the Rating Department 
of the Laboratory, to whom the author wishes to express his indebtedness. 

He also wishes to thank Dr. E. H. Rayner and Dr. L. Hartshorn for 
their interest and suggestions, and to express his appreciation of the interest 
with which Sir Joseph Petavel has followed the progress of the work. 


Summary 

The description is given of a new type of quartz oscillator, designed by 
the late Dr. D. W. Dye, F.R.S., and consisting of a cylindrical ring cut in 
a plane perpendicular to the optic axis, and vibrating radially at a fre¬ 
quency of 20,000 cycles per second in its fundamental longitudinal mode. 

Details are given of the mounting of the ring in its electrode system, 
of the constant pressure and temperature enclosure in which it is con¬ 
tained, of the electrical circuit used for maintaining the oscillations of the 
ring and providing an output at 20,000 cyces per second. A description 
is also given of the circuit arrangements for demultiplying the frequency 
to 1000 cycles per second, which drives a phonic motor operating a clock 
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dial in hours, minutes, and seconds, and provides impulses of 1 second, 
0-1 second, and 0 01 second. 

The results are given of a number of experiments designed to measure 
the frequency variations of the oscillator with the variations of the 
associated electrical and mechanical conditions. 

The method of determining the rate and frequency of the standard is 
described and the results showing its short period and long period stability 
are given. They indicate that at any time during the period February 16, 
1935, to October 1, 1935, the rate was within ±0 002 second per day 
of its mean value of +0 001 second per day, or its frequency within 
±2 parts in 10 8 of its mean value of 20,000 0002 cycles per second. 

The results also furnish some information concerning the accuracy of 
astronomical time signals. 


The Energy Levels of Some Light Nuclei 

By A. Nunn May, B.A., Trinity Hall, and R. Vaidyanathan, M.Sc., 
Clare College, Cambridge 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received February 15, 

1936) 

Introduction 

The protons emitted by light nuclei when they are disintegrated by 
alpha particles have been shown by Bothe and Franz’" and by a number 
of other workers to consist of groups, each group being nearly homo¬ 
geneous in velocity. It is possible to deduce the energy levels of a number 
of light nuclei from a study of these groups. 

Consider the disintegration represented by the equation, 

A + He 4 -► B + Hj. 

Let the kinetic energy of the emitted proton be T p and that of the recoiling 
nucleus T», then if T„ is the kinetic energy of the incident alpha particle 
the quantity T„ + T 6 — T a is called the energy change in the disintegra¬ 
tion and is denoted by Q. This energy change is connected with the 
masses of the nuclei concerned in the disintegration by the law of con- 

* 4 Z. Physik,’ vol. 49, p. 1 (1928). 
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servation of energy and Einstein’s relation between mass and energy. 

PIphtIv 

M„ + M. - M 6 - M„ - Q/c 2 , 

where M„ is the rest-mass of the nucleus A, M„ that of the alpha particle 
and similarly for the other particles. 

The existence of a series of different values of Q corresponding to the 
different proton groups can only be explained by a series of different 
values of that is by the existence of excited states of the nucleus B. 
If we make the assumption that the biggest value of Q observed corre¬ 
sponds to the formation of the nucleus in its ground state, then the remain¬ 
ing values, say Q', Q", denote excited states which from the above equation 
have energies Q — Q', Q — Q" above the ground state. We may expect 
that the nucleus will subsequently emit this extra energy in the form of 
one or more gamma ray quanta. 

For boron this process has been tested experimentally in detail. There 
are proton groups with energy changes of 3 • 1 and about zero* Me- 
voltsf; gamma rays are emitted with a quantum energy about equal to the 
difference of these ,% and by a coincidence method v. Baeyer§ has recently 
shown that the quantum is emitted with the low energy proton but not 
with the high energy proton. Thus we may use these proton groups 
with confidence as a means of studying the excited levels of the light 
nuclei. 

A type of proton group arising from a different cause must be dis¬ 
tinguished from that described above. The phenomenon of resonance 
leads to a greatly enhanced probability of disintegration by alpha particles 
whose energy coincides with a virtual alpha particle level in the bombarded 
nucleus. Thus a thick target, in which alpha particles of alt energies are 
present, will emit discrete proton groups which do not imply a set of 
different energy changes, but are caused by alpha particles of different 
energies. These resonance groups can be used to study the virtual 
levels of the nucleus; here, however, they will concern us mainly as a 
source of possible confusion to be guarded against by the use of thin 
targets. 

A method of detecting protons in the presence of gamma radiation 
has been developed by Duncanson and Miller|| with the object of studying 

* Miller, Duncanson, and May, * Proc. Catnb. Phil. Soc.,’ vol. 30, p. 549 (1934), 
and work cited there. 

t Throughout this paper Me-volts stands for million electron volts. 

t Bothe and Becker, ‘ Z. Physik,’ vol. 76, p. 421 (1932). 

§ ‘ Z. Physik,’ vol. 95, p. 417 (1935). 

II ‘ Proc. Roy. Soc.,’ A, vol. 146, p, 396 (1934). 
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the proton groups emitted by the light elements under bombardment by 
alpha particles from Ra C'. It was hoped in this way to obtain some 
evidence of regularities in the structure of the nuclei. In the following 
an account is given of experiments on the protons emitted from fluorine, 
sodium, and phosphorus when they are bombarded by alpha particles 
from radium C'. Together with the work of Duncanson and Miller 
and of Haxel* on the disintegration of aluminium, this gives fairly 
complete information of the energy levels of the nuclei formed in these 
reactions, namely, Ne 22 , Mg^, Si 30 , and S 34 . Now these nuclei form a 
series in which each member would be obtained from the one before by 
the addition of one alpha particle, and each of them may be regarded as 
built up of a number of alpha particles and two “ free ” neutrons. It is 
therefore very important to see whether this similarity in structure gives 
rise to a similarity in the systems of energy levels. Although this work 
is by no means complete, enough evidence has been obtained to show 
that there is, in fact, a marked similarity. 

Apparatus 

The apparatus developed by Duncanson and Miller for counting 
protons in the presence of strong gamma radiation was used with only 
minor alterations. A Geiger-Klemperer ball counter is used to detect 
the protons; the impulses from this are amplified by a five stage amplifier, 
and pass to a high frequency oscillograph, the deflexions of which are 
recorded photographically. We are indebted to Mr. E. S. Shire for the 
loan of an oscillograph designed by himf which was used during the latter 
part of these experiments. 

For experiments on the protons emitted at right angles to the paths of 
the alpha particles, a circular source-box was used. This is shown in 
fig. 1. The radium (B + C) deposit on the button S is surrounded by the 
annular target T which is fixed on the inside of the brass ring R. The 
protons escape by the window W through mica absorption screens into 
the counter. 

In order to verify that the angle between the paths of the protons and 
alpha particles was that deduced from the design, namely 50°, this ex¬ 
perimental arrangement was tested by examining the protons emitted from 
a thin target of aluminium, when the results to be expected are known 
definitely from the work of Duncanson and Miller. The absorption curve 
obtained showed clearly the two shortest range groups found by them 

* ‘ Z. Physik,’ vol. 88, p. 346 (1934). 
t • J. Sci. Instr.,’ vol. 11, p. 379 (1934). 
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ending at about 24 and 40 cm range. From these ranges the proton 
velocities are obtained by means of the curve given by Duncanson,* and 
the energy change is then given by the formula, 

Q = {w„ (m n -f m v ) v* — M (m„ — M) V* — 2Mm p Yv P cos 6}, 

where 

m,, v p are the mass and velocity of the emitted proton, 

M, V the mass and velocity of the incident a-particle, 
m n is the mass of the residual nucleus, 

0 the minimum angle between the direction of motion of the proton 
and a-particle. 


Fig. 1—Circular source-box used for experiments on protons in the right-angle 

direction. 

For an angle of 50° we obtain values of the energy change of —2*90 
and —1-50 Me-volts. The latter is in excellent agreement with the value 
given by Duncanson and Miller, but the first is 0-23 Me-volts lower 
than their figure. However, since both sets of measurements are only 
reliable within 0-2 Me-volts, this is not a serious difference, and is partly 
accounted for by the fact that there is a pronounced tail on the 24 cm 
group. We therefore conclude that the value 50° for the angle between 
the paths of the protons and alpha particles is correct. 

In the latter part of this paper we shall require to use the data on 
aluminium, and for this lowest energy change we have adopted a mean 
value of — 2-8 Me-volts. 

For experiments on the protons emitted in the forward direction a 
source-box similar to that of Duncanson and Miller was used. 

* ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 102 (1934). 
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Experiments on Fluorine 

An absorption curve* (fig. 2) was obtained for the protons emitted 
in the right-angle direction from a thin target (0-3 cm air equivalent) 
of calcium fluoride. This target was prepared by evaporation of an alco¬ 
holic solution on a silver foil. There are two pronounced groups ending 
at about 19 and 31 cm range,t corresponding to energy releases of 
Q = —32 and — 21 Me-volts. There was also a group ending at 
about 55 cm corresponding to Q — — 0-2 Me-volts, but owing to the 
small yield the range of this could not be obtained accurately. 

It will be noted that in fig. 2 the number of protons counted falls off 
markedly at about 10 cm behind the end of the 31 cm group. This is 



Fig. 2 —Absorption curve for protons from fluorine in the right-angle direction. 

because protons of more than about 10 cm residual range produce 
deflexions which are too small to be distinguishable from the background 
of disturbance due to the gamma radiation, and are therefore no longer 
counted. In the absorption curves obtained from thick targets this 
effect is not so noticeable, being obscured by the lack of homogeneity 
in the ranges of the protons. 

An absorption curve was obtained in the forward direction for the 
protons emitted from a fairly thick target (1 *5 cm air equivalent) of 
lithium fluoride. The source was placed only 3 mm from the target, 
which was 1 *5 cm from the counter, in order to obtain a large yield. 


* This curve was obtained by Dr. W. E. Duncanson and one of us (A. N. M.). 
t Ranges were obtained from mica by using a factor 1 -43 mg/cm* = 1 cm of air 
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There was evidence of a group ending at about 37 cm corresponding to 
the 31 cm group of fig. 2, but this was not investigated in detail. There 
was a definite group at 66 cm, which is shown in fig. 3. This range gives 
an energy change of 0 • 0 Me-volts which agrees with the 55 cm group in 
the right-angle direction. We adopt a mean value of — 0-1 Me-volt for 
this energy change. A further group of longer range is also shown in 
fig. 3. The number of protons in this group was so small that the range 
could not be determined accurately. It has been assumed that this 
group corresponds to that found in experiments with polonium alpha- 
particles, giving a maximum energy change of 1 -4 Me-volts. Its range 



Fig. 3— Absorption curve for protons from fluorine in the forward direction. 

in the present experiments would be 95 cm. The energy changes found 
in these experiments are given in Table I together with the excited levels 
of Nejjj to which they correspond. 

Table I— Proton Groups in the Disintegration of Fluorine by 
RaC' Alpha-Particles 


Proton range at 

Energy change 

Excited level 

0 ° 

o 

o 

Me-volts 

of Ne*i 

95 (calc) 

— 

1 *4 

Ground state 

66 

55 

0 °t_ 0 .i 
—0 • 2 i 0 1 

1-5 

(37) 

31 

-21 

3*5 

— 

19 

-32 

4*6 
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The ranges given here are reliable within ± 2 cm. It is difficult to 
estimate the errors which may arise from other causes such as the un¬ 
certainty in the range-velocity curve for mica and the effect of straggling, 
but we believe that our figures for energy changes are reliable within 
±0-2 Me-volts. 

Chadwick and Constable* in experiments with a polonium source 
found energy changes of 1 -67 and 0 99 Me-volts. These were calculated 
using Blackett’sf range-velocity curve for protons. When recalculated 
from the more reliable curve of Duncanson they become 1 -47 and 0-87 
Me-volts. 

Poset has also performed experiments with a polonium source. He 
gives energy changes of 2 0 and 0-8 Me-volts; these were calculated 
assuming the range for protons to be proportional to v a ; on recalculation 
they give 1 -3 and about 0-6 Me-volts. 

The energy change of 0 -87 Me-volts found by Chadwick and Constable 
should appear in fig. 3 at 82 cm range, but it is not present. Since these 
workers used a comparatively thick target of calcium fluoride it is possible 
that this group is to be ascribed to a resonance effect. 

Experiments on Sodium 

For experiments in the right-angle direction a target of NaOH was 
used. This had an air equivalent thickness of 1-25 cm. The absorption 
curve obtained is shown on two different scales in figs. 4 and 5. There 
are three well-defined groups at 21, 33, and 51 cm range, corresponding 
to energy changes of —31, —2 0, and -0-6 Me-volts. 

An experiment was also tried in the forward direction. This gave 
groups ending at 35 and 63 cm range, corresponding to energy releases 
of —22 and -0-3 Me-volts in good agreement with the previous results. 
These two experiments are regarded as about equally reliable, and the 
values — 2-1 and —0 4 Me-volts are adopted for the two energy changes. 

No attempt was made in these experiments to determine the range of 
the most energetic protons since their number was found to be very 
small. K5nig,§ using the alpha-particles from polonium, has found a 
maximum energy change of 2-4 Me-volts. However, this was calculated 
using an 88 law for the range; on recalculation with Duncanson’s range- 
velocity curve this becomes 1 9 Me-volts, which we adopt as the value 

* ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 48 (1932). 

t ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 132 (1932). 

\ ‘ Z. Physik,’ vol. 72, p. 528 (1931). 

§ ‘ Z. Physik,’ vol. 90, p. 197 (1934). 
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Fig. 4—Absorption curve for protons from sodium in the right-angle direction. 



Fig. 5—Absorption curve for protons from sodium in the right-angle direction. 
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of the maximum energy change. Kdnig also found an energy change 
near zero which probably corresponds to our 51 cm group. 

The values of the energy changes found are shown in Table II together 
with the excited levels of the final nucleus to which they correspond. 

As for fluorine we estimate that these values for the energy changes are 
reliable within ±0-2 Me-volts. 


Table II—Proton Groups in the Disintegration of Sodium 
R a C Alpha-Particles 


Range at 


— 

_A__ 

—- 

Energy change 

Excited level 

0° 


O 

D 

in Me-volts 

of Mg ae 

63 


— 

1*9 

-0*3 ) A , 

Ground slate 



51 

-o-6 r 0 4 

2*3 

35 


33 


4*0 

— 


21 

- 3*1 

50 


BY 


Experiments on Phosphorus 

For this element we have performed a preliminary experiment using 
a thick target which was made by smearing a paste of red phosphorus 
and collodion solution on to a silver foil. The absorption curve in the 
right-angle direction is shown in fig. 6. Five groups can be distinguished 
at 18, 25, 34, 43, and 61 cm range. In all cases there is an uncertainty of 
± 2 cm. Some of these groups may be due to alpha-particles entering 
the nucleus at resonance levels after losing considerable energy in the 
target. However, in order to compare our results with those of other 
porkers, we have first calculated what the energy changes would be if 
all the groups were due to the full range alpha-particles. These values 
are shown in Table III. 


Table III— Proton Groups in the Disintegration of Phosphorus 
by RaC' Alpha-Particles 

Range in cm. 18 25 34 43 61 

Energy change in Me-volts on 

provisional assumption . —3-6 —2 9 -2-1 —14 -0-1 

Chadwick, Constable, and Pollard* found a maximum range of 31 cm 
for the protons from phosphorus bombarded by alpha-particles from 
polonium. These alpha-particles must have been entering the phosphorus 
* * Proc. Roy. Soc.,’ A, vol. 130, p. 463 (1931). 
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nucleus at a resonance level. If we make the assumption that this level 
had very nearly the energy of the incident alpha-particles, we obtain an 
energy change of — O il Me-volts for this proton group. This value 
would be larger if the resonance level concerned were actually at a lower 
energy, but it may be assumed to correspond to our — 0-1 energy change. 

Energy changes at •2-96, —1 -47, and 0*0 Me-volts have been found 
by Paton* using alpha-particles from thorium C'. The close agreement 
between these and three of the values given above is evidence that for 



Fig. 6—Absorption curve for protons from phosphorus in the right-angle direction. 

these groups our hypothesis is correct, and the groups are due to the full 
range alpha-particles. The remaining two groups at -3-6 and —2-1 
Me-volts may be due to a resonance level, but this point cannot be 
decided without further experiments. 

Paton has suggested that there is also a still longer range group with 
an intensity only about 1/10 that of the zero energy change. We have 
tried to find such a group, but we have not been able to establish it. The 
maximum energy change in the disintegration of phosphorus is therefore 
uncertain. 


• ‘ Z. Physik,’ vol. 90, p. 586 (1934). 
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To sum up, the experimental evidence on the disintegration of phos¬ 
phorus indicates energy changes of -2-9, -1-4, and -0-1 Me-volts, 
and possibly a positive energy change as well. 


Discussion 

The reactions which have been studied: 

Fjj -f- He 4 — Ne»» “I - Hj 
Na 23 + He 4 = Mg a6 + H 4 

P-ii + He 4 — + Hj 

may be regarded as particular examples of a general type of reaction in 
which a nucleus built up of n alpha-particles, 2 neutrons, and 1 proton, is 
transformed into one containing n -f 1 alpha-particles and 2 neutrons. 
The disintegration of aluminium 

A1 27 + He 4 — Si 30 + Hj 

is another example of this type. This has been studied by Duncanson 
and Miller* and by Haxel,* and their results agree very well. 

It is to be expected on general grounds that it might be possible to trace 
a connexion between the results obtained for these four similar reactions. 
To examine this point the energy changes found experimentally are shown 
in Table IV in parallel columns and also graphically in fig. 7. 


Table IV— Energy Changes in Me-volts 


F lt -*• Nejj 

Na* 3 -*■ Mg 26 

Aljj SijQ 

Pai -► S. 

1-4 

1*9 

2*1 

— 

-01 

-0*4 

-02 

0*1 

-2-1 

-21 

-1*5 

-1*4 

—32 

-3*1 

-2-8 

-2-9 


The values given above for the energy changes can probably be relied 
upon within ±02 Me-volts. 

It appears that there is a close correspondence of these values from 
one element to the next, and there is a strong suggestion that the points 
in fig. 7 lie on parallel smooth curves. The energy change in the disintegra¬ 
tion of fluorine at — 0-1 Me-volts is admittedly out of line by an amount 
which we do not feel can be ascribed to experimental error, but taken as 
a whole the results suggest that the nuclei formed in these reactions have 

* Loc. cit., note II, p. 520; and *, p. 521. 

2 0 2 
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a similar system of excited levels. These are shown in the Table V. 
Since the maximum energy change in the disintegration of phosphorus 
is not known, the excited levels of S 34 are not given. The values in this 
table are reliable to within 0-4 Me-volts since they are obtained by 
subtraction of two energy changes each subject to an error of 0-2 Me-volts. 

With the exception of the first excited level of Ne 22 , these values are 
consistent with a common set of levels at about 2 • 3, 3 ■ 8, and 4 • 9 Me-volts 
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Fig. 7—Energy changes in the disintegration of fluorine, sodium, aluminium, and 

phosphorus. 


Table V—Excited Levels in Me-volts 


"Ne a2 

Mgj, 

Si 20 

1*5 

2-3 

2*3 

3*5 

4-0 

3*6 

4*6 

50 

4*9 


above the ground state. It should be noted that this set of levels is not 
common to all the light nuclei; it will be seen that the results quoted 
later for other nuclei lead to different values. This experimental fact 
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points to the existence of homologous series of nuclei, the members of 
a series having a common “ radical ”, in this case two neutrons, together 
with a number of alpha-particles. Our results indicate that the level 
system is very similar for members of the same homologous series. 

Whilst this paper was being prepared for the press a paper by Haxel* 
appeared, in which from experiments on the disintegration of magnesium, 
silicon, and sulphur by alpha-particles from thorium C' he concluded that 
the nuclei Al 27 , P 3 j, and Cl 36 which are formed in these disintegrations, 
all have excited levels near 0-8 and 1 -6 Me-volts. Haxel points out that 
each of these nuclei may be considered to consist of a number of alpha- 
particles, two neutrons, and a proton. Hence we have here another 
homologous series with a different radical. It should be noted, however, 
that the nuclei B u and N l6 which would be expected to belong to this 
series appear to have different level systems.f This indicates that the 
similarity within a series may only extend over a few neighbours. 

To sum up, we have now two homologous series; the first Ne M —. 
Mg 2 «—Si 30 —S 34 , with the radical “ two neutrons ”, and levels at about 
2-3, 3- 8 , and 4-9 Me-volts, and the second Al 27 —P al —Cl a5 , with the 
radical “ two neutrons and a proton ” and having levels at 0-8 and 1 -6 
Me-volts. 

The general principle of similarity of nuclei belonging to what we have 
called homologous series is of great importance, and may well be capable 
of application to other properties, such as the nuclear spin and the binding 
energy, besides the level system. It is also clear that the homologous 
series can be explained in terms of the various systems of neutron and 
proton “ shells ” which have been advanced to account for the regularities 
in the system of nuclei by Lande and others; for instance, a series of 
shells containing two neutrons and two protons would account for the 
occurrence of homologous series just as well as the existence of alpha- 
particles as such in the nucleus. We feel, however, that these considerations 
must be postponed until the principle has been more firmly grounded on 
experimental evidence. 

The writers wish to express their thanks to Lord Rutherford and Dr. 
C. D. Ellis for their interest in the work and to Professor J. Chadwick for 
suggesting the problem and for his encouragement during its progress. 
Thanks are also due to Mr. G. R. Crowe for help in preparing the radio¬ 
active sources. 

* ‘ Phys. Z.; vol. 36, p. 804 (1935). 

t B u has levels at 2*2, and 4-5 Me-volts; N„ has one at 5'1. See Cockcroft and 
Lewis, ‘ Proc. Roy. Soc.,’ A, vol. 154, pp. 246, 261 (1936). 
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Scientific and Industrial Research and from the Goldsmiths’ Company to 
one of us (A. N. M.). 

Summary 

The method of counting protons in the presence of strong gamma 
radiation developed by Duncanson and Miller has been applied to the 
disintegration of fluorine, sodium, and phosphorus by alpha-particles 
from radium C'. The results obtained, together with those of Duncanson 
and Miller on the disintegration of aluminium, enable the excited levels 
of the nuclei formed in these disintegrations to be compared. These 
nuclei, Ne 22 , Mg,,,, Si 30 , and S 34 , form a series in which each member 
would be obtained from the one before by the addition of an alpha- 
particle. It is found that there is a marked similarity in the level systems. 
Haxel has found a common set of levels for another such series consisting 
of Al«, P 3 i, and C1 3B , and it is suggested that this similarity of the level 
system is a general property of these series. 


The Connexion Between Cosmic Ray Showers and 

Bursts 

By W. Ehrenberg, Birkbeck College 

(Communicated by P. M. S. Blackett, F.R.S.—Received February 17, 

1936) 

1—Introduction 

Cosmic ray showers have so far been mostly investigated by counting 
the number of triple coincidences of suitably arranged Geiger-Muller 
counters. The information obtained in this way is restricted to the 
number of these events and does not give the number of particles in the 
shower. To obtain more complete information on showers an ioniza¬ 
tion chamber was put above the counters in the experiments described 
below, and the ionization in the chamber was recorded whenever all 
three counters discharged simultaneously. 

2—-Experimental Arrangement 

The arrangement of ionization chamber and counters is seen from 
fig. 1. The ionization chamber proper consisted of a wire cage, rect- 
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angular in shape, of 2 • 1 litres volume, reinforced by a substantial steel 
frame. The inner electrode, connected to the first valve of a linear 
amplifier of the Wynn Williams type, was a plain wire net, also reinforced 
by a steel frame. The whole structure was put in a cylindrical brass 
vessel with a wall 3 mm thick, filled with commercial nitrogen at 5 atm. 
pressure. A potential of about 1500 volts was maintained between the 
electrodes of the chamber, giving a field of 500 volts/cm. The collecting 
time of ions was calculated to be slightly under 1/50 sec. The mean 
path of a cosmic ray particle in the chamber is about 10 cm, in which 
distance on the average about 5000 I (ion pairs) are produced. The 
rate of single cosmic ray particles crossing the chamber is about 5 per 
second. These values are obtained under the assumption that in air at 
N.T.P., 2-48 I are produced by cosmic radiation per cm 3 and that a single 





O O 

o 



■UO cm 

Fig. 1. 


particle produces 1001 per cm path in air at N.T.P.* Fig. 1 shows also 
the size and arrangement of the counters and of the lead plate which is 
placed above the chamber to increase the number of showers. 

To make full use of the short collecting time of the chamber, the 
following recording arrangement was chosen. The oscillograph unit, 
consisting of a moving iron oscillograph connected to the output of the 
linear amplifier and a lamp gives an image on a drum which revolved 
with a speed of 40 cm per sec. The unit itself moved in direction of the 
axis of the drum with a speed of 1 cm per hour. This would lead to a 
complete blackening of the bromide paper, if the lamp were kept burning 
continuously. Instead, the lamp—a G.E.C. high intensity spot lamp of 
the hot cathode discharge typef—was lit up only for about l/10th of 
a second, whenever a triple coincidence was signalled by the counter 
amplifier, so that the records consist of short traces distributed at random 

* Street and Woodward, ‘ Phys Rev.,' vol. 46, p. 1030 (1934). 

11 am much obliged to Mr. J. W. Ryde for supplying this lamp. 
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over the paper. The circuit used can be seen from fig. 2. The impulse 
from the counter amplifier strikes the thyratron V x which in turn, besides 
operating the relay c, flashes the spot lamp by means of the valve V a . 
Since the switching was done without a mechanical relay, no appre¬ 
ciable time lag was introduced between the coincidences and the lighting 
of the lamp. 


c 



Fig. 2—A, input from counter amplifier; B, to grid of first valve of linear amplifier; 
c, telephone counter and relay; T, time switch. V, gas-filled relay (thyratron). 
V, Cossor 220 VPT. V„ G.E.C. high intensity spot lamp. C, guard ring con¬ 
denser of O'154 cm capacity. C, 2 h-F, C„ 14 nF, 8000ft, R, 200ft, R, 
• 10,000ft, R 4 200ft, R, 3 X 10* ft, R, 15 watt 200 volt bulb, R, 5 x 10 s ft, R, 
O'2ft. 

The circuit for calibrating the records is also shown in fig. 2. Every 
time a triple coincidence occurred, a test voltage was applied by the 
relay c to the guard ring condenser Q, feeding a known charge on to the 
grid of the first amplifier valve. A time switch T restricted the application 
of the impulse to 10 minutes during each hour. Since the amplification 
of the amplifier is not independent of the time in which the charge is 
applied, the duration of the test impulse was matched to the collecting 
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time of the ionization chamber by means of the condenser C 2 and the 
resistance R x . The time lag introduced by the relay c (1/30 sec) pre¬ 
vented a confusion between the test kicks and the ionization kicks start¬ 
ing simultaneously with the triple coincidences.* It may be noted that 
condenser C 3 and resistance R 4 served for quenching the gas-filled relay 
and for maintaining the light in V 3 for a sufficiently long time. This 
technique of controlled recording may usefully be applied to many other 
problems in physics. It gives a high time resolution with very little 
recording paper. 


3—Experimental Results 

A portion of a typical record is given in fig. 3, showing the various 
types of records obtained. Besides some straight lines denoting triple 



Fig. 3 —Four typical tracks are marked. Track a shows a deflexion produced by 
25,0001 and in addition the deflexion produced by the test impulse corresponding 
to 129,0001. b shows a large deflexion of 2 7 x 10*1, and c a deflexion of 
. 2-3 x 10* I. Track d shows only the calibration deflexion. 

coincidences not accompanied by ionization in the chamber sufficiently 
large to be recorded, there are curved traces showing the ionization due 
to the showers. The deflexions starting about a thirtieth of a second 

* The calibration was checked by determining the oscillograph deflexion for the 
known number of ions produced by a thoron alpha particle, after a small amount of 
thoron had been introduced into the chamber. It may be of interest to note that the 
effective collecting time for alpha particles in the chamber is only about a quarter 
of that for cosmic rays (owing to their shorter range) resulting in a 50% higher 
sensitivity of the amplifier. These data were found by experiment. It was fltrther 
observed that the deflexion produced by a thoron alpha particle was reduced by 
25% when the chamber was filled with air instead of with nitrogen. This means that 
no recombination loss occurs in the chamber in N a , since according to Jafft (‘ Phys. 
Z.,’ vol. 30, p. 849 (1929)) the recombination loss in air amounts to about 25%. 
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after the light has started are the calibration kicks. For not too large 
kicks, the maximum height of a deflexion is proportional to the number 
of ions in the burst recorded; for larger ones the initial slope of the curve 
is an appropriate measure for the number of ions. Owing to this fact, 
ionizations far in excess of the linear range of the amplifier can be 
measured. 

It can be seen from fig. 3 that a deflexion starting 1/100 sec after or 
before the beginning of a trace could easily be recognized as distinct 
from the ionization kick due to the shower. Owing to the small surface 
of the actual chamber, the a-ray contamination was only about 1 particle 
per minute. The probability of finding an a-particle contamination 
just at the beginning of a trace is therefore under 1/3000 and can be 
neglected. 

The possibility that a deflexion is produced by a “ spurious shower ”, 
that is by a statistical fluctuation in the number of single cosmic rays 
traversing the chamber, is also excluded. The number P of spurious 
showers per sec can be calculated under reasonable simplifying assump¬ 
tions,* and is found to be (»/T) n k ~ l e n /(k — 1) !, where T is the time 
of collection of ions, n the average number of particles arriving during an 
interval of the length T, and k the minimum number of particles a shower 
has to comprise to be measured. The probability of finding a spurious 
shower just at the beginning of a trace, that is within a time interval of 
/ = 0-02 sec, is therefore P . /, and with the data for the chamber given 
(n = Q-1; T = 0-02 sec) this gives 0 01 for k = 2 and 0-0005 for k — 3. 
It is safe to conclude, therefore, that deflexions due to more than three 
particles are not produced by statistical fluctuations. The sensitivity of 
the amplifier was chosen accordingly. 

The results of the measurements are given in figs. 4 to 6, in which the 
number of ionization kicks observed is plotted against their size. Fig. 4 
gives the distribution of sizes of observed deflexions for 259 hours’ 
recording, with 15 mm lead above the chamber. Rates given for bursts 
under 20,0001 are not reliable; smaller bursts might get lost by unsteadi¬ 
ness of the zero of the records or be spurious due to statistical fluctuations. 
The total number of triple coincidences observed was 2951; 40% of 
these show a measurable ionization curvature; 30% have a size over 
20,0001 corresponding to about 4 particles; 16-5% of the kicks have a 
size over 40,0001 or 8 particles. The biggest deflexion observed corre¬ 
sponds to 6 x 10® I or 1200 particles. It is noticeable that in the log-log 
scale used the distribution forms a straight line, the slope of which lies 


* See Appendix. 
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between the limits indicated. This corresponds to a law N ~ I~* 
describing the variation of the number of events N with their size I, 
where s lies between 2 - 2 and 3 ■ 1 . The results shown in fig. 4 are again 
represented on a linear scale in fig. 5. There is no cut off on the low 



ionization side of the distribution curve within the range over 20,0001. 

Fig. 6 gives the result of a series of measurements made to investi ga te 
the influence of the lead above the chamber. Alternate records were 
made without and with the lead (1-5 cm) above the chamber, while 



538 


W. Ehrenberg 


special care was taken to keep the working conditions constant. The lead 
increased the number of triples counted from 12-1 per hour to 15-5 per 
hour. The upper curve in fig. 6 gives the size distribution of the deflexions 
with lead in 104 hours’ recording; the lower curve gives the part of these 
due to the lead, obtained by subtracting from the first those obtained 
without lead in the same time. The increase of the number of triple 
coincidences due to the lead was 353. Of these triples due to the lead, 75% 



show an ionization over 20,0001 and 55% an ionization over 40,0001- 
We conclude that most of the larger deflexions obtained with lead above 
the chamber are actually due to the lead and that the majority of showers 
or triple coincidences due to the lead are connected with a strong ioniza¬ 
tion. 

A short series of records was made with 16 cm of lead above the cham¬ 
ber. The shape of the distribution curve does not seem to differ from 



The Connexion Between Cosmic Ray Showers and Bursts 539 

the shape of the 1 • 5 cm lead curve. A relatively high number of very 
big deflexions (over 5 x 10 B I or 100 particles) obtained with the 16-cm 
lead may be due to statistical fluctuations. 

4—Experiments with Continuous Recording 

In addition to the records just described, about 14 hours’ continuous 
records of an oscillograph connected to the ionization chamber amplifier 



were taken; parts of typical records are given in fig. 7. One minute time 
signals (square dots) and the instant of occurrence of the triple coinci¬ 
dences of the counter set (shown by the vertical traces at the top of the 
record) were also recorded. Most of the kicks not accompanied by a 
triple coincidence are due to a-particle contamination, but six of them 
are too big and must be bursts. The biggest of them corresponds to 
M X 10® I. 
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5~-Discussion 

a—Number of Particles in a Shower —In the results given in figs. 4 
to 6, only those particles are measured that cross the ionization chamber 
above the counters. But the spread of showers is not restricted to the 
area of the chamber. The values given must therefore be either inter¬ 
preted as the number of shower particles above the counters passing the 
area of the chamber (300 cm 2 ), or if the number of particles in a complete 
shower is required, the observed values must be corrected for the particles 


(«) 


(A) 


Fig. 7—The upper part (a) shows one triple coincidence record, accompanied by a 
burst of 210,0001, and another one not accompanied by a measurable burst. 
In addition there are two contamination kicks. ( b ) shows a burst of 690,0001, 
not accompanied by a triple coincidence. 

missed by the chamber. For this correction a discrimination has to be 
made between the showers produced in lead and the no lead showers. 
Since the chamber covers a fairly large solid angle as seen from the lead 
shield of the order of 1 *7, and since cloud chamber photographs indicate 
that the angular spread of showers does not often exceed this value, it 
is easy to estimate that the number of particles counted will on the average 
be not less than half the total number in a shower. For showers not 
produced in lead a much larger correction has to be made, because most of 
the showers not produced in the lead shield will originate in air or in the 
surrounding building that is at greater distances from the chamber than 
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the showers from the lead (though some of them will come from the 
ionization chamber itself); a much smaller portion of these particles will 
cross the chamber, giving rise to a smaller ionization. This interpretation 
is in agreement with the results given in fig. 6 which show that the ioniza¬ 
tion produced by showers from lead is on the average greater than the 
ionization produced by the showers observed without lead above the 
chamber. It is at present impossible to give any figure for the ratio of 
the number of particles of these showers crossing the chamber to the total 
number of particles. But this purely geometrical factor has to be taken 
into account for any comparison of the size distribution of showers 
obtained under different conditions. 

Nevertheless, the mean values for the number of particles in a shower 
derived from our measurements are of interest. The figures obtained by 
dividing the total number of particles observed by the total number of 
triples observed are: 

4 for showers obtained without lead; 

8 for showers obtained with lead above the chamber; 

14 for showers from lead alone. 

To obtain these values it was assumed that no showers with less than 
three particles are counted. 

If we apply to the last case the correction mentioned, we obtain about 
30 as the average number of particles of a lead shower. 

b—Showers and Bursts —Strong ionization kicks in an ionization 
chamber have previously been described as cosmic ray bursts. Since 
there is no reason to assume that two different types of bursts exist 
covering the same range of the number of ions produced we can safely 
conclude that all bursts are nothing else than showers measured by the 
ionization they produce. The same conclusion has been reached by 
C. G. and D. D. Montgomery* as a result of a statistical treatment of the 
size distribution of bursts. 

The distribution curves obtained here can therefore be interpreted as 
distribution curves of bursts; but allowance has to be made for the fact 
that not all bursts are recorded by the counter set, a fact that follows 
from the experiments with continuous recording described above and from 
very similar experiments made by C. G. and D. D. Montgomery. They 
also found an appreciable number of bursts not accompanied by triple 
coincidences. In particular C. G. and D. D. Montgomery were able to 
account quantitatively for the bursts missed by the counters by a statistical 


* ‘ Phys. Rev.,' vol. 48, p. 786 (1935). 
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calculation based on the assumption that the single rays of a burst are 
distributed at random over the whole solid angle subtended by the ioniza¬ 
tion chamber at the lead shield. With this assumption they calculate 
the probability that of three counters situated under the chamber each 
is struck by at least one particle of a burst of a given size. Their formula 
permits in principle the correction of pur values so as to give true dis¬ 
tribution curves of bursts. But for our experimental conditions, Mont¬ 
gomerys’ formula predicts that hardly any bursts over about 100,0001 
should be missed by the counter set, which is not in agreement with the 
result obtained with continuous recording. The reason is probably that 
the assumption of the random distribution of bursts over a large solid 
angle is not quite justified. For on cloud chamber photographs some 
showers appear as very narrow bunches of rays with an angular spread 
of only a few degrees. In agreement with the photographs, counter 
experiments have shown that the rate of coincidences decreases appreci¬ 
ably if an assembly of counters put at a certain distance from the lead 
shield is spread out over a larger area.* In our arrangement, a spread of 
a shower of at least 15° is necessary to operate the counter set. It is 
therefore obvious that more showers will be missed by the counters than 
are accounted for by Montgomerys’ formula. But since the present 
knowledge of angular spread of showers is not sufficient to give a better 
basis for a statistical calculation, we have plotted in fig. 4 as dotted lines 
the corrected number of bursts using the Montgomerys’ formula. 

The necessity of applying these corrections makes the method used here 
inferior to the continuous recording for the purpose of obtaining dis¬ 
tribution curves of bursts. But it is a definite advantage of this counter 
controlled recording that in principle neither a lower nor an upper limit 
exists for the size of bursts measured, because the short time of collecting 
and the high speed of recording excludes statistical fluctuations and 
permits the measurement of deflexions of unlimited size. In fact, the 
distribution curves, figs. 4 to 6, cover a range in I of about 1:100, whereas 
most distribution curves of bursts previously published cover a range of 
only 1:5. 

C. G. and D. D. Montgomery! have recently made a very strong case 
for a 1 /N* law (N number of particles in a burst) for the distribution of 
bursts produced in lead, with 5 — 3-2, based on the observations of 
different observers. Our results indicate a somewhat smaller value of s, 
assuming that an inverse power law is maintained over the whole range. 

* I am indebted to Mr. Hu Chien Shan for the communication of these unpublished 
results. 

t ‘ Phys. Rev.,’ vol. 48, p. 969 (1935). 
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It is difficult to tell how far the difference may be due to the unknown 
correction in relating the two experiments mentioned, or how far to a 
lack of validity of the N* law over the whole range. 

c—Contribution of Bursts to the Total Ionization —From the corrected 
values in fig. 5, an estimation of the contribution of bursts or showers of 
three particles or more to the total ionization produced by cosmic rays 
can be obtained. The mean value for the number of burst particles 
crossing the chamber is 3-3 per min, compared with 300 single cosmic 
rays. The contribution is very small at sea level, even if the value 3-3 
per min is increased considerably on account of the correction mentioned. 

The author wishes to express his thanks to Professor P. M. S. Blackett 
for suggesting these experiments and for his continuous encouragement 
during their progress. He wishes to express his appreciation of the col¬ 
laboration of Mr. M. Reed, M.Sc., during the earlier part of the work. 
His thanks are further due to the Academic Assistance Council for a 
grant that enabled him to perform the experiments. 

Summary 

Experiments are described in which the recording of the ionization 
current in a cosmic ray ionization chamber is controlled by triple coin¬ 
cidences of Geiger-Muller counters. As a result the knowledge of the 
variation of the number of showers with their size is obtained. The 
majority of showers produced in a lead shield consists of far more particles, 
than are necessary to operate a triple coincidence set. 

The results of these experiments lead to the conclusion that bursts are 
showers measured by the ionization they produce. 

APPENDIX 

Statistical Fluctuations in an Ionization Chamber 

To calculate the rate of spurious showers observed in an ionization 
chamber we shall make the following assumptions: (1) each particle tra¬ 
versing the chamber produces the same number of ions; (2) a constant 
ionization current is maintained during the time of collection T of these 
ions; and (3) the meter indicating the ionization gives the instantaneous 
ionization current. 

The ionization current can assume only values corresponding to a whole 
number of particles. It increases by 1 each time a particle arrives and 
decreases by 1 after a time interval T after the arrival of a particle. Let 

VOL. CLV.—A. 2 P 
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the average number of particles arriving in unit time be m. We will 
first discuss the case when m < 1 /T. The current is then zero most of 
the time, rises sometimes to 1 for a period T, and occasionally to a higher 
value when particles arrive in such close succession that the current pro¬ 
duced by the previous particles has not yet stopped, fig. 8 a and h. 
Further, if a real shower of k particles.arrives, the current will suddenly 
rise to a value k, and this current will be maintained over a period T, 
fig. 8 c. If now the ionization current is recorded with slow speed, no 
difference will be noticeable between a real shower of k particles and a 
group of particles arriving in close succession if the same maximum 
ionization current is reached, since the same deflexion is shown by the 


t 



Fig. 8. 

meter. And a current k will be reached whenever a particle arrives at 
such an instant that k — 1 particles arrived so short a time before that 
the ions produced by them are still being collected. Such a group of 
particles will therefore be a “ spurious shower ”, and we want to find out 
how frequently spurious showers occur. 

Let us now go along the time scale represented in fig. 8 with a “ search 
scale ” of length T. Each time the head of the search scale passes a rise 
of current, a particle has arrived and that will happen m times in unit 
time. At each of these occasions let us consider how many arrivals lie 
within our sliding interval. Usually there will be none, but while pas¬ 
sing the spurious shower b we obtain successively the values 0,1, 2, 3. 
Each time we find k — 1 particles in an interval ending with the arrival 
of a particle, the current rises to at least k. It may rise higher later, but 
if we count every occasion we find exactly k — 1 particles in the interval, 
we have counted once and only once every spurious shower of size equal 
to or exceeding k. The number per unit time of spurious showers of 
size equal to or exceeding k is therefore the number of particles arriving 
in unit time multiplied by the probability of finding exactly k — 1 parti¬ 
cles in an interval of the length T. The probability that exactly k — 1 
particles cross the chamber in any interval T is n k ~ l e~ n l(k — 1)1 
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(Poisson’s law), where n — mT. Since on the average m = n/T particles 
cross the chamber in unit time the number P of spurious showers which 
will be observed in unit time is 

P — («/T) n k ~ 1 e~ n !(k — 1)1 (1) 

We can easily extend these considerations to the case in which T is 
not small compared with 1 jm. In this case an appreciable number n of 
particles arrive on the average within a time interval T and a correspond¬ 
ing current will on the average flow in the chamber. A shower of a size 
k arriving will on the average raise the current to k + n. Correspond¬ 
ingly, a spurious shower of size equal to or exceeding k will appear when 
in a time interval of the length T ending at the arrival of a particle n + k-l 
particles are found, (n is not necessarily a whole number, but the number 
of particles found in any interval is necessarily whole; it will not introduce 
an appreciable error if in the latter case we replace n by the nearest whole 
number.) The number of spurious showers is then obtained from ex¬ 
pression (I) by replacing k by k + n 

P ----- (n/T) n k t n 1 e~” j(k + n + 1 )! (2) 

If, further, n + k is sufficiently large to permit the application of Stir¬ 
ling’s formula and k is small compared with n, we can write expression ( 2 ) 
with obvious simplifications 

P- lTV^ri. (3) 

The expressions (1), (2), (3), differ in the values of n and k for which 
they are valid. They are restricted to experimental conditions not too 
different from the assumptions made above. But it is not very difficult 
to apply the method of the sliding search scale used here to other assump- 
, tions on the working of the ionization chamber. 

The problem of statistical fluctuations of cosmic rays has been dealt 
with, particularly by C. G. and D. D. Montgomery.* Starting with the 
same assumptions as we made, they subdivide the time scale rigidly into 
intervals of the size T, and ask in how many of these intervals k or more 
particles have arrived. In this way a spurious shower might not be 
counted at all, if, for instance, half of its particles arrived in one interval 
and the other half in the following one. Or a shower might be counted 
twice if each half has already a sufficiently large size. Further, by using 
the “ normal law ” as an expression for the probability, as is done here 
in (3), they restrict the validity of their expressions to the conditions 
k -f n > 1 , k < n. 

• ‘ Phys. Rev.,’ vol. 47, p. 429 (1935). 

* 

s****^^ P 2 
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Cosmic Ray Measurements Under Thirty Metres 

of Clay 

By D. H. Follett, M.A., F.Inst.P., and J. D. Crawshaw, B.Sc. 

(Communicated by P. M. S. Blackett , F.R.S.—Received February 17, 1936) 

1—Introduction 

The absorption of cosmic radiation can very conveniently be studied 
by making determinations of the zenith angle distribution of the radiation, 
since rays incident at different angles with the vertical have traversed 
different distances after entering the absorbing medium. By the per¬ 
mission of the London Passenger Transport Board, we have therefore 
carried out such measurements in Holborn Underground Station, in a 
position where the thickness of earth above the apparatus is 30-8 metres. 
The soil consists mostly of strata of different kinds of clay. We have also 
investigated the production of cosmic ray showers at this level. This 
particular station, though very convenient in most respects, has the dis¬ 
advantage that it is surrounded by large buildings and that it lies beneath 
the Kingsway tram tunnel, which locally reduces the thickness of earth 
above the apparatus; this shows up clearly in some of the results obtained. 

We used throughout this work the method of observing the rate of 
occurrence of coincident discharges of Geiger-Muller counters. Counters 
of various sizes were used in different parts of the work, but the recording 
apparatus was the same throughout. The Rossi type of circuit* was 
used for detecting the coincidences; the valves amplifying the impulses 
from the individual counters were capacity coupled to a thyratron which 
operated an automatic counting device. 

2—Zenith Angle Distribution 

The counters used for this part of the work were 30 cm long, 2 • 5 cm 
in internal diameter, and were made of steel tubing 1 mm thick, carefully 
polished on the inside; the anode was of oxidized iron wire. The counters 
were filled with dry filtered air at a pressure of 8 cm of mercury. The 
resolving time of the circuit with these counters was found, by the method 
of counting the coincident discharges of two counters placed horizontally 
about a metre apart, to be 1 -4 x 10~* seconds. 

* ‘ Nature,’ vol. 125, p. 636 (1930). 
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The apparatus was first set up in the Underground station in the signal 
cabin at the end of the platform on the Aldwych branch line. Fig. 1 
shows the vertical section in an east-west plane through the position of 
the apparatus, looking north: A represents the position of the apparatus, 
and B the Kingsway tram tunnel, which runs in a north-south direction 
Three counters were used, equally spaced with their axes horizontal and 
parallel, the two outside ones being 17-2 cm apart, and readings were 
taken with the plane of the axes of the counters making various angles 
with the vertical. With this array of counters the total angular range 



over which rays in the plane normal to the counters are accepted is 16°. 

The first run was taken with the axes of the counters in a north-south 
direction. Readings were taken in runs of twelve hours, and several 
runs were taken on each angle. Runs for the vertical direction were 
frequently taken as a check on the constancy of the apparatus; the 
individual counts agreed with one another throughout within the limits 
of statistical fluctuation. The counting rates for various values of the 
angle 0 made by the plane of the counters with the vertical are plotted in 
fig. 2. No correction has been made for accidental coincidences, as 
calculation shows that they amount only to 0-04 per hour, the single 
rates being about 60 per minute. Each value is plotted as a vertical line 
whose length represents the probable error of the determination 
(0*68 'v/N/T, where N — total number of coincidences, T = total time). 
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A pronounced asymmetry appears, with the greater intensity towards the 
east, and on the west side there is a clearly defined hump; these features 
were carefully confirmed by repeated readings and we have no doubt of 
their reality. It can be shown that they can be correlated roughly with 
the position of the apparatus with respect to the tramway tunnel and the 
buildings on each side of Kingsway. 

A further set of readings was then taken with the axes of the counters 
in an east-west direction. These are plotted in fig. 3. As is to be expected, 
the asymmetry disappears, as the tramway tunnel and buildings run in a 



Angle from vertical 

Fig. 2—Zenith angle distribution curve in east-west plane underground. 

north-south direction and thus have an approximately equal effect on 
opposite sides of the vertical for the same value of 6. 

The apparatus was then moved to a laboratory at the surface for similar 
measurements. The zenith angle distribution at ground level has already 
been fully investigated by others, so all that was required was the counting 
rate for one direction. However, although the only room available at 
ground level was unsatisfactory, as its position was such that the heavy 
roof and the walls of the building were unsymmetrically situated with 
respect to the apparatus, we took readings at all angles for the sake of a 
general check on the apparatus. It will be seen that the experimental 
points, plotted in fig. 4, fall fairly well on the zenith angle distribution 
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curve determined by Bernardini and Boceiarelli.* The accidental triple 
coincidences have been neglected as they are calculated to be only 0-34 
per hour (the single rates being 120 per minute). The point at 0 — 30° 



South North 

Angle from vertical 

Fig. 3—Zenith angle distribution in north-south plane (underground). 



North South 

Angle from vertical 

Fig. A —Zenith angle distribution in north-south plane (ground surface). 


south falls far off the curve, but we attribute this to local absorption in 
the building. The comparison of figs. 3 and 4 indicates that the intensities 
at ground level and in the Underground station are in the ratio 14-5:1. 
* ‘ Ric. Sci.,’ Anno 6, vol. 1, p. 3 (1935). 
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Strictly speaking, a correction should be applied to the measured rates 
in every case to allow for the fact that the counters actually receive rays 
over a wide range of angles in their own plane. However, this correction* 
is not large and the degree of accuracy of the results does not justify its 
application. 

The correlation of the shape of the curve in fig. 2 with the position of 
the apparatus relative to the tramway tunnel is of interest. To simplify 
matters we shall consider, at the various angles 0, only the rays in the 
vertical plane (that is, that represented by the plane of the paper). We 
cannot easily take into account the effect of the buildings as we do not 
know enough about the amount of absorption they produce. Possibly 
this may be about compensated by their basements. We may then expect 
the true distribution curve to be roughly symmetrical on either side of the 
vertical, except over the range of angles between 9° west to 20° east, 
which contains the Tays which have passed through the tunnel. But 
since the counters in any position actually accept rays over a range of 
16° the observed curve should show some asymmetry between the angles 
of about 17° west and 28° east; and these are actually the limits of the 
asymmetrical portion of the observed curve. The true maximum of the 
distribution curve should occur at 0 = 0, but the observed maximum 
would be expected at 0 = 6° east, as this is the smallest angle for which 
all the recorded rays must have passed through the floor of the tramway 
tunnel B: for angles to the west of this some of the recorded rays will have 
passed through the small tunnel on the west side of B; and for larger 
angles to the east the recorded rays will have traversed longer paths. 
The maximum of the observed curve does actually fall about 6° east. 
It is worth recording that before the position of the tunnel A could be 
obtained from plans of the station the position was actually deduced 
correctly to within 4 feet from a consideration of the shape of the curve. 
This suggests a possible application of cosmic ray measurements to the 
location of irregularities in geological structure. 


Showers 

An attempt was made to detect showers in the Underground station 
using an arrangement of three counters and a lead block as used by 
Gilbert,f of which the special feature is that at least three particles passing . 
through or originating in the lead simultaneously are required to discharge 

* Johnson, ‘ Phys. Rev.,’ voL 43, p. 307 (1933), 
t ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 559 (1934). 
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all the counters at once, although two are sufficient if they come from a 
suitable direction. A shower is defined as usual as three or more related 
and simultaneous particles. In the absence of any lead the rate of 
production of triple coincidences was found, from twenty-four hours’ 
counting, to be 2 0 ± 0 • 3 per hour. These may be due either to showers 
or to pairs of particles originating in the earth above and around the 
counters. The presence of showers can only be proved if the rate of 
occurrence of triple coincidences is greater when the block of lead is 
placed over the counters; any excess over the rate in the absence of lead 
can then only be due to showers originating in the lead. With 1 -6 cm 
of lead the coincidence rate, from forty hours’ counting, was 2-3 ± 0-23 



Fig. 5—Arrangement of counters and lead for shower countings. 


per hour. These figures indicate that very long runs of readings would 
be necessary to establish a definite difference between the rates with and 
without lead over the counters. Pickering’s* results suggest that the 
optimum thickness of lead for the detection of showers by this method is 
much less than 1 -6 cm, and therefore some short runs were taken with 
smaller thicknesses, but no greater increase was obtained. 

It was therefore decided to use a pentagonal disposition of counters 
which would require at least three simultaneously incident particles to 
discharge it, irrespective of where they come from. An arrangement of 
five counters, as shown in the scale diagram fig. 5, was used; the dotted 
lines show that one ray cannot discharge more than two counters. The 
diameter of the counters was 1 -2 cm, this small size being chosen in order 


* ‘ Phys. Rev.,’ vol. 47, p. 423 (1935). 
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to get as compact an arrangement as possible;. Ootid chamber photo- 
show that the paths of the shower particles often make very smt 
with one another, and such showers are die more likely to be 
detected the more compact the arrangement of the counters. As cosmic 



ray intensity is low at the underground level it is necessary that the counters 
should present as large an area as possible to the rays; their length was 
therefore made 60 cm, which was considered as great as practicable. 
They were filled with air at 20 cm mercury, instead of at the more customary 
8 cm, in order to make their efficiency as great as possible. They were 
made of brass tube; otherwise the details of apparatus were the same as 
those used in the earlier part of the work. 

Before any readings were taken, experiments were performed to show 
that the set was not recording as apparent quintuples the simultaneous 
discharge of four or fewer counters. This was done by leaving the set 
running as for quintuple counting, but with the voltage on one of the 
counters set at a few volts below its starting potential. For this test the 
counters were arranged with their axes horizontal in a vertical plane, so 
that the number of quadruple coincidences should be as great as possible; 
but in several runs of twelve hours each no coincidence was recorded. 
We regard this as satisfactory proof that all coincidences recorded as 
quintuples were true quintuples. 

Readings were taken with the quintuple set in a disused part of the 
Underground station at a point about fifty yards further south than that 
at which the zenith angle distribution measurements were made. The 
position relative to the tramway tunnel and the surrounding buildings is 
indicated by the dotted circle C in fig. 1. Without any lead over the 
counters quintuple coincidences were observed at a rate of 1 every three 
or four hours. This is definite proof of the presence of showers at this 
depth. 

Rough transition curves using lead sheets, as shown in fig. 5, were 
made in this position and at ground level; they are shown in fig. 6 and 7. 
The curves for the two levels are roughly of the same shape. The maxi¬ 
mum rates of shower production are about 23 per hour and 1 -2 per hour 
at ground level and underground respectively, giving a ratio of nearly 


20 : 1 . 


For comparison with the observed ratio of shower frequencies, the 
ratio of the vertical intensities at the two levels was also measured, and 
was found to be 17:1, both using triple and quintuple counting. Thus the 
vertical intensity of cosmic radiation and the frequency of occurrence of 
showers fall off, with increasing depth, at not very different rates. 



Cosmic Ray Measurements 



5—Discussion 
Zenith Angle Distribution 

If the incident radiation is isotropic at the top of the atmosphere a 
determination of the intensity of the radiation making an angle 8 with 



0 O') 10 15 20 2 5 )() 35 

Thickness of lead (cm) 

Figs 6 and 7—Rough transition curves 
Fig 6 (above) underground, fig 7 (below) ground level 

the vertical amounts to a determination of the intensity of the radiation 
after it has passed a depth h sec 0 of air, where h is the height of the homo¬ 
geneous atmosphere The curve ( a ) in fig 8 is derived by plotting the 
ratio of the counting rates N,/N 0 against h sec 9, where N„ is the vertical 
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rate and N„ is the rate obtained when the plane of the counters makes an 
angle 0 with the vertical. The height of the atmosphere is expressed as 
its water equivalent (10-4 metres). The curve then yields the variation 
in intensity of the radiation with thickness of air traversed. In the earlier 
Underground experiments the mean effective depth of the apparatus 
below ground level can be taken as 27 • 5 metres of clay. The density of 
clay was measured and found to be 2 approximately, so that the water 
equivalent of the layer of clay above the apparatus is about 55 metres. 



Fig. 8—Variation of intensity with path length traversed. 


Adding to this the height 10-4 metres of the atmosphere, the total depth 
becomes equivalent to 65 -4 metres of water. If now the ratio of the 
counting rate rtj N 0 (where n„ is the rate obtained at the lower level 
when the plane of the counters makes an angle 6 with the vertical) 
is plotted against 65 -4 sec 0, the curve ( b ) is obtained. This curve does 
not appear to be a continuation of the curve (a), as one would expect 
it to be if the mass absorption coefficients of clay and air were the 
same. If the ordinates of the curve ( b ) are reduced to half their observed 
values the two curves do then appear to be part of a single continuous 
curve. But such a reduction can be justified only if it is assumed that the 
efficiency of the counting apparatus dropped to half its value underground 
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on being moved to ground level (e.g., on account of an unrecognized 
change in efficiency of one or more of the counters). The only other 
explanation of the failure of the two curves to join up is that the mass 
absorption of clay is less than that of air for rays which have penetrated 
the equivalent of 60 metres of water. It is obviously not legitimate to 
make such a far-reaching conclusion from this one result, but it is interest¬ 
ing to note that Ziemicki* has found that the mass absorption coefficient 
of rock salt is much less than that of water at ground level, and Street, 
Woodward, and Stevenson! have found a rather low value for the absorp¬ 
tion by marble. 

A striking feature of the zenith angle distribution curves for the two 
levels is that the shape is the same for both. The curve in fig. 3 for the 
underground readings has, in fact, been drawn exactly the same shape as 
that for the ground level readings shown in fig. 4, and it is clear that the 
curve fits the observations very well. 

If hy, h t are the depths of the apparatus, in terms of water, at ground 
level and underground respectively, and if f(h) is the intensity of the 
radiation after traversing a water-equivalent path h, we have 

f(hi) _ f(h t ) 

JWi sec 0) /(/t a sec 0) ’ 

and this equation is satisfied by / (h) — const x h n . 

Table I 

Path length 


a 

h = 10 4 sec 0 

J (A)ou* 

(/*) Valo - 1 1# 

0 

JO-4 

1 -00 

1 00 

15 

10*77 

0 91 

0-93 

30 

11*97 

0*75 

0-75 

45 

14*68 

0*50 

0-50 

60 

20-8 

0*25 

0-25 

70 

30*4 

012 

012 


The observed distribution with zenith angle gives the value of — 2-0 
for n, as is shown by Table I. The figures in the third column are obtained 
from the curve in fig. 4 (which, it will be remembered, is due to Bernardini 
and Bocciarelli), and those in the fourth are calculated from/(A) cc h~ t 0 ; 
the value for h = 10-4 is taken as unity in both cases. 

These results thus indicate that the intensity of the radiation varies 
inversely as the square of the path length, and not exponentially as is so 

* ‘ Acta phys. polon.,’ vol. 4, p. 183 (1935). 
t ‘ Phys. Rev.,' vol. 47, p. 891 (1935). 
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often assumed. This conclusion holds whether the discontinuity between 
the two observed curves (a) and (b) arises from a difference in the mass 
absorption coefficients of air and clay or merely from a change in the 
efficiency of the set between the two runs. 

It is interesting to note that if/( h ) were exponential in form, the zenith 
angle distribution curve at the lower level would fall off much more 
sharply with increase of 0 than at the higher level. 

Showers 

Since the completion of this work J. Clay and P. H. Clay* have pub¬ 
lished results from which they conclude that the ratio (shower-rate) -~ 
(vertical intensity) is approximately constant between 2 and 100 m of 
water. Their conclusions are based on measurements with a triangular 
array of three counters with a sheet of lead over them. But as they 
took no readings for the same arrangement without lead over the counters 
there is no proof that all the coincidences are due to showers: some may 
well have been due to ordinary secondary particles. With this qualifica¬ 
tion their result—that the equilibrium value of the ratio (shower-rate) 
(vertical intensity) is approximately independent of depth in water down 
to 100 m, and has a value about half that just above the surface—appears 
to be in general agreement with ours. 

Our results and those of the Clays are not in agreement with the con¬ 
clusions of Auger and Berteinf and of Pickering.t The former have 
reported that there are no showers even at a depth of 8 metres of earth; 
the latter that the ratio (shower-rate) —■ (vertical intensity) decreases very 
rapidly§ with depth below water, and that the shower rate is very low 
below 10 metres of water. We think that the reason for the discrepancy 
between these results and ours may be partly explained by the different 
counter dispositions used in the various experiments. 

Auger and Bertein obtained their results with triple coincidence 
measurements using the same arrangement as the one we started with. 
Using that arrangement, we also failed to detect definitely the presence 
of showers. The presence of showers can be established with this 
arrangement only if an increase in the triple coincidence rate occurs 
when the lead is placed over the counters, the disposition and dimensions 

* ‘ Physiea,' vol. 2, p. 1042 (1935). 

t ‘ J. Phys. Rad.,’ vol. 6, p. 253 (1935). 

t ‘ Phys. Rev.,’ vol. 47, p. 423 (1935). 

§ The results of the Clays do show that this ratio falls appreciably in going through 
the first two metres of water. 
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of the lead being such that at least three particles originating in the lead 
pass simultaneously through the counters. Now with the counters close 
together, as we had them, the lead sheet is necessarily narrow; conse¬ 
quently, if the shower producing radiation is incident in all directions, 
the lead intercepts a comparatively small fraction of the total. The 
increase in counting rate in the presence of the lead may therefore be so 
small as to be masked by statistical fluctuations unless very long runs are 
taken. 

In Pickering’s experiments the same conditions concerning dimensions 
and dispositions of the lead are observed as in the above case, but the 
counters are spaced further apart; consequently, the sheet of lead is large 
enough to intercept a much larger proportion of the incident radiation, 
and therefore the explanation suggested above of the failure to detect 
showers does not apply. Owing to the width of the array of counters, 
only those showers in which the angle of divergence of the particles is 
large can be detected; the fact that, as the depth decreases, the arrange¬ 
ment detects a progressively decreasing proportion of the total number of 
showers present suggests, therefore, that the average angle of divergence 
of the shower particles must decrease at increasing depths. 

The proof given by our results that showers are produced under 30 
metres of clay leads to the conclusion that a considerable part of the 
radiation which penetrates to this depth consists probably of positive 
or negative electrons. For it is to be expected that protons can produce 
very few showers owing to their large mass. 

We wish to express our deep indebtedness and gratitude to Professor 
P. M. S. Blackett for the guidance which we have received from him 
throughout this work and for the generous assistance which he has placed 
.at our disposal. We thank Dr. H. J. J. Braddick and Dr. E. Ehrenberg 
for suggestions and discussions of results; Mr. A. H. Chapman and Mr. 
S. Baker for assistance in the construction of counters and in the taking 
of results; Sir Harley H. Dalrymple-Hay for giving us access to plans 
which enabled us to determine exactly the position of the Underground 
tunnels relative to the tramway tunnels; and lastly, the London Passenger 
Transport Board, without whose permission to use Holborn Underground 
station this work could not have been undertaken, and also the station 
staff for assisting us in all possible ways. 

Summary 

We have shown that the shower producing radiation penetrates 30 
metres of clay and that the ratio (shower-rate) -r (vertical intensity) at 
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that depth is not very different from that at ground level. We conclude 
from these results that a considerable part of the radiation which pene¬ 
trates 30 metres of clay must consist of positive or negative electrons. 

The zenith angle distribution of cosmic rays at ground level has been 
shown to be the same as under 30 metres of clay, a result which is con¬ 
sistent with the conclusion that the intensity of the radiation varies 
inversely as the square of the path length traversed. 

[Note added in proof. May 8, 1936—Subsequent and more extended 
measurements taken by one of us (J. D. C.) indicate that the point at 
3-2 cm of lead in the curve in fig. 6 is in error, and that the counting 
rate for this thickness is not very different from that at 1 *6 cm.] 


The Transition Between the Supraconductive and 
the Normal State 

I—Magnetic Induction in Mercury 
By K. Mendelssohn, Clarendon Laboratory, Oxford 
(Communicated by F. A. Lindemann , F.R.S.—Received February 24, 1936) 

Introduction 

It has frequently been suggested that the occurrence of supraconductivity 
could be described as a change of state which the metal undergoes. The 
fact that at the transition point no change in the crystal structure can be 
observed and no anomaly in the specific heat of the order of RT occurs 
makes it probable that the change of state is purely electronic, although 
our present theory of free electrons in metals gives no indication yet as 
to the description of this new state. Meanwhile the purely phenomeno¬ 
logical treatment has been more successful. As early as 1924 Keesom* 
outlined a thermodynamical treatment of supraconductivity assuming 
that the difference of free energy between the supraconductive and the 
normal state was indicated by the magnetic threshold values. This 
treatment was carried out rigorously and completed in many details 
by Gorter and Casimir.f Supported by the experiment of Meissner 

* • Rapp. 4e Conseil Phys. Solvay,’ p. 288 (1924). 
t ‘ Physica,’ vol. 1, p. 305 (1934). 
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and Ochsenfeld,* these authors based their treatment on the assumption 
that the magnetic induction is zero in the supraconductive state. 

A great number of experiments - ) - has since been carried out, and while 
some of the results seem to indicate a certain discrepancy with Goiter’s 
treatment others confirm his assumption. Experiments by Keeley and 
Mendelssohnt have shown that very pure substances with undisturbed 
crystal lattices approximate most closely to the “ ideal ” supraconductor 
in Gorter’s sense. It was found that mercury showed a reversible change 
to zero induction when a magnetic field, higher than the threshold value, 
was applied and switched off again. It was decided, therefore, to investi¬ 
gate in detail the change of induction at the transition between the supra¬ 
conductive and the normal state in this substance, and to find out whether 
the transition is a sharp one or is extended over a field interval or tempera¬ 
ture interval respectively and whether the induction disappears in the 
same way as it changes to its normal value. 


Method 

As the variables of state are the magnetic field and the temperature 
we have to make sure that both have uniform values everywhere in the 
specimen and can be kept sufficiently constant during the experiment. 
It was therefore decided to employ an arrangement in which a long¬ 
shaped sample was investigated in a longitudinal field, relative to which 
the specimen was not moved in the course of the experiment. A dia¬ 
grammatic sketch of the arrangement is given in fig. l.§ The same type 
of helium liquefier as in previous investigations was used. A is the 
helium container to which a number of short wires W of electrolytic 
copper are attached which are twisted loosely together and dip in the glass 
vessel G containing mercury. It was found in a previous experiment 
that this arrangement secured a very good heat exchange between specimen 
and helium container. The internal dimensions of the glass vessel, 
which was pointed at the lower end, were 11 cm in length and 0-8 cm in 
diameter. The mercury employed was purest analytical mercury from 
Hopkin and Williams, Ltd., with only 0 002% impurity. This mercury 

* ‘ Naturwiss.,’ vol. 21, p. 787 (1933); ‘ Phys. Z.,’ vol. 35, p. 931 (1934). 

t Mendelssohn and Babbitt, 1 Nature,’ vol. 133, p. 459 (1934); • Proc. Roy. Soc., 
A, vol. 151, p. 316 (1935); Rjabinin and Schubnikow, ‘Phys. Z. Sowjet,’ vol. 6, 
p. 557 (1934); Tarr and Wilhelm, ‘ Canad. J. Res.,’ vol. 12, p. 265 (1935). 

t ‘ Nature,’ vol. 134, p. 773 (1934); ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 378 (1936). 

§ The author is greatly indebted to Dr. A. R. Meetham for his help in fitting up the 
apparatus. 
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was once more electrolysed and distilled in vacuum at 100° C into the 
container G. As soon as G had been fixed in the liquefier the vacuum 
chamber V was soldered up at (xx) and the whole liquefier cooled in 
liquid air. This proved necessary in order that contamination might not 



Fio. 1. 


result from amalgamation of the copper wires with mercury while still 
liquid. 

In order to determine the induced moment of the specimen a test 
coil C was employed which could be moved in the direction indicated 
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in fig. 1 by sliding on the frame F. The coil was manipulated by a long 
German silver rod (not drawn in fig. 1) which bore a lump of iron on its 
top end reaching out of the apparatus. The coil could be moved up 
and down with the aid of a small magnet around the iron outside the 
vacuum tube. The terminals of C were connected to the ballistic 
galvanometer B. The magnetic field was produced by a long solenoid 
S surrounding the whole apparatus. The inhomogeneity of the field over 
the space of the specimen and test-coil was less than 1%. 

The temperature was kept constant by regulating the evaporation of the 
helium so that the vapour pressure was constant. This is usually done 
by adjusting a fine regulating valve. The constancy obtained with this 
method, however, proved insufficient for our purposes, and we therefore 
decided to regulate the pressure automatically. Before the gas could 
enter the helium pump it had to lift a mercury column M the height of 
which had been adjusted beforehand by the height of the mercury reservoir 
R. The glass tube containing the mercury column is for the sake of 
simplicity, shown open at the bottom in fig. 1, but actually was closed 
and perforated by a great number of tiny holes arranged in a ring at 
the lower end of the tube. This had the effect of keeping the gas-bubbles 
of the evaporated helium very small and the change of pressure at the 
formation of a bubble negligible. By these means the temperature of the 
whole experimental arrangement could be kept constant to less than 
0-005° (at 3° K) during the whole time of the experiment (sometimes for 
several hours). The temperature was determined by a vapour-pressure 
manometer and by a simple gas thermometer.* 


Results 

The change of induction was determined as in the previous experiments 
on tin spheres :f 

(1) by keeping the temperature constant and determining the induced 
moment of the specimen at varying strength of the external 
magnetic field; 

(2) by keeping the external field constant and varying the temperature. 

Each point in the curves represents the average of a number (2-5) 
of readings. Except in the actual transition region the readings belonging 
to the same point never varied more than 1%. 

* Mendelssohn, ‘ Z. Physik,’ vol. 73, p. 482 (1931). 
t Mendelssohn and Babbitt, * Nature,’ vol. 133, p. 459 (1934). 
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In % 2 a typical curve for an experiment atconstant temperature is 
given. The abscissae are the strength of the external field and the ordinates 
the ballistic throw of the galvanometer, which is a measure of the induced 
magnetic moment M of the specimen in arbitrary units. With increasing 
field the moment rises linearly up to a certain value H„ at which it 
suddenly decreases to zero. If the external field is now decreased M 
rises suddenly again at H„. The maximum value through which M 
Constant temperature of 3-125° K 



passed previously when the field was increased is not attained again, 
and the moment now follows a curve which bends off earlier and only 
later becomes parallel and nearly coincident with the curve for increasing 
fields. On increasing the field a second time M coincides at first with 
the decreasing curve; at higher field strength, however, it does not bend 
off but remains parallel to the curve of the first increase. At H„ again 
a sudden decrease to zero is observed. When the field is decreased for 
a second time M follows practically the same curve which was obtained 
at the first decrease. A third, fourth, etc., cycle coincides with the second 
one. 

In the neighbourhood of H c a variation of M with time was observed.* 
* Cf .Rjabinin and Schubnikow, ‘ Phys. Z. Sowget.,' vol. 6, p. 557 (1934). 
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As soon as the maximum value of M for increasing field was passed, 
subsequent readings at the same field strength showed decreasing values. 
The opposite phenomenon was observed when the field was decreased 
from above H„. This variation with time was strongest at H, and 
decreased at lower field strength. In all cases, however, a final value was 
attained after some time, which did not change much with further waiting. 


Constant temperature of 2-19" K 



In our diagram these “ final ” values are given. When the field was 
increased from any other part of the descending curve before the cycle 
was completed M increased parallel (broken line in fig. 2) to the first 
increasing curve and no variation with time was observed. 

The shape of the descending curve near H e was not quite the same in 
different specimens, and even seemed to differ a little in different experi¬ 
ments on the same specimen. 


564 


K. Mendelssohn 


In order to determine the width of the transition as accurately as 
possible, an experiment was carried out at 2 • 19° K, fig. 3. The coordinates 
are the same as in the previous figure. It can be seen that the decrease 
occurs within 7 gauss, i.e., less than 3% of H c . 

The results of an experiment in a constant field with varying temperature 
are shown in fig. 4. The abscissa is the absolute temperature and the 
ordinates again the ballistic throw of the galvanometer indicating the 
induced moment M. The specimen was cooled at first in zero field and 
then, while the temperature was kept constant, a field lower than the 
threshold value was established. 


Constant external field of 163 gauss 



Temperature in 0 K 3.215° K 

Fig. 4. 


On increasing the temperature the moment is constant at first and then 
drops to zero at T c in an interval smaller than 0-045°. Decreasing the 
temperature again results in a rise of M at T c , but as in the experiments 
with varying field the former value of M is not attained again. The 
difference of M between the increasing and decreasing curve is again 
largest near T c , and becomes constant at lower temperatures. If the 
temperature is now increased for a second time M stays constant at the 
value which was attained finally in the decreasing curve until the transition 
region is reached. In these experiments also it was observed that the 
induction reached a final value in the transition region only after con* 
siderable time. 
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Discussion 

As already mentioned, the two main objects of these experiments were 
(1) to find out what field (or temperature) interval is taken up by the 
actual transition, and (2) whether there is a reversible change to zero 
induction when passing the threshold curve. 

The width of the transition region in these experiments is much smaller 
than in previous researches* where less pure specimens were used. It 
has been pointed out recentlyf that experiments on samples of varying 
purity seem to indicate that a discontinuous transition between the supra- 
conductive and the normal state might be expected in the “ideal” case 
of samples of high purity with undistorted crystal lattice. The experi¬ 
mental realization of “ ideal ” conditions which enable this question to 
be decided, however, encounters considerable difficulties. In our case, 
for instance, where a cylindrical rod in a homogeneous field parallel to 
its axis was investigated, the length of the rod should have been infinite 
to satisfy ideal conditions. Apart from the error introduced by this 
departure from the hypothetical ideal, errors may arise from the in¬ 
homogeneity of the external field and a possible slight inclination of the 
axis of the specimen to the axis of the field. 

The most accurate determination of the width of the transition from 
the supraconductive to the normal state is given by the graph shown in 
fig. 3. This width being only between 2% and 3% of the penetration- 
or threshold-field lies certainly within the limits of the possible error. 
The same order for the width of the transition is found in the experi¬ 
ments with varying temperature, which can be compared with the results 
obtained with varying fields by considering the steepness of the penetra¬ 
tion- (or threshold-) curve dH/dT. We can therefore say that passing 
from the supraconductive to the normal state the change of state occurs 
discontinuously within the above-mentioned limits of accuracy. 

According to Gorter’s treatment the heat liberated at the transition 
between the supraconductive and the normal state in an external magnetic 
field is linked with the change of magnetic induction by thermodynamical 
formulae. With regard to this treatment the way in which normal 
induction in the specimen is restored should give complete evidence of the 
thermal changes, and within the same field or temperature interval in the 
H, T-diagram in which the change of induction occurs the heat of transi¬ 
tion should be liberated. 

* Keeley and Mendelssohn, ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 378 (1936). 
t Mendelssohn, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 34 (1935). 
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In all calorimetric experiments so far this interval has been found to 
be fairly wide, but the width could be accounted for by the geometrical 
shape of the calorimeter. It is therefore interesting to try to solve by 
magnetic experiments the question whether the heat of transition occurs 
as a latent heat or is an anomaly of the specific heat like the so-called 
X-phenomena.* Our experiments which show a sudden change of 
induction seem to indicate that under ideal conditions (i.e., uniform 
value of H and T throughout the whole specimen) a supraconductor will 



develop a latent heat liberated at one point in the H, T-diagram when it 
passes from the supraconductive to the normal state. We shall see 
immediately, however, that although it is probable that the change of 
induction at the transition from the supraconductive to the normal state 
always determines states of thermodynamical equilibrium this need not 
necessarily be so. 

Whereas the transition from the supraconductive to the normal state 
seems to be a simple phenomenon as the induction suddenly becomes normal 

* Ehrenfest, * Comm. Phys. Lab. Leiden,' Suppl. No. 756 Nachtr. 
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at H c , the reverse process going from the normal to the supraconductive 
state is more complicated. In fig. 5 the change of induction B in our 
specimen is plotted against the external field H. The values are taken 
from the above-described experiments at constant temperature. When the 
field is increased at a constant temperature for the first time after the 
specimen has been cooled previously in zero external field the induction 
remains zero until H c is reached (1-^2). At H„ the sudden change to 
normal induction occurs (2 -3), and above H„ the induction in the specimen 
is practically normal (3--4). When the field is decreased again a sudden 
drop at H c brings the induction down to a low value but not to zero 
again ((3-* 5 or 3-- 5'), different in different specimens). When the 
field is lowered further the induction decreases until at (6 or 6') a value 
is reached which keeps constant even when the field is decreased to zero 
(6 -> 7 or 6' -+ 7). The specimen retains this induction up to H„, when 
the field is increased again. From now on all cycles go: (7 — 8 -- 3 -► 
4 -* 3 -* 5 or 5' — 6 or 6' 7) and so on. 

Taking account of previous experiments on various supraconductive 
substances, it would seem justified to distinguish between two different 
phenomena which occur at the restoration of the supraconductive state. 
The first one is represented by the fact that after the specimen has been 
non-supraconductive once at this temperature a certain amount of flux 
(shown shaded in fig. 5), which remains constant at all fields between zero 
and H c , is “ frozen in ”. In accordance with recent experiments on 
tin specimens,* we are inclined to ascribe the “ freezing in ” in the present 
case to the geometrical shape of the upper end of the specimen where the 
copper wires by dipping into the mercury probably give rise to the forma¬ 
tion of annular supraconductive regions. It has been shown by Men¬ 
delssohn and Babbitt that the effect of such supraconductive rings is the 
retention of part of the flux in the specimen. 

The other phenomenon occurring when the field is lowered is the gradual 
decrease of induction from (5 -* 6) or 5' 6'). This hysteresis is dis¬ 

tinguished from the process of “ freezing in ” by the fact that when 
penetrating further into the supraconductive state a further decrease of 
induction is observed. Whereas in the first case the state of the specimen 
is metastable compared with the state of zero induction in the supra¬ 
conductive region, the second hysteresis points to an instability which 
becomes so great that when the specimen passes further into the supra¬ 
conductive region, the induction in the specimen changes more and more 
to the value zero which corresponds to the stable state. Compared 


* To be published shortly. 
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with the “ freezing in ” this latter hysteresis resembles more a “ super¬ 
cooling ". From some features in previous experiments we had expected* 
such a “ supercooling ” at the transition between the normal and the 
supraconductive state. It was then suggested that great purity and an 
undistorted crystal lattice might give rise to a “ supercooling ". This 
form of hysteresis has recently been made probable by thermodynamical 
considerations.t Although it is not quite clear yet whether a sharp 
distinction between these two forms of hysteresis is always possible, we 
shall refer in future to “ freezing in ” and “ supercooling ” as these terms 
seem convenient for the interpretation of the phenomena occurring at the 
transition. 

A characteristic of the “ supercooling ” seems to be the dependence of 
the induction on time. We have mentioned above that when at constant 
temperature the external field was decreased H c , fig. 5, and then kept at 
a constant strength, the induction was found to decrease with time in the 
region between 5 and 6 or 5' and 6'. This means that there is a tendency 
to restore zero induction as soon as H„ is passed on the descending curve, 
but that this change requires some time. As we found, however, that at 
all points between 5 and 6 or 5' and 6' a “ final ” value of the induction 
was attained which was different from zero it would be premature to 
assume that for this region induction zero throughout the specimen is the 
state of thermodynamical equilibrium. We can see from the spontaneous 
decrease of induction with time that a “ supercooling ” of the normal 
into the supraconductive state had taken place, but it is also possible that 
just before (H c ) is reached on the ascending curve the fact that the induc¬ 
tion throughout the specimen is still zero is due to an overheating of the 
supraconductive into the normal state. This would occur, for instance, 
if an additional energy were necessary to destroy a closed supraconductive 
surface which coincides with the surface of the specimen. A final decision 
on this question has to be left to further experiments. 

The question arises whether this observed time effect is a real pheno¬ 
menon or has to be ascribed to an inhomogeneity of temperature in the 
specimen or other secondary causes. Previous investigations have shown 
that the transition from the supraconductive to the normal state is con¬ 
nected with the development of a latent heat.J Owing to the large 
specific heat of mercury, however, the change in temperature at adiabatic 
magnetization or demagnetization is very small. In a blank experiment 

* Mendelssohn. ‘ Proc. Roy. Soc.,’ A; vol. 152, p. 34 (1935). 

t H. London, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 650 (1935). 

{ Mendelssohn and Moore, * Nature,’ vol. 133, p. 413 (1934); Keesom and Kok, 

‘ Physica,’ vol. 1, p. 503 (1934). 
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in which the temperature was independently determined at the specimen, 
temperature equilibrium was attained in less than 10 seconds after heat 
changes of a far greater order than the latent heat of transition. It can 
therefore safely be said that owing to the special arrangement for regu¬ 
lating temperature, the temperature of the specimen never differed more 
than 0 005 degrees from the reading of the thermometer for more than 
10 seconds, whereas the final value of induction at a given value of external 
field and temperature was sometimes only attained after 10 minutes or 
more. As in our arrangement the specimen was not moved in respect 
to the solenoid the time effect could not be produced by passing the 
specimen through inhomogeneities of the magnetic field.* 

It seems to follow conclusively from these experiments that at the 
transition between the supraconductive and the normal state, thermo¬ 
dynamical equilibrium will sometimes only be attained after considerable 
time and that this cannot be accounted for by secondary effects, but must 
be due to the mechanism of the transition. There may possibly exist an 
intermediate state in which the electrical resistance is already very small, 
but not yet zero, and in which induced currents die out slowly owing to 
the production of Joule-heat. 

The dependence of the hysteresis and the time effect on the crystalline 
state, the purity and the geometrical shape of the specimen will be left 
to a later communication. 

The author’s thanks are due to Professor F. A. Lindemann, F.R.S., 
for putting the facilities of the laboratory at his disposal and for his 
interest in this work, and to Imperial Chemical Industries, Ltd., who made 
this research possible for him. 


Summary 

The change of induction of long shaped mercury specimens was in¬ 
vestigated when passing from the normal to the supraconductive state. 
Experiments at constant temperature and constant field were carried out 
separately. 

An arrangement is described which allows the temperature to be kept 
constant to less than 0 005 degree during the whole experiment. 

The change of induction from zero to its normal Value when passing 
from the supraconductive to the normal state was found to be dis¬ 
continuous within the limits of accuracy. When passing from the normal 

* [Note added in proof, May 1, 1936.—A short account of further experiments on 
this question will shortly appear in ‘ Physica 
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to the supraconductive state a more gradual change of induction was 
observed. This “ hysteresis ” has been discussed in respect to a possible 
“ supercooling ” from the normal into the supraconductive state. 

A change of induction in time with constant variables of state (tempera¬ 
ture and magnetic field) was observed. This time effect could not be 
explained by secondary causes, but seems to be a peculiarity of the 
mechanism of the transition between the supraconductive and the 
normal state. 


A Note on the Measurement of Total Head and Static 
Pressure in a Turbulent Stream 

By S. Goldstein 

{Communicated by G. /. Taylor , F.R.S.—Received February 28, 1936) 

1—If p is the mean static pressure, q the resultant mean velocity, and 
q' the resultant turbulent velocity, then it is generally held, I think, that 
a total head tube in_a turbulent stream probably measures not p + %pq*, 
but p -f \pq 2 + \pq But I do not remember having seen any formal 
discussion. 

If Vx is the total vector velocity, the total vorticity, p 1 the total 
pressure, ii the potential of the external forces, and p the density 
(assumed constant), then, if viscosity is neglected, the vector equation 
of motion is 

Jj Vx - Vi x <*>i = - grad (& + Q + ivi 4 |, (1) 

where the cross denotes a vector product. This vector product has no 
component along a stream-line. The component of the equation along 
a stream-line is therefore 

4 (9 + 4) = - 4 {& + a + *(▼ + ▼')*}. (2) 

v denotes the vector mean velocity, v' the vector turbulent velocity. 
Integrating along a stream-line, we find, for motion steady on the average, 

^ + 0 + Mv + v') s + {3£ ds =f{t). 


(3) 
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Now take averages over an area at right angles to the direction of flow. 
Then at every point of the stream-line, dq'jdt — 0, the differentiation 
being taken as if the point were a fixed point. Hence 

<4) 

Further, if over an area at right angles to a stream-line, the components 
of v' vary much more rapidly than those of v, we may put 

v . v' = v . v' -- 0, (5) 

- + D, -f + W* = constant, (6) 

P 

along an actual stream-line at any instant, the average values being 
averages over an area at right angles to the stream-line. 

2—Let us consider next what it is that is measured by a static pressure 
tube in a turbulent flow. We suppose the tube to be aligned in the 
direction of the mean flow, and consider only the case in which the tur¬ 
bulence is roughly isotropic, so that if (u\ v\ w') are the turbulent velocity 

components, then _ _ ___ __ 

u' 1 = v* = w' 2 - %q'\ (7) 

roughly. 

The measured mean static pressure we take to be the average total 
head inside the tube. The problem of finding a complete theoretical 
solution of the problem seems untractable, but some progress can be 
made. Firstly, we neglect the influence of vorticity and viscosity on 
the total head inside the tube. Even so, the instantaneous total head at 
any time is not constant, since the motion is variable. But the average 
total head is constant, since the average value of the extra term is zero. 
Secondly, the problem is quite different from that of a tube inclined at a 
small angle to a steady stream, since, if v' and w' are the turbulent velocity 
components at right angles to the mainstream, and therefore to the axis 
of the tube, no appreciable “ dead water ” region will be formed if the 
time scale of the oscillationjs not large compared with the quotient of the 
radius of the cylinder by { v ' 2 + w' 2 }*. Thirdly, unless the radius of the 
tube is small compared with the scale of the turbulent eddies, the instan¬ 
taneous values of v', and w' must be considered as varying rapidly in 
space, and will not be even roughly the same at a ll the pressure holes; 
but we may suppose that the mean squares, m 75 , »'*, w'*, are the same, or 
very nearly the same. Fourthly, in a region of high velocity gradient, 
a tube may not measure accurately because of the deflexion (caused by the 
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presence of the tube) of the stream lines of the steady average flow. 
This effect would be distinct from, and additional to, the effect here 
considered. 

If now we further suppose that only the normal component of the tur¬ 
bulent velocity is transmitted across any pressure hole, then the measured 
mean static pressure p m will be given, in view of (7), by 

P m = P + faq 1 . (8) 

More generally, if we do not wish to make the assumptions above, we 
may simply put __ 

P m — P + c?q'\ (9) 

where c is a constant to be determined by experiment. It probably lies 
between 0 and i, and may depend on the size of the tube and on the 
arrangement of the holes, but probably does not vary much for the usual 
instruments. 

3—The formula (8) can be tested by comparing certain measurements 
of static pressure by Schlichting* in the wake behind a circular cylinder 
with measurements by Faget with the ultramicroscope of the maximum 
values of u', v‘, and w' in the wake behind an isosceles triangular prism, 
with a height one and one-half times the length of the base, and with the 
base facing the stream. Fage’s experiments were carried out in water, 
Schlichting’s in air; and the Reynolds numbers in Fage’s experiments 
were much smaller than in Schlichting’s. The conditions, however, do 
not appear to be changing much with increase of Reynolds number. 

According to Fage’s experiments, «' mnx , n' m »*, are roughly equal 
to one another. Further, Townend,+ using " hot spots ”, found that 
his maxima agreed with ultramicroscope values and that the root mean 
square values are about one-third of the observed maximum values. 
These particular experiments refer to flow in a square pipe; but to various 
positions in the pipe, and to Reynolds numbers of both 3000 and 9300. 
We assume that the results may be applied to the case of a wake, such as 
we are considering here, so that 

q *= I + *'*„,„) = *«'*„,„• (10) 

Now,__theoretically (on G. I. Taylor’s vorticity-transport theory), 
p + ip q'* should be almost constant across a section of the wake. Hence, 
if we accept (8), p m + ipg' 2 should be constant, or, if U 0 is the undisturbed 

* ‘ Ingenieur Arch.,’ vol. 1, p. 533 (1930). 
t ‘ Aero. Res. Ctee. Rep. Mem.,’ No. 1510 (1932), p. 116. 
t ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 180 (1934). 
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velocity of the stream, outside the wake, and we substitute for V 2 from 
< 10 ), 



where C is the value of p m /ip U 0 a at the edge of the wake, where q is 
practically zero for a steady stream.* 

The values of the left-hand side may be found from Schlichting’s graphs, 
and those of the right-hand side from Fage’s graphs. Schlichting gives 
the results of measurements across sections of the wake at distances of 
lOd, 15d, 20d, 30d, and 60d behind the front of his cylinder, where d 
is its diameter. Fage gives values of u' miX , t/ TO „, w' n ,„ (which he denotes 
by Wj, t>j, wj along the middle line of the wake for distances from 23b to 
50b downstream of the base of the prism, where b is the length of the base, 
together with values across a section of the wake at a distance 35b from 
the base. At a sufficient distance downstream, the difference in the 
shapes of the obstacles might be expected not to affect the results, but it 
is a matter of some difficulty to determine which sections of the wakes 
correspond to each other. Very roughly, the observational material 
seems to indicate that corresponding sections are at distances downstream 
which are about the same multiples of the diameter d of Schlichting’s 
cylinder, and the base length b of Fage’s prism, respectively. Then it 
appears that at distances of 20d, 30d, and 60d downstream, the left-hand 
side of (11) is 0 054, 0 023, and 0 010, respectively. At distances of 
23b, 33b, and 50b downstream, the right-hand side is 0-055, 0-023, and 
0-014, respectively. 

As regards the variation of the two sides of (11) across a section of the 
wake, all that we could do would be to compare Schlichting’s values of 
• the left-hand side at a distance 30d downstream with Fage’s values of 
the right-hand side at 35b downstream; but Mr. Fage informs me that 
the few observations at points in this section were taken only to obtain a 
rough measure of the width of the wake, and that many more observa¬ 
tions would be needed to obtain reliable curves of u' imx , v'm»x< and w',,,,*. 

4—Schlichting himself had made calculations on Prandtl’s theory, and 
expected the pressure to be nearly constant across the wake. When he 
found that the measured values were not constant, he calculated the mean 
velocity simply by assuming the pressure constant and equal to the 
measured value at the edge of the wake, and obtained, on the whole, 
consistent results and excellent agreement with theory. But if the ideas 
put forward in this note are correct, this is to be expected. For, accord- 

• With (9) in place of (8), the factor 2/9 in (11) becomes (1 — 2c)/3. 
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ing to § 1, the mean velocity is determined correctly if p + ipq' 2 is sub¬ 
tracted from the total head, instead of p. But p + ipq 72 is constant 
across the wake, and equal to the measured value of the pressure at the 
edge of the wake, where q' is practically zero. Hence by simply taking 
the pressure constant and equal to the measured value at the edge of the 
wake, and then following the usual procedure, the correct mean velocity 
should be obtained. 

5—Finally, we may remark that even on Prandtl’s theory, p itself 
could not be expected to be constant across a section of the wake. For 
the Reynolds apparent stresses, 

P«=~piA P*,= -P^, (12) 

etc., Prandtl puts, for any motion in which (as in a wake) one component 
of the mean rate-of-deformation tensor is much greater than the others: 



etc., where (u, v, w) are the mean velocity components, and, in general. 



Schlichting’s calculations were carried out on the basis of these sub¬ 
stitutions. But, as Tollmein* has pointed out, | (P„ + P»» + P«) 
should presumably be supposed subtracted from P xx , P^, P„ and p 
before these substitutions are made. In that case p + ipq' 2 would take 
the place of p, and p + i pq' 2 would be nearly constant across_a section of 
the wake. At present it seems to be better to take p + ipq' 2 as nearly 
constant (as in § 3), both because the vorticity theory gives more satis¬ 
factory results in a two-dimensional waket and because, as explained in 
§ 4, we can then show why Schlichting obtained consistent results for the 
velocity distributions. 

6—A first draft of this paper was written and privately circulated in 
November, 1934. Neither the theoretical arguments nor the experimental 
comparison in §§2-5 can be regarded as anything like conclusive; and 
Mr. Fage has since investigated the matter, with reference to flow in pipes 

* ‘ Handb. Exp. Physik,’ vol. 4, Part 1 (1931), pp. 297, 325. 

t Taylor, ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 685 (1932); Fage and Falkner, ibid., 
pp. 702-705. 
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and channels as well as in wakes, in a series of experiments of which an 
account is given in the following paper. 

Summary 

If p is the true mean static pressure, q the resultant mean velocity, and 
q' the resultant turbulent velocity, it is proved that a total head tube in 
a turbulent stream measures p + \pq 2 -f ipq' 2 - Reasons are given for 
assumingjhat if the turbulence is isotropic a static pressure tube measures 
P + £pr/' 3 . _ 

According to the vorticity-transport theory, p -f- i?q' 2 is nearly constant 
across a section of a wake behind a cylinder; according to the momentum- 
transport theory, p + ipq' 2 is nearly constant. The vorticity-transport 
theory is, however, more satisfactory in a two-dimensional wake, and if 
p + ip q^ is taken to be nearly constant, then a comparison of measure¬ 
ments by Schlichting of static pressure behind a circular cylinder with 
measurements by Page of the turbulent velocity components behind an 
isosceles triangular prism supports the conclusions in the preceding 
paragraph. Moreover, it is shown that the procedure actually adopted 
by Schlichting would lead to a correct deduction of the velocity dis¬ 
tribution. 
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On the Static Pressure in Fully-Developed Turbulent 

Flow 

By A. Page, A.R.C'.Sc. 

(Communicated by G. /. Taylor, F.R.S.—Received February 28, 1936) 

1—The present investigation! has a twofold purpose: first, to obtain 
a measure of the effect of fully-developed turbulence on the reading of 
a static pressure tube; and second, to obtain information on the dis¬ 
tribution of static pressure in the fully-developed turbulent flow in a pipe 
and in the wake behind a long cylindrical body. The work arose from 
a paper! by Dr. Goldstein on the measurement of total head and static 
pressure in a turbulent stream. 

2—Static Pressure Tubes 

A static pressure tube of good design is one for which small local 
disturbances at the nose, arising from the introduction of the tube into 
the stream, have time to die away before the static holes are reached. The 
reading of such a tube in a steady stream depends on the shape of the 
nose, the distance of the holes behind the nose, and the distance of the 
supporting stem behind the holes. When the static holes are at least 
6 tube-diameters behind the head, and the stem at least 15 stem- 
diameters downstream from the holes, the reading of the tube is inde¬ 
pendent, within wide limits, of the shape of the head.§ 

Sketches of the static pressure tubes used in the present investigation 
are given in fig. 1. Care was taken in manufacture that the outside 
surface of each tube was smooth, and free from burrs at the static holes. 
Each tube has a hemispherical nose. Tubes A and B have an external 
diameter 0-086 inch, and static holes 0-015 inch diameter; and tubes C 
and D an external diameter 0-043 inch, and static holes 0-010 inch 
diameter. The holes of each tube were about 9 tube-diameters behind 
the nose, and about 36 stem-diameters forward of the stem. Each tube 

t The investigation was carried out in the Aerodynamics Department of The 
National Physical Laboratory, and permission to communicate the results was kindly 
granted by the Aeronautical Research Committee. 

t The preceding paper. 

§ Ower and Johansen, 4 Aero. Res. Ctee.,’ Rep. and Mem. No. 891, pp. 985-996 
(192-526). 
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was carried in a holder, so that the azimuth position of the static holes 
could be varied, and airtightness at the common surface was obtained 
with a film of grease. Tube A has 12 holes arranged in three closely 
spaced sections, the four holes in any one section being spaced at 90° 
to each other, and at 30° to those of the neighbouring section. Tubes B 
and D have four closely spaced holes on a generator; and tube C has four 
holes in one section, spaced at 90°. 

STATIC PBCaaURC TUBES. 



3—Reading of a Static Pressure Tube 

•The reading of a static pressure tube in a turbulent stream gives a 
measure of the average total pressure inside the tube, and differs from the 
true average static pressure by a pressure arising from the impact of the 
fluctuating cross velocities on the tube and its holes. The difference in 
reading due to this “ impact " pressure depends on the design of the tube, 
especially on the number, size, and arrangement of the static holes, and 
on the magnitude and frequency of the cross velocities. If a tube has a 
large number of small holes equally spaced around its periphery (tube A), 
the reading with the tube aligned in the mean direction of flow is inde¬ 
pendent of the azimuth position of the holes. It is to be expected that the 
relation between the reading of the tube S, and the true average static 
pressure p, can be written in the form 

S = p + Kp (t> 2 + w*J, (1) 


2 R 2 
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where v and w are the cross components (direction specified later) of the 
fluctuating velocity, the bars denote average values, and K has a character¬ 
istic value for the same tube in turbulent streams of the same kind. This 
relation can be written in the form 


(s - s„) „ (p — p ( ) , „ r(^ + w *) v + w %i 

W? ~ P iV ’ L u * 2 IV J* 


( 2 ) 


for turbulent flow in a pipe, where pU* a -- intensity of friction at the wall, 
and the suffix c denotes values on the axis of the pipe. 

It does not appear possible to obtain a reliable prediction of K without 
recourse to experiment: and in the present investigation the scheme 
adopted is to determine K from values of S, v\ and w a measured in 
turbulent streams for which theoretical relations for p in terms of 
pe* and pw a are known. 

The problem was discussed with Professor G. I. Taylor, who informed 
the writer that such theoretical relationships can be obtained for turbulent 
flows in circular and flat rectangular* pipes, on the assumption that the 
stresses due to viscosity are small compared with the Reynolds apparent 
stresses pv 2 and pw*. The relation for a circular pipe is 


r 


tV 


+ 


t > 2 


— w 2 — 


r 2 . 


where v is the radial component and w the tangential component of the 
disturbed velocity at radius r. 

The relation for a flat rectangular pipe is 

- + u a = const, 

P 

where v is the component of the disturbed velocity at right angles to the 
wider wall. The second of these arises directly from Reynolds's method 
of averaging the equations of motion. The first is found by expressing 
Reynolds’s equations in cylindrical coordinates. 

The form in which these relations will be used in the present analysis are: 

r 1 rJL + ^ ~ 

'irlt IV + 0? 

and _ 

pv? + * const (4) 




(w 2 - u*) 
IV ’ 


( 3 ) 


t a pipe whose section is a very elongated rectangle. 
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CIRCULAR PIPE 

4— Static Pressure and Total Head 

Traverses of static pressure tubes A and B and a small total head tube 
were made for air flowing through a long circular pipe of diameter 5 inches. 
Fig. 2 a gives a sketch of the pipe, with the principal dimensions. The pipe 
was fitted with a faired entry, and a uniform flow of air was maintained by 
an airscrew fan, fitted at the exit end and driven by a D.C. motor (battery 
supply). The fan and motor were carried on a stand, separated from the 
pipe. The overall length of the pipe was 650 inches (130 D). The 
exploration section was 508 inches (102 D) from the entry and 142 inches 





Fig. 2. 

(28 D) from the exit. Each tube was traversed across the pipe by a 
‘micrometer screw. A tube, before introduction into the pipe, was 
aligned parallel to a straight edge carried on the micrometer holder, and 
afterwards, with the tube in the pipe, this straight edge was aligned 
parallel to a generator of the external surface of the pipe. The pressure 
in a tube was measured against a datum pressure taken at a hole in the 
side of the pipe. This hole was taken 7-4 inches (60 stem-diameters) 
forward of the stem, and about 3 inches forward of the exploration 
section, so that the stem (the exposed length changed during the traverse 
of a tube) should not interfere with the datum pressure. 

The readings of a static pressure tube were taken on a Chattock gauge 
modified, in the manner suggested by Falkner.t to obtain high sensitivity. 
This modification was the introduction of a bubble of a lighter liquid 

t' Aero. Res. Ctee.,' Rep. and Mem. No. 1589, p. 849 (1933-34). 
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(50% Nujol, 50% paraffin) in a heavier liquid (water), which allowed the 
control force on the bubble to be kept small, because the forces of gravity 
and surface tension were in opposition. Additional sensitivity was 
obtained by the use of large cups, and by decreasing the effective distance 
between the cups by inclining the axis of the glass work at a small angle 
to the axis of rotation. With this gauge a pressure difference of about 
0 00001 inch of water could be detected. The measurements of total 
head were taken on a standard 13-inch Chattock gauge. The range of 
U„D/v covered was 36,800 to 136,000, where U 0 is the mean rate of 
flow. 

Table I —Values of (S — S c )/pU* 

The Reynolds number U 0 D/v given at head of column 

Static tube B 


Static tube A 

(Twelve holes spaced 30° apart) 


Four holes on generator 




136,000 

113,000 

93,000 

36,800f 

36,80Of 

36,800 f 

0*2 

— 0*00013 

— 0*00002 

0*00013 

0 

0 

-0*0002 

0*4 

- 0*00027 

- 0*00014 

—0*00019 

-0*0003 

0 

-0*0009 

0-5 

-0 00050 

-0*00045 

-0*00065 

-0 0003 

-0*0003 

-0 0015 

0*6 

-0*00059 

-0*00054 

-0*00073 

-0*0006 

-0*0001 

-0*0012 

0*7 

-0*00079 

—0*00070, 

-0*00090 

-0*0009 

-0*0004 

-0*0015 

0*75 

— 

— 0 * 00062 

-0*00056 

— 

— 

— 

0*80 

-0*00078 

-0*00061 

- 0*00060 

-0*0008 

-0*0001 

-0*0019 

0*85 

— 

-0*00017 

-0*00015 

— 

_ 

— 


f Accuracy of (S — S<.)/pU* decreases with U„D/v. 


The results are specified with reference to a rectangular system of axes 
XYZ, where OX is taken coincident with the axis of the pipe, and OY is 
normal to the wall. Table 1 gives the pressure readings, means of values 
for ± r, in the form (S — S 0 )/pU 2 , where S is the reading at radius r, S 0 
is the reading on the axis against the same datum, and U is the mean 
velocity at radius r. 

For tube A, the value of (S — S c )/'pU* falls with an increase in r, until 
a minimum is reached at about r = 0-7R, and then rises. For tube B, 
the values of (S — S c )/pU 2 taken with the holes facing the OY direction 
are lower than those taken with the holes facing the OZ direction. 

It is relevant to mention that traverses with the smaller tubes C and D 
in a 1-inch pipe gave results of the same character as those collected in 
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Table I. In these tentative experiments a blower was used to draw air 
through the pipe. 

General considerations of fully-developed turbulent flow in a pipe 
suggest that the best way of presenting the pressure readings is in the 
form (S —S„)pU* 2 ; for then the values obtained should tend to be 
independent of U 0 D, v, for the region where the stresses due to viscosity 
are negligible. Values of (S — S„)/pU„* for tube A are given in Table II. 
The agreement between the values of (S — S c )/pU * 2 for the same value of 
r is considered to be satisfactory, in view of the smallness of the pressure 
readings (S — S c ). At U 0 D/v — 136,000, the greatest value of (S ■— S„) 
is only about —0-0011 inch of water and at U 0 D/v —36,800 about 
-0-00009 inch. The mean values of (S — S c )/pU* 2 given in the last 
column of Table II are plotted in fig. 3 ( b ). 


Table II— Values of (S — SJ/pU* 2 (tube A) 

The Reynolds number U 0 D/v given at head of column 


r/R 

136,000 

113,000 

93,000 

36,800 

Mean value 

0*2 

-0*08 

-0-01 

-0*07 

0 

-0*04 

0-4 

0 16 

-0 07 

-0*10 

0 12 

-on 

0-5 

- 0 29 

- 0 *23 

— 0 31 

-013 

-0*24 

0-6 

- 0 32 

- 0 25 

0 32 

- 0 *30 

-0 30 

0*7 

0*40 

-0*29 

.0*37 

-0*29 

-0*34 

0*75 

— 

-0 24 

- 0 *22 

— 

0*23 

0*8 

—0*34 

-0*23 

0 21 

- 0 23 

-0 25 

0*85 

— 

-0 06 

-005 

— 

-0 06 


5- 

—Values of 

VV 2 AND 

v7 2 



Maximum values of the cross velocity components (denoted by v t and 
h’j) in a circular pipe, obtained from observations taken with an ultra¬ 
microscope for U 0 D/vj== 8090, 13,440, and 18,340, are given in an earlier 
paper.f Values of V i> 2 and V w 2 can be deduced from these measure¬ 
ments on the assumption that the root mean square values are one-third 
the maximum values.{ Values of vV/U* and Vw*/U* for U„D/v = 
13,440 and 18,340, deduced from values of t>j/U and h’,/U taken from 
the faired curves given in fig. 13 of the earlier paper, are plotted in fig. 3 a. 
The values for U„Dv — 13,440 are in fair agreement with those for 
U 0 D/v = 18,340, and the mean curves are considered to be applicable 

t Page, ‘ Phil. Mag.,’ vol. 21, p. 80 (1936). 

J Towncnd, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 180 (1934). 
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to the range of Reynolds number over which the pressure measurements 
were made. 


6— Prediction of K 

The curve of _(P — p e )/ pi)* 2 obtained from relation (3), for values of 
VV/U* and V U * taken from the curves of fig. 3 a, is given in fig. 3 b. 
The value of K is predicted from the relation 

(S - S,) ^ (2 - p„) K r (g -f _ (gjjgv 

ptV P u * 2 ^ L u „ 2 u * 2 ’ 


Circular pipe 



obtained earlier in the paper, for values of (S — S c )/pU* s and (p — p c )/pU* 2 
taken from the curves of fig. 3 b and values of 

(t > 2 + w a ) (i* + vv 2 );'! 

L u * 2 iv J* 

deduced from values of vV/U* and V w 2 j\J m taken from the curves of 
fig. 3a. The prediction is confined to the region r ~ 0-35 to 0*80, for no 
accuracy is to be expected from the small values of (p — j5«)/pTV and 
(S — S c )/plV at the central region of the pipe. The results obtained are 
given in Table III. The value of K is practically constant over the range 
selected. The mean value can be taken to be 0*28. 
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Table III— Prediction of K (Circular Pipe) 


r 

(S - S c ) 

C P - Pc) 

| O’* + W*)„ | 

IT 

R 


ptv 

L tv <v J 

IV 

0*35 

-0-11 

~ 0*21 

0*39 

0*26 

0-40 

- 0*15 

-0*29 

0*54 

0*26 

0*45 

-0-18 

- 0*38 

0*74 

0*27 

0*50 

— 0*23 

— 0-51 

l 01 

0*28 

0*55 

— 0*26 

-0*64 

I *30 

0*29 

060 

.0*29 

- 0 *80 

1*69 

0*30 

0*65 

- 0*32 

— 0 • 97 

2*15 

0*30 

0-70 

-0*33 

— 113 

2’11 

0*29 

0*75 

- 0 *29 

- 1 23 

3*51 

0*27 

0*80 

—0*21 

- 1 25 

4*42 

0*24 


RECTANGULAR PIPE 
7—Static Pressure and Total Head 

A sketch of the rectangular pipe is given in fig. 2b. The principal 
dimensions were: overall length, 336 inches, cross-section, 12 inches 
(width, 2b) by 2 inches (depth, 2d). The hydraulic mean depth, obtained 
by dividing the area of the cross-section by its periphery, was 0-857 inch. 
The working section was 306 inches (357 m) from the entry. The pipe 
was constructed of five plywood sheets screwed on (2 x 2) quarterings, 
spaced 12 inches apart internally. A faired entry was fitted and air was 
drawn through the pipe by an airscrew fan at the exit end. At the working 
section, a 12-inch length of plywood was cut out of a 12-inch side, and a 
smooth flat brass plate, carrying the tube micrometer and two nipples 
Ni, was inserted. Two brass plates (length 3 inches) were also fitted 
to carry nipples N a and N a 36 and 72 inches forward of nipple N,. The 
inner junctions of the brass plates and plywood were faired with wax. 

Traverses with static pressure tube A and with a small total head tube 
were made in an axial plane normal to a 12-inch side, for constant values 
of the pressure drop (dP/dx) between the holes N t and N,. The static 
pressure readings were taken against the pressure at the hole N } , 5 inches 
forward of the exploration section, with the sensitive gauge (reading to 
about 0-00001 inch of water) used in the experiments made in the circular 
pipe. The total head readings were taken on an ordinary 13-inch Chat- 
tock gauge. The results are specified with reference to a rectangular 
system of axes XYZ, for which OX is coincident with the axis of the pipe 
and OY is normal to a 12-inch wall. 

Values of (S — S„)/ pU s deduced from traverses with static tube A from the 
axis towards the brass wall are given in Table IV. These traverses were 
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made for the exit arrangement shown in fig. 2b. A traverse made with 
two finely-perforated zinc plates spanning the exit cone about midway 
between the end of the pipe and the fan gave results of the same character. 

Table IV—Values of (S — S c )/pU 2 . (Rectangular Pipe) 
Static Tube A 


Reynolds number U„/n/v, where U c is the mean velocity on axis, is given 

at head of column 


yjii 

22,080 

19,500 

16,570 

0*25 

-0 00011 

-0*00011 

-0 00018 

0-35 

-0 00012 

-0 00036 

— 0*00025 

0-45 

- 0*00035 

-0*00041 

-0 00038 

0-55 

- 0 00041 

-0*00060 

-0 00058 

0-65 

-0-00052 

-0*00080 

-0*00065 

0-75 

-0*00076 

-0 00100 

0*00091 

0-80 

-0*00067 

-0*00120 

-0*00136 

Values of (S — 

SJ/pU, 2 , where U* is a frictional velocity obtained from 

the relation f — 

pU* 2 , where / is 

the average frictional intensity on the 


dP 

wall given by m -j- , are given in Table V. The mean values in the last 


column are plotted in fig. 4b. 




Table V 

— Values of (S 

- s e )/piv. 

(Rectangular Pipe) 


Reynolds number U c w, v at head of column 


yld 

22,080 

19,500 

16,570 

Mean 

0*25 

-0*06 

-0*06 

-0*09 

-0*07 

0*35 

-0 06 

-0*18 

-0*12 

-0*12 

0*45 

-018 

-0*20 

-0*18 

0* 19 

0*55 

-0-20 

-0*27 . 

-0*26 

-0*24 

0*65 

— 0 * 23 

— O'34 

0*27 

-0*28 

0*75 

-0*31 

-0*39 

-0*34 

-0*35 

0*80 

-0-26 

— 0-44 

-0-48 

- 0*39 


8—Values of 

Vp*/U* AND 

VP/U, 



These values were deduced from observations made for water flowing 
through a brass pipe of section 4-5 x 0-75 inch. The observations were 
taken with an ultramicroscope at 88 inches (275 m) from the entry (faired). 
The Reynolds number, U e m/v, was 4200. 

Table VI gives the observations of 0 XJ ,i, 0*^, and 0„, taken, where 
0, 7 , t is the maximum deviation from the axial direction of particles 




Static Pressure in Turbulent Flow 


585 


moving in the XOY plane towards the wall, 0 rjr2 is the maximum deviation 
of particles in the XOY plane moving away from the wall, and 0„ is the 
maximum deviation of particles moving in a plane parallel to XOZ. 
Maximum values of the cross velocities (denoted by Vx and w t ) were 
calculated from these observations by relations given in the earlier paper 
on turbulent flow in a circular pipe. These relations are 


l'l 

u 


v) tan 


®Ml " 
2 


and = E, tan 0«. 


The calculated values of tq and c, ranged from about 0 -99 on the axis to 
about 0-90 at y — 0-9 d. 



Table VI 



(*) 


(y/d) 



yjd 


0 

6-0 

6-0 

0*040 

8*13 

0-164 

6-0 

— 

0*135 

9*0 

0-294 

— 

9-3 

0*184 

9*7 

0-367 

6-2 

J0-3 

0*267 

10*3 

0-442 

6-7 

12-3 

0*303 

11*5 

0-524 

7-9 

13-1 

0*414 

11 *7 

0-653 

10-7 

13*8 

0*457 

13*5 

0-795 

11-2 

19-0 

0*549 

14-5 

0-910 

8-7 

16*8 

0*645 

15*3 




0*697 

16*5 




0*834 

24*0 




0*886 

27*0 
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The values of Vv 2 and V vr 2 were taken to be one-third the maximum 
values i'j and w v The curves of Vt^/U* and vV/U, obtained from 
faired observations are given in fig. 4a. 

For a rectangular pipe 

piV 1 U* 2 ' 

The curve of (p -~p c )l pU* 2 , obtained from this relation for values of 
Vt?/ U* and Vh , 2 U* taken from the curves of fig. 4a, is given in fig. 46. 


9—Prediction of K 

The value of K for the rectangular pipe was predicted in the same 
manner as that for the circular pipe. The results obtained are given in 
Table VII. 

The mean value of K for the range y = 0-35d to 0-80d is 0*22. The 
value for the circular pipe was 0-28. The mean of the two values is 
0-25. The investigation leads, then, to the conclusion that the reading of 
a small static pressure tube of type A in fully-developed turbulence of the 
kind experienced in a pipe exceeds the true static pressure by jin amount 
given by 0-25 p [v 1 + w 2 ]. In isotropic turbulent flow u 2 = w 2 and the 
measured pressure exceeds the true pressure by 0 • 5 pv 2 . This is the 
value taken in Dr. Goldstein’s paper. 


Table VII— Prediction of K (Rectangular Pipe) 


y 

(S - S c ) 

(P “ Pc) 

f(t>* “f H'*) (r* -f w*)c 

K 

d 

pU,* 

piV 

L iv v . 


0-35 

-012 

-0-27 

0-82 

0-18 'j 

040 

-014 

-0-36 

1*02 

0-22 

045 

-017 

-0-44 

1-23 

0 22 

050 

-0 20 

-O'54 

1*49 

0-23 

0-55 

-0-23 

—0'64 

1*75 

0-24 

060 

-0-26 

-0-77 

2*03 

0-23 

065 

-0 29 

—087 

2*39 

0'24 

0-70 

-032 

-0 99 

2*80 

0-24 

0-75 

-0-36 

-108 

3*24 

0-22 

0-80 

-039 

-M2 

3*73 

0-20 J 


10—Inclined Tubes 

Readings of static pressure tube A and a small total head tube were 
taken, in a 14-inch wind tunnel, with the axis inclined at an angle 6° to 
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the mean direction of flow. Values of and ^1* .^2 

pU 2 sm* 0 pU a sm 2 0 

obtained from these readings, where the suffix 0 denotes a reading taken 

at 0° and the suffix 0 that at zero inclination, are given in Table VIII. 

The readings of the static pressure tube A inclined to the stream is given 

by the relation 

S* - S 0 - 0-31 P U 2 sin 2 0 (0 < 20°). 

It is seen, then, that a static pressure tube (type A) reads low when inclined 
in a steady stream. This effect is opposite in sign to that of fully- 
developed turbulence at zero inclination. Table VIII also shows that 
the effect of inclination on the reading of a total head tube is smaller 
than that on the reading of a static pressure tube, especially at a small 
inclination. 

Table VIII 

U — velocity of stream (ft/sec) 

Values of (S<, — S 0 )/pU 2 sin 2 0 for Static Tube A 


0“ 

U - 40 

U - 35*8 

U - 30 

Mean 

30 

-0*26 

-0*28 

-0*26 

-0*27 

25 

-0*28 

-0*29 

-0*27 

-0*28 

20 

-0*30 

-0*30 

-0*29 

-0*30 


15 

-0 33 

-0*33 

-031 

-0*32 


12 

-0*31 

-0*33 

-0 29 

—0 31 


10 

9 

-0*30 

-0*33 

-0*28 | 

-0*30 

-O'31 

8*5 

-0*33 

— 

) 



8*2 

— 

— 

—0*32 L 

-0*33 | 


60 

— 

-0-33 

- ) 


6° 

<H« - Ho) 
PU 4 

(H. - Ho) 

P U ! sin* 0 


30 

-0*0461 

-0*185 



25 

-0*0221 

-0*124 



20 

15 

-0*0084 

-0*0023 

<N Tt- 
!*— ro 

o © 

© © 

1 ! 

u 

-- 40 ft/sec 

10 

-0*0006 

-0*020 



5 

-0*00008 

-0*010 




TURBULENT WAKE (CIRCULAR CYLINDER) 

11—Schlichtingt has shown that the velocity distribution across the 
wake of a long circular cylinder, with its axis normal to the stream, takes 

t * Ingenieur-Arch.,’ vol. 1, p. 533 (1930). 
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a definite form at a distance of about 30 cylinder diameters downstream; 
and that the reading of a static pressure tube in this wake is lower than 
that in the stream outside. The establishment of a definite form of velocity 
distribution indicates that the flow in the wake has settled down to a state 
of fully-developed turbulence; and support for this conclusion has been 
obtained by the writer from turbulence measurements made in the wake 
behind a long prism.f 

An analysis of Schlichting’s pressure readings for the circular cylinder 
and the writer’s turbulence measurements for the prism is given in Dr. 
Goldstein’s paper. The value of (p + \?q 2 ) at the centre of the wake, 
where q denotes the resultant turbulent velocity, was taken to have the 
same value as that just outside the wake, and the analysis led to the con¬ 
clusion that the reading of the static pressure tube used by Schlichting 
gave (p + \pv 2 ). The work just described gives further evidence that 
this conclusion is probably not far from the truth. It was also assumed 
that the turbulent velocities for the circular cylinder could be predicted 
from those measured behind the prism. The validity of this assumption, 
and the statement that the value of (p + \q 2 ) at the centre of the wake is 
equal to the value just outside the wake, will now be examined: and for 
this purpose, measurements of static pressure and turbulent velocities 
have been made in the wake of a circular cylinder. 


12— Pressure Experiments 

Traverses of static pressure tubes A, C, D, and a small total head tube 
were made behind a 0-375-inch circular cylinder extending between, and 
at right angles to the walls of a small closed-jet tunnel. The cross- 
section of this tunnel was slightly divergent in the direction of flow. 
The diameter at the working section was about 14 inches. The traverses 
were made at 15 and 30 diameters behind the cylinder, along lines in the 
central plane of the tunnel at right angles to the cylinder axis. 

The readings of a static pressure tube were taken, against the static 
pressure given by a tube well outside the wake, on a 13-inch Chattock 
gauge with the axis of the glass work inclined at a small angle to the axis 
of rotation, so as to obtain a very open scale.J The values of (S — S 0 ) 
given in the paper are the readings in the wake minus the reading taken 
just outside with the same tube. The total head was measured with a 

t ‘ Aero. Res. Ctee.,’ Rep. and Mem., No. 1510, p. 116 (1932-33). 

t The readings were much greater than those of the pipe experiments, and the 
sensitive gauge was not necessary. 
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small tube of external diameter 0-086 inch and the values of (H — H 0 ) 
given are the readings in the wake minus the reading just outside. 

The position of a point in the wake is specified with reference to a 
rectangular system of axes XYZ, for which the origin O is taken in the 
cylinder axis, XOY is the plane of exploration at right angles to the 
cylinder axis, and OX is the centre line of the wake. The velocity just 
outside the wake is denoted by U 0 . 


13— Wake at 15 Diameters 

Values of (S — S 0 )/pU 0 ® obtained from the readings taken at 15 dia¬ 
meters behind the cylinder are plotted against y/D, where D is the cylinder 



diameter, in fig. 5. At the centre of the wake, the values obtained with 
tube D (holes on a generator) when the holes faced the ^-direction are 
appreciably smaller (note that (S — S 0 ) is negative) than those obtained 
when the holes faced the y-direction. This result indicates that a state of 
fully-developed turbulence has hot been reached, and that a “ residue ” 
of the vortex system formed close behind the cylinder is present. The 
effect of this “residue” on the reading of a static pressure tube is not 
known. It would appear from the nature of the difference between the 
two curves for tube D that the y-components of the velocity disturbances 
in the “ residue ” are greater than the r-components, and this condition 
is one to be expected from the known character of the vortex system. 
Fig. 5 shows that the curve for tube C (4 holes spaced 90°) lies about 
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midway between the two curves for tube D; and that the readings for 
tubes A and C are in fairly close agreement. 

14—Wake at 30 Diameters 

The curves of (S—S 0 )/pU 0 a for x = 30 D are given in fig. 6. The curve 
tube D obtained when the holes faced the y-direction is in close agreement 
(except for a small difference at the centre of the wake) with that obtained 
when the holes faced the z-direction; and it can be concluded that a state 
of fully-developed turbulence exists. The values of (S — S 0 )/pU 0 ® for 
tube C are greater than those for tube D by a small but definite amount 



(about 0-002). At the centre of the wake, the values for tube A differ 
from those for tube C; but the difference is small and probably arises from 
the fact that the readings were taken at different wind speeds, for the 
total-head curves taken at these two speeds also show a small difference 
at the centre of the wake, fig. la . 

Schlichting’s distribution of (S — S 0 )/pU 0 2 obtained for a 1-cm circular 
cylinder in a jet of 29 metres per sec is given by the dotted line in fig. 6. 
The curve for tube A resembles Schlichting's curve, but the value of 
(S — S 0 )/pU 0 * at the centre is lower, and the wake is narrower. It is 
thought that these differences arise from the fact that the present experi¬ 
ments were made in a small closed jet whereas Schlichting’s experiments 
were made in an open jet; for experiments made some years ago in a 
1-ft. open jet by Mr. Falkner and the writer gave results which were in 
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substantial agreement with those obtained by Schlichting. The differences 
are immaterial, in so far as the present analysis is concerned. 

The observations of total head taken at x = 15 D and 30 D are given 
in fig. 7. 

15 —Values of Vt?j\J, vV/U and Vw z j\J 

These values were determined from an analysis of cinema films of the 
flow in the wake. The method used was that developed by Townend,t 



Fig. 7—14-inch closed tunnel. • U 0 - 39-9; x U„ - 451; 0 U„ — 49-9 fi/sec. 
a, Wake at 30 diameters; b , wake at 15 diameters. 

which allows the movements of small masses of air, heated by electric 
sparks and made visible by the Schlieren method, to be recorded with a 
cinema camera. The films were taken by Dr. Townend. An improved 
.method of spark illumination was used. Instead of a single spark, a 
series of 3 or 4 sparks was passed with the shutter open and the film at 
rest, so that each picture recorded a succession of positions of a hot spot 
during its passage downstream. Fogging of the plate, which would 
occur with the normal adjustment of the Schlieren system if successive 
views were superposed, was prevented by adjusting the diaphragm to 
intercept the whole of the light from the source so that the image of a hot 
spot appeared as a light spot on a dark background, and successive 
exposures of the background left the impression of a spot unaffected. 
The time interval between two consecutive impressions of a hot spot was 
determined from the film from the angular displacement of an arm of a 
spider rotating at a known speed. 

t ‘ Proc, Roy. Soc.,* A, vol. 145, p. 180 (1934). 
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The records were taken with the 0-375-inch cylinder mounted in a 
small 1 -ft open-jet tunnel. Two records of the flow were taken at a 
point * — 28 • 5 D on the^entre line ofthe wake. From the first (cylinder 
horizontal) values of VV/U and vV/U were obtained; and from the 
second (cylinder vertical) values of ViPiV and Vw ,2 /U. The value of 
(H — H 0 )/pU 0 2 measured at the point where the records were taken was 
-0-188. 

Most of the film measurements were made by Mr. W. S. Walker, and 
the analyses of these measurements were made by Miss E. E. Cook. 

The results obtained are given in Table IX. 


Table IX 

Position in wake (a- = 28 • 5 D, y 


0) 


(H H 0 ) _ 
pU„ 2 

Film 1—Cylinder horizontal 
297 observations analysed 

IJ — 34-7 ft /'sec 

VjfS 

Tr 

22 

u 

/ssa 

v u* 

(U. - U) 

V* 


0 - 188 ;^ 


U 


- 0148 


= 0148 


— 0-55 


(U, 

V 


U) 


0-55 


u 


(ignoring sign) ■— 0*130 




M3 


U„ 


: 0*210 


Film 2—Cylinder vertical 
377 observations analysed 


U 

V? 

u 

u 


v? 


(U. - U) 


35-5 ft/sec 
=■ 0-145 

0-130 

0-55 

0-49 


(U. - U) 


g (ignoring sign) -0-116 


Vp 

W 


M2 


Table IX shows that the values of Vm 2 /U for the two films are in close 

V / yt V "\/ u't \/1*2 

agreement, that = —, and that = 0-88 The values 

of the ratios V&jv and Vw^jw (1 -13 and 1 -12) are in close agreement 
with the value 1-11 obtained by Townend from experiments in a square 
pipe. 
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16.—The values of vV, vV, and v\v® taken in Goldstein’s analysis 
were predicted from ultramicroscope observations of uJXJ, U/U 0 , 0^, 
and 0,, taken in the wake behind an isosceles triangular prism mounted 
in a water tunnel (1-125 inch x 1-125 inch) with a side (0-04 inch 
x 1-125 inch) normal to the stream. It was assumed that the root mean 
square values were one-third the maximum values. The maximum values 
i>x and w 1 taken were those obtained by the writer from the relations 

v u w, = U tan (0 W , 0„). 

The relations t’ 1? w x — V(U®-~ u x ) tan(0^, (-)„) are now used. 

Table X gives values of vV/U and V m’®/U predicted by these new 
relations from observations taken on the centre line of the wake, together 
with values of Vh*/U, for values of U,'U 0 taken from a faired curve given 
in the earlier paper. 

Table X ' 

Centre of Wake (Prism) 


u 

vp 

V 


U 


V' 

s=at 

u 


V 

w* 

U 0 

u 

(07 

- U) 

Uo 

u 

(07 

- uj 

Uo 

u 

uv 

="0) 

0*84 

0*11 

0-57 | 


0*84 

0*07 

0 36 1 


0-84 

0*08 

0*41 ] 


0 81 

0 13 

0-56 ! 


0 81 

009 

0*38 ! 


0-81 

0*11 

0*48 | 


0*79 

015 

o-55 ; 

'-0-54 

0-79 

Oil 

0*40 

0-39 

0-79 

0*12 

0*44 

i- 0-45 

0-76 

0*17 

0-53 

I 

0*75 

0 14 

0-42 


0-76 

015 

0*47 


0-71 

0 21 

0-50 i 

t 

0-69 

0 17 

0-38 


0-71 

0* 19 

0 46 



Values 

> 

o 

?/(Uo - 

- U), v7 

/(U 0 - 

-U). 

and Vw 2 

/(Uo ~ 

- U) are also 



given, and it is seen that each of these quantities can be taken tobe constant 
over the range of U/U 0 covered. The mean values of vV/(U 0 — U), 
Ve®/(U 0 — U), and V»v®/(U 0 — U) for the prism are 0-54, 0-39, and 
0-45 respectively. The values obtained for the circular cylinder by the 
hot-spot method are 0-55, 0-55, and 0-49. The values of V w®/(U 0 — U) 
and V w®/(U 0 — U) for the prism are in close agreement with those for 
the cylinder, whilst the value of vV/(U 0 — U) for the prism is 0-71 the 
cylinder value. 

17— Relation Between p and pp® 

Let the relation between p and p q* be of the form p + k x pq 2 — k t , 
where k x and k t are constants. In the stream just outside the wake the 


2 s 2 
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pressure is p 0 , and the value of can be taken to be zero, so that k % — p 0 
On dividing by pU 0 2 the relation becomes 


( P - £n) . k £ JJ? = 0 
P U 0 * + 1 U 2 ' U 0 2 


(5) 


where q* — u 1 -f i ’ 2 -f w’ 2 . 

A value of k x can be obtained from this relation for the measurements 
made in the wak£ of the circular cylinder (x = 30 D), and the relation 
p •— S — 0-25 p [p* -f w 2 ] established earlier in the paper. 


Since u 2 

_ t ; 2 =s Vt’“ — 

Also 

(P - Po) . 
pU „ 2 

and 

H = 

so that 

H 0 = 


pU„ 2 


0-25 


r* . m ’ 2 

W + u 2 


ip 

U „ 2 


U 2 


(P - Po) ^ (H - H 0 ) 1 <? 2 / w . , 

P u 0 2 P iy- * u 2 u ( > 1 


U'j 

L'U J 


( 6 ) 


On substitution in ( 6 ) we obtain 


(H) 9 

At 


1 + «! 4 - 0 , 0-5H - 2 ) __ r 2(H~H„) _ 2 (S — S 0 ) . 

1,9 ^ *■•>11 + pUo 2 p y 0 * J ’ 1 ' 


U 2 U 2 


U 2 


30 D ’ W — — 0 0117 (tube A, fig. 6 ), 


and at the same value of U 0 

(H - H 0 ) 
PU 0 2 


0-187 (fig. 7a). 


The results obtained by the hot-spot method at ——^ = — 0 • 188, 

pU 0 2 

that is at 1 —- 31) s 0-210 were 
Uo 

= 0-148, 0-148, and ^ = 0-130. 
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At . ^g) — — 0-187 the estimated values are 


V? 

u 


= 0-146, 


V? 

u 


0-146, and 


x'w 2 

1 T 


0-128. 


On substitution, we get(~ ) — 0-624 from (7), — = —0-0176 

a 1 1] 2 

from (6), and — 0-0368. The value of k x from (5) is 0-48. The 

investigation leads, therefore, to the conclusion that (p + \pq 2 ) at the 
centre is equal to the pressure just outside the wake. Further, it is 
known that the value of p is a minimum and the value of ipq 1 a maximum 
at the centre of the wake, and it may be concluded from the established 
fact that (p + \pq 2 ) at the centre is equal to the value just outside the 
wake, that (p + \pq 2 ) is constant across the wake. To establish this 
more general conclusion it would be necessary to measure the distribution 
of pq 2 , in addition to the distribution of p. This additional work would 
take a long time, and it was not attempted because the results obtained 
for the prismt indicate a fall in \pq 2 from the centre outwards, and it does 
not appear^ likely that any appreciable departure from a constant value 
of p -}- ipq* can occur. 


18—In a recent paperj Taylor has shown that measured distributions 
of temperature and velocity in the wake behind a heated circular cylinder 
confirmed the accuracy of theoretical distributions given by the vorticity 
transport theory for two-dimensional motion when the turbulent motion 
is confined to the plane of the mean motion. This theory also predicts, 
as pointed out by Goldstein, that p + ipq 2 should be nearly constant 
across the wake. 


19—In conclusion, the writer wishes to acknowledge his great indebted¬ 
ness to Professor G. I. Taylor for the interest he has taken in the investi¬ 
gation, and to Mr. W. S. Walker, who conducted the pressure experi¬ 
ments described in the paper. 

Summary 

The reading of a static pressure tube in a turbulent stream does not 
give a true value of static pressure, because of an effect due to the 

t The few observations of uJU, vJU, and wJU given were taken to obtain a rough 
idea of the width of the wake. Many more observations would be needed to obtain 
reliable curves of distribution. 

t With Appendix, Fage and Falkner, 4 Proc. Roy. Soc.,’ A, vol. 135, p. 685 (1932). 
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fluctuating cross velocities. The present research has been undertaken 
to obtain a measure of this effect for fully-developed turbulent flow. 

The relation between the reading of a static pressure tube (S) and die 
true average static pressure (p) is expressed in the form 

S — p + Kp [t? 2 -f w 2 ], 

where v and w are the cross components of the turbulent velocity, and 
K has a characteristic value for the same tube in turbulent streams of the 
same kind. The experiments have been made for the fully-developed 
turbulent flows in circular and rectangular pipes. A value of K for each 
of these flows has been predicted from_a theoretical relation for p, in 
terms of the Reynolds apparent stresses pt > 2 and pw 2 , and distributions of 
S, measured with a sensitive gauge capable of detecting a pressure differ¬ 
ence of 0-00001 inch of water. The distributions of p ?; 2 and pw 2 were 
deduced from measurements taken with an ultramicroscope. The 
values of K obtained for a static tube of common design (12 holes spaced 
30 ) were 0-28 (circular pipe) and 0-22 (rectangular pipe). It is con¬ 
cluded that the reading of a static pressure tube of this type, in fully- 
developed turbulence of the kind experienced in a pipe, exceeds the true 
average static pressure by an amount which is of the order 

0-25 P [F 2 + h 5 ). 

Information has been obtained on the relation between the values of p 
and where ______ 

q 2 ~ u 2 -f v 2 + w’ 2 , 

in the turbulent wake behind a long circular cylinder. Traverses made 
with static pressure tubes of different design in the wake at 15 and 30 
diameters behind the cylinder indicate that a state of fully-developed 
turbulence is reached^ at_30 diameters. At the centre of this section of 
the wake, values of u\ t> 2 , and w 2 were obtained by the hot-spot method 
developed by Townend, and a value of p was obtained from the relation 

p = s — 0 • 25 p (r 2 -f w 2 ). 

The sum of the values of p and \?q 2 was equal to the pressure just outside 
the wake, and it is concluded from this result, and the known nature of the 
distributions of p and ipg 2 , that (p -f ^p q z ) is constant across the wake. 
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(Communicated by R. H. Fowler, F.R.S.—Received March 4, 1936) 

1—Introduction 

The purpose of this paper is to derive the dynamical conditions govern¬ 
ing the motion of point charges in the New Field Theoryf from the 
variation equation} 

S f H V~g dx l dx 2 dx 3 dx* = 0, 

of Born and Infeld, where the coordinates of the charges, as well as the 
field strengths, are varied; also to develop the theory along lines parallel 
to classical mechanics, with a view to generalization to the quantum 
theory in a later paper. 

It was clear from the start of the New Field Theory (although not fully 
appreciated in I and II) that the motion of the charges was not governed 
by the field equations alone, and that some further condition had to be 
added. It was also clear from physical considerations of conservation of 
energy and momentum what this condition had to be§; namely, that the 
total force (.vee § 5) on each charge must vanish. But hitherto this has 
not been derived from the more basic variation equation. 

2—Choice or Fundamental Quantities 

We use the notation of II, and the reader is referred back to this for 
definitions of the various quantities. The velocity of light is taken to 
be unity. 

The field equations in a region free from charges are (II, equations 
(3.2a) and (3.4)) 

^V=7/*‘*==0, (2.1)|| 

d — 

%pV-gp ik =-- 0, (2.2) 

t Bom, ‘ Proc. Roy. Soc.,’ A, vol. 143, p. 410 (1934), quoted as I; Bom and Infeld, 

‘ Proc. Roy. Soc.,’ A, vol. 144, p. 425 (1934), quoted as II. 

t II, P. 436. 

§ Cf. Frenkel, ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 933 (1934); or Pryce, * Proc. Comb. 
Phil. Soc.,’ vol. 31, pp. 67-68 (1935). 

||/< v * is the tensor dual to/**; see II, pp. 431-432. 
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/* and p' k are related by the equations 


^5 

& 

11 

(2.3) 

— 2 41. 

Zpik 

(2.4) 


L and H are invariants built up from the metric tensor g fk , and f a or 
p tk respectively. They are related by 

H-L -y ik p ik . (2.5) 

The particular form of the dependence of H on g ik , p (k is not important 
for this investigation. 

If we assume that the f ik are related according to (2.1), and postulate 
the variation equation 

s|lV— g dr — 0, (d~ — dx l dx 2 dx' dx 4 ), (2.6) 

we obtain (2.2). Conversely, if we assume (2.2) and postulate the varia¬ 
tion equation 

8 | H \/. g dt — 0, (2.7) 

we obtain (2.1). 

The above applies in the absence of charges. We must now look into 
the modifications introduced by their presence. An electric charge at 
the point ? — (£, r h £) causes equation (2.2) to break down at that 
point. We may express this symbolically with the help of the 8-function 
by introducing a contravariant four-vector j\ which we define as having 
the following components in some given Lorentz frame: 

u\j\f) = i; j* p ] 

j = 4w8 (x-5)5 . (2.8) 

P = 4«8(x- 5) j 

This definition is independent of the Lorentz frame chosen. The vector 
j* satisfies the conservation law 

± V — g f _ 0. (2.9) 

The equation that has to replace (2.2) is 

= ^/zr~ g zj n \ 


( 2 . 10 ) 
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where the suffix n denotes the various charges. Note that owing to the 
antisymmetrical character of />** (2.9) is a necessary restriction on j\ 
Thus in dealing with charges it is rather natural to take the p ik as the 
fundamental variables, and therefore to derive the field equations from 
(2.7), assuming (2.10) as an identical relation between them. To formu¬ 
late the variation problem it is convenient, instead of using the p ik directly, 
to use a set of variables independent of one another; among these the 
coordinates of the charges must, of course, appear. This can be done 
as follows: we write 

ZPn*' ( 2 - 11 ) 

M 

where p n ik is an antisymmetrical tensor depending only on the world-line 
of the nth charge, and such that 

\ /z ~g p,' k -- (2.12) 

then p 0 ik must satisfy 

\ /Zr i r Po ik •■= 0- (2.13) 


We can therefore find four “ antipotentials ”f 4*,, forming a covariant 
vector, such that 


P*0ik 


iii 

9x* 


ifa 

?x‘ 


(2.14) 


The field can therefore be specified by the world-lines of the charges and 
the values of for all x 1 , x 2 , x 8 , x 4 . 

At this point it is convenient to choose a specific Lorentz frame to 
work in: (x 1 , x 2 , x 3 ) — (x, y, z) ; x 4 — t. The field is then specified by 
the values of ?„ for all t and the values of fa for all x, y, z, t. As we 
should like to develop the analogy with Lagrangian mechanics, we want 
the §„ and their time derivatives to appear in the quantity to be varied. 
This we do by choosing the p n ik to be functions of x — % and %. That 
this is possible is proved in § 3. 

There still remains a mathematical difficulty in performing the variation 
of the integral, owing to the fact that p„ ik becomes infinite at the point 
z = §„. When we perform an infinitesimal variation in 5», we never¬ 
theless cause an arbitrarily large variation of p n <h in the neighbourhood 
of x = and so invalidate the necessary condition that all variations 
are infinitesimal. To avoid this we temporarily replace the point charge 
by a distribution of finite charge density p„ (x — £„), rigidly fixed to the 

t II, equation (4.13), p. 436. 
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point x = % n . This charge density is to be supposed as being confined 
to a very small volume; we shall at the end pass to the limit in which the 
volume shrinks to the point x = \ n . Any doubts as to the validity of 
this procedure can be dispelled by the fact that we shall be able to express 
the results in a form which is independent of the density distribution. 
We therefore replace (2.8) by 

in Pn (* ?n) 5n | (2 15) 

?„ = p„ (X — ?») ) 

This still satisfies (2.9), but the definition is no longer independent of the 
Lorentz frame. 


3—The Tensor Field p n ik 

We now demonstrate the existence of tensor fields p n u ' satisfying (2.12) 
depending only on x — \ n and % n , and find some of their properties. 
Following Born, we express the six components of p n ik as two space- 
vectors D„ and H„. 

« (Pn \ Pn\ Pn *) | 

h„ = (p*\ P »\ P , r-) r ( ' } 

For future use we also define the vectors E and B: 


E = (/“ /«) 

B - (Z 23 , P\ .D 


(3.2) 


In this notation (2.12) becomes the pair of vector equations (we drop the 
suffix n in this section): 


div D — p (x — 5) (3.3) 

D * curl H - pt (3.4) 

That such vectors can be found is best proved by giving an example, 
namely, the Coulomb and Ampere fields connected with a charge density 
P and a current density : 

D = <Ul 


b ( 3 - 5 > 
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For any such vector 




4" 'h 


3D 


+ fc® + 

as 


- 3D 
4 -rr 


+ 


- 3D , ~ 3D 

Ti - + L, — 7 *. 

1 K 


(3.6) 


Comparing with the right-hand side of (3.4), in which % does not occur, 
we conclude that 


rp ?p rp 

3' < r t K 


(3.7) 


! .e., D depends only on x — We can therefore write 


D - - * £5 - ^ 1? - t ~ _ (£ V) D. (3.8) 

r.v cy rz 

Now consider the vector H —% x D : 

curl (H - % x D) = D + p? - % div Df(§-A)D = 0. (3.9) 

We can therefore find a scalar x. depending on x — % and such that 

H - 5 x D + V Z . (3.10) 

The truth of (3.7) and (3.10) is illustrated in the example (3.5). 


4—The Stress-Momentum-Energy Tensor 
In free space the symmetrical tensor T rt , defined by 
T<* = LV - p»f lt « H 3,* ~f* ,k p u *, 
satisfies the conservation law 

T tt ' «= 0. 


(4.1) 


(4.2) 


We shall work only in a Galilean frame of reference, and therefore 
write the ordinary derivative instead of the covariants and leave out the 
factor V — g- This equation is a consequence of equations (2.1) and 
(2.2). If, however, we replace (2.2) by 


dx k 


P ik = j* 


(this is the same as (2.10) with j* ~ S ./'„), we find 

* n 

_3_ 

3x fci 


4 sT< * == 3 ^ L ~ P 


* —fu-fu^P* 


3x* J 


j i /u + y ik 


d f _ 2 _L. f ) 
3 Z h? hi) 


(4.3) 




602 


M. H. L. Pryce 


Owing to the antisymmetry of p lk and f u , this is 



This replaces (4.2) when we have charges or charge densities. 


(4.4)t 


5—The Total Force on a Charge 

In the space-vector notation connected with our Lorentz frame we 
break up the components of T ilc into three stress-component vectors X, 
Y, Z, the Poynting (momentum density) vector S, and the scalar energy 
density U. 



Let us revert for the moment to point charges. In this case (4.2) 
holds at all points other than x = % n . The equation (4.2) corresponding 
to k — 1 is 

~ + div X = 0. (5.1) 

vt 

Let o and o' be two closed surfaces enclosing the same point charge and 
no others, and let us integrate (5.1) over the volume «' between them 
(taking care about the sign in case the surfaces cross): 

S t dxdydz = j Xda- f Xdo. (5.2) 

If o' shrinks to a point, the integral over <*>' converges to the integral over 
to, the volume enclosed by o. This is taken care of by the assumption 
that p ik is of order r~ 2 near a charge, and f ik finite. (This is so in the 
Born-Infeld case.) It follows that the surface integral over o' tends to a 
limit. We call this the x-component of the total force acting on the 
charge, F. 

|f S w dxdydz~F t -^X-do. (5.3) 

t Equation (2.1) can be written 

= 0; see II, equation (3.2). 
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Again, the equation (4.2) corresponding to k = 4 is 

^ + div S - 0, (5.4) 

and in a similar way we can prove that J S ■ do tends to a limit G, the 
total rate of doing work on the charge, such that 



If £2 is a volume bounded by a closed surface 2, containing a number 
of charges, then 

~ f S* dx dy dz « 2 F nx — f X • do (5.6) 

c t n » .'i 


4J b U*«.*=sg. —£»•*. 

(5.7) 

Let us now see what form these results take when we replace the point 
charges by the charge density p„. We must replace (4.2) by (4.4), i.e., 
in space-vector notation by 

-%f + div X = 2 p„ (E + x B)* 

VI n 

(5.8) 

^J+div8 = SrX-E. 

(59) 

Integrating over £2: 


1 [ S a dx dy dz = 2 f P „(B + t x B ) x dxdydz - 

c * Jn « Jn 

j X do (5.10) 

j t | U dx dy dz == 2 J p n ?„ • E dx dy dz — j 

S -do. (5.11) 

je 

Comparing with (5.6), (5.7) we see that the expressions for the total force 
and rate of doing work are to be replaced by 

F„ = j P„ (E + in x B) dxdydz 

(5.12) 

G„= fp„§ n E dxdydz. 

(5.13) 
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Clearly 


G n -t.F*. 


(5.14) 


6—-The Variation Equation 
We are now ready to attack the variation equation 

SJ « * f H V~g d? = 0 

As we are working in a particular Lorentz frame we shall make a com¬ 
promise between tensor notation and space-vector notation. Where the 
tensor p 0 ik occurs we shall use tensor notation, and where j n ‘, p n ik . which 
depend on x — % n , occur, we shall use space-vector notation. We use 

Greek indices to denote the components of a space-vector. 

The domain of integration is taken to be the whole of .vvz-space between 
the limits I — t 2 , t — / 2 . We assume that p ik , f ik tend to zero as R 2 
at infinity, arid therefore the as R _1 . This ensures that all surface 
integrals over the infinite boundary which occur in the calculation vanish. 
We may therefore consistently omit them. The infinitesimal variations 
are supposed to vanish at infinity and at t ~ t u t — t 2 . 

We can write 

SH = CT- */>*„ 

C P ik 

-lf* ik Hp\u + ZP*„U) 

== f* ik 4 H* + S (E ■ 3* - B • Ss) 

CA n C' ® 

- " B ’ (6*0 

Therefore 

» - 1 H, * + Z f * S q(B. - E • -f’) dx dy dz 

- s f dt sL f B • |M" dy dz. (6.2) 



On the New Field Theory 


605 


Making use of (3.30) and performing various integrations by parts this 
transforms to 


SJ 


fsh-ZpV-gf^dr+xfc/tS^f 

? I r». fXt, Hi 

H, 


?H FE 

B ^ + D„ 




+ ~ |(D„ x B)„ - div B} dx dy dz. (6.3) 


This must vanish for all possible variations. Hence the coefficients of 
8^. and 8£„ a in the integrands over dx and dt respectively must vanish, 
i.e.. 


V— gf* ik = o, 


( 2 . 1 ) 


and 


( B - 4- D„ • |1 + | {(D„ x B). - ^ div B] dx dy dz = 0. (6.4) 

The first of these is the complementary set of field equations. The 
second is the dynamical condition we have been looking for. The 
equations (2.1) written out in space-vector form are 


Substituting (6.5) in (6.4) 

rH. 


div B = 0 

B — — curl E. 

?E 


(6.5) 

( 6 . 6 ) 


and using (6.6) and (3.4) 


i 


B .a 

ox a 


(B x curl HJ, + D„ • — (D n x curl E)« dx dy dz. 


(6.7) 


Lemma —If M and N are two vector fields, then the following identity 
is true: 


M 


dx. 


(M x curl N)„ = div (N # M) - N. div M. 


The proof is elementary. 

Applying the Lemma to (6.7) and removing the terms arising from 
.div (H. tt B) and div (E a D„), which vanish, 

0 | p» (E + §„ x B). dx dy dz 

- - F«„. 




606 


M. H. L. Pryce 


The dynamical condition (6.4) therefore reduces to 

F„ = 0. 

As a direct consequence of this and (5.14) we may add 

G„ = 0. 

We can write these conditions as 


( 6 . 8 ) 


(6.9) 


dt 

_a 

dt 


X • da = 0 


j S* dx dy dz -f j i 

U dx dy dz + [ S • da — 0 


( 6 . 10 ) 


where Q is any volume, bounded by a closed surface S which does not 
actually cut a region in which our hypothetical charge density is different 
from zero. This equation expresses the dynamical condition in a form 
which is independent of the distribution p„. We may therefore conclude 
that it (or its equivalents (6.8) and (6.9)) expresses the condition in the 
case we are really interested in, namely, point charges. 

We can also ^express it in a completely relativistic way by integrating 
it over a 4-dimensional volume bounded by a closed 3-manifold 
x* — x* (u, v , w), which may be crossed by any number of world-lines, 
(n, v, w are parameters on the 3-manifold.) 


j T ii£ n k du dv dw = 0, 
where the <s k are the minors of the arrayt 


V- g 


The total momentum and energy are defined to be 

P = j S dxdydz 

W - f U 'dxdydz. 


( 6 . 11 ) 


dx 1 

a.v 2 

dx 3 

dx* 

157’ 

(be 1 

du ’ 

du ’ 

du 

dv 

ox 1 




dw 

* • 

* * 

* * 


t Ok du dv dw i$ the 4-dimensional equivalent of the surface element do in three 
dimensions. 
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The integration is over the whole of space. Applying (6.10) to this we 
see that 


£.0- ^ = 0 

dt u ’ 5t u ’ 

i.e., momentum and energy are constant, as they had to be. 


( 6 . 12 ) 


7—Alternative Variation Equation 

We stated in § 2 that in the absence of charges we could deduce (2.2) 
by postulating (2.1) and the variation equation (2.6) 


\ IV- 


g dx ~ 0. 


While preparing this paper for publication, I received a manuscript from 
Professor Born, dealing with a generalized form of the same problem (he 
introduces a classical “ spin of the electron ”), and starting from a 
variation equation of this type. This is to be published elsewhere.t We 
propose to show in this section how the two methods connect up. 

Let us define a new invariant as follows: 


Then 


M - H + i.4 Po ik - 






- W* *u) . (7.2) 

1 35 ™. 2£na ’ 

If we express M as a function of the f ik , 5™ and ? n , we shall therefore 
have 

iH = in <* \ 

dp* iPo 


m=in=- 

35™ 35™ 

aM = 3H = _ 

35™ 35™ 

If we postulate the variation equation 


8 


K 


i f,M 

35™ 

1 f 3 Pn tk 

tJik " re ' 


g rfT = 0, 


t * Proc. Ind. Acad. Sci.,’ A, vol. 3, p. 8 (1936). 
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with the subsidiary condition 


V— gf* ik — 0, 

(2.1) 

(^equivalent to the existence of fa such that 


r __ $fa fifa\ 

Jik dx* ex*’’ 

(7.5) 

we obtain 


p 0 ik = 0, 

(2.2) 

and equations (6.4) again. It is, therefore, a 

fully equivalent way of 


stating the laws of the electromagnetic field with point charges. 

We can transform the quantity K to be varied into a more workable 


form as follows: 

K — j M V — g d~ 

“I (H + UikP ik - i ZfaPn**) V^i’Ch 

J n 

== j(L+ S V^gch 

= j LV^ + S { - <£ J^V^gPn^j dx 

“ I (L - S 4> t jn) V~g d-. (7.6) 

J « 


This is independent of the choice of the tensor field p „ a , which no longer 
appears in it. 

The laws of the field can therefore be derived from the pair of equations 



(7.5) 

(7.7) 


where j n * is defined by (2.8). The second term in (7.7) can, if we wish, be 
expressed as a simple integral over t, because of the 8-function in the 
definition of 

It is from a variation equation of this type that Born starts out, differing 
in that it contains terms describing the spin properties of the charges. 
Personally the author thinks the method of § 6 preferable, as it shows up 
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the unitary character of the theory, the quantity to be minimized being 
an integral over field quantities with no extra terms corresponding to the 
charges. 

8—Conjugate Momenta and Total Energy 


Although the <J/’s are not true generalized coordinates, the quantity 


A (*, 4*, §„; t) = - f H dx dy dz 

(4>< = (+■. 40)", (8.1) 


in many ways plays the part of a Lagrangian function for the system. 

In mechanics the momentum conjugate to a coordinate q r is defined 
by 



( 8 . 2 ) 


When the number of coordinates is not discrete, the definition is to be 
modified by replacing the partial derivative by the functional derivativet 



The momentum conjugate to the vector antipotential 4* (x) is therefore 
P* (x) = - -3- f H dx dy dz 

o«p (X) - 

0H 

*H(x) 

= B (x). (8.3) 

The momentum conjugate to the scalar antipotential (x) vanishes 
identically, since ^ does not occur in H. 

Pi (x) « 0- (8.4) 

The momentum conjugate to the coordinate of the «th charge is J 

P« - ~ f S dx dy dz 

J 

= | D„ x B dx dy dz. (8.5) 


t Cf. Heisenberg and Pauli, ‘ Z. Physik,’ vol. 56, p. 4 (1929). 

} This is not to be confused with what one normally calls the momentum of a particle, 
which is a concept with no well-defined meaning in the New Field Theory, where 
momentum is electromagnetic in origin, and so not uniquely to be associated with a 
given particle. When charges are well separated (compared with the radius of the 
electron), we may speak of the momentum of a particle as a first approximation, and 
it is then given by (8.5) if D„ is chosen to be the self-field ” of the charge at the 
moment considered. 
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It is, therefore, a linear function of the momenta conjugate to the Y’s, 
in which the coefficient are functions of % n . 

Now in Hamiltonian mechanics we express dynamical variables as 
functions of the coordinates and their conjugate momenta. In the 
electrodynamics of the vacuum (without charges) the conjugate momenta 
are not independent, but related by the equation 

div B = 0, 

but this causes no difficulty in expressing the quantities we are interested 
in as functions of the and B’s; this is because the antipotentials do 
not enter explicitly into these quantities, but only through the D’s and 
H’s. A similar remark applies about the vanishing of the momentum 
conjugate to <Ji. 

The situation is quite different when we come to the dependence of p„ 
on the other variables. It means that for instance, cannot be expressed 
in terms of D, B, p„. It is therefore impossible to put the New Field 
Theory into Hamiltonian form. The consequences of this in the quantiza¬ 
tion of the New Field Theory will be discussed in a later paper. 

The total energy of a system is 

W — 2 p r q r + f p r q r dx dy dz — A, 


the summation extending over the discrete variables, and the integral 
over the continuous ones. Putting in the expression (8.1) for A and 
(8.3), (8.4), (8.5) for the conjugate momenta, this is 

W = 2 P„ • ?„ + [to - tydxdydz — A 

n J 

= f{2B-& X D„ + B-4»+ H }dxdydz 

J « 


(2 H„ + «j* — V + H } dx dy dz 


= j{B-H+ H }dxdydz 
— ( U dx dy dz. 


(8.7) 


as stated before. 

U can be expressed as a function of D and B, so there is no difficulty 
in expressing the energy as a function of the coordinates and conjugate 
momenta of the system. Only it is impossible to give a meaning to the 
partial derivatives with respect to them, as they are not independent. 
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When we start from the other variation equation, as in § 7, we get a 
v different set of coordinates specifying the field. This is similar to a 
contact transformation of the variables, but owing to the non-holonomic 
character of the system the analogy is not complete. We have two 
possibilities for the Lagrangian (leading to the same equations), corre¬ 
sponding to (7.4) and (7.7). 

A' «* — j M dxdy dz = - J {L + S (E • D„ — B • H„)} dxdydz (8.8) 

A" = — f {L - 2 Pn + t • ♦)} dx dy dz. (8.9) 

J n 

The momenta conjugate to <|>, <f>, are, for (8.8), 

P* ( x ) — — D (x) (8.10) 

p*(x) = 0 (8.11) 

p'„ = jD„xB dxdydz, (8.5) 

and for (8.9) 

p*(x)=-D(x) (8.10) 

P* (x) - 0 (8.11) 

P"„ = fp dxdydz. (8.12)T 

It can easily be shown that both systems of variables lead again to 
equation (8.7) for the total energy. 

9—The Equations of Motion in Weak Fields 

We wish to show how the dynamical conditions of 16 lead to Lorentz’s 
equations of motion as a first approximation.} We suppose the 
“ external ” fields to be very weak compared to the field of the “ interior ” 
of the charge, and not to vary appreciably in distances comparable to 
the radius of the electron. This ensures that Maxwell’s equations hold 
as a good approximation at distances great compared with the radius of 
the electron, and in particular that fields may be superposed. It also 
ensures that the acceleration of the charge shall be small (compared with 
c*/radius of electron). 

t The momentum conjugate to a coordinate q T depends on the choice of the other 
coordinates and is indeterminate even then to the extent of 6fjdq r , where/is a function 
of the coordinates. Where Poisson brackets can be defined these must, of course, be 
invariant. This will be the main guide to a correct quantum generalization. 

t For a more detailed treatment, see Feenberg, * Phys. Rev.,’ vol. 47, p. 148 (1935). 
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We draw a closed surface enclosing the charge, large compared with 
the radius of the electron, but small compared with distances in which the 
“ external ” field varies appreciably. On this the field will be the sum of 
the (constant) external field and the “ self-field ” of the charge, which at 
these distances is the same as in Maxwell’s theory. Since the fields are 
weak, the stress tensor will be equal in the New Field Theory and Maxwell’s 
theory, so that the surface integral in (6.10) will be the same as in the 
Maxwell theory. This is well known to be 

| X'rfo=-c(E, + vx B,)„ (9.1) 

E- and B t being the values of the external field and v the velocity of the 
charge. 

(6.10) therefore states that 

~ j S dx dy dz e (E t . + v x B„). (9.2) 

The volume il is very large compared with the electronic radius and small 
compared with external distances; the volume integral will therefore be 
the electromagnetic momentum of the charge. Since in this approximation 
the charge is moving nearly uniformly it will be the momentum of a charge 
moving uniformly with velocity v. Now the energy and momentum of a 
uniformly moving charge can be calculated from the known value of the 
energy of a resting charge by Lorentz transformation, since they form a 
four-vector. Calling the rest mass m 0 ,f 

P = fl'o (1 — f 2 )-* v. 

The equations of motion are therefore 

m 0 j t (1 — d*)-» v — <? (E, + v x B,). * (9.3) 

Summary 

The dynamical conditions governing the motion of point charges in the 
New Field Theory are derived from the variation equation 

8 j H V^—g dx — 0, 

where the world-lines of the charges are varied, in addition to the field 
strengths. This leads to the condition that the total force on every 

f II, p. 446. 
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'charge shall vanish. The complementary variation equation, corre¬ 
sponding in the case of no charges to the 

S j* L V— g dr — 0 

of Born, is also discussed. 

The analogy with Lagrangian mechanics is developed, showing that it 
is impossible to describe the system by canonical Hamiltonian equations 
if charges are present. In the last section the Lorentz equations of motion 
for charged particles are derived as first approximations from the 
dynamical conditions. 


Magnetic Transition Curves of Supraconductors 
By R. Peierls, Royal Society Mond Laboratory, Cambridge 
(Communicated by R. H. Fowler, F.R.S.—Received March 5, 1936) 

1—Introduction 

The experiments of Meissner and Ochsenfeld and others* have sug¬ 
gested that in a pure supraconducting body which has not the shape of 
a ring the magnetic induction B is always equal to zero, independently 
of the previous treatment and of the external magnetic field, provided the 
latter does not exceed the “ threshold value 

Gorter and Casimirf have given a thermodynamic treatment of the 
behaviour of a long-shaped supraconductor in a longitudinal magnetic 
field. This treatment is based on the assumption that the supraconductor 
is in thermal equilibrium, even if B — 0 in the interior in the presence of 
an external magnetic field, and that the perturbation of the supra- 
conductivity on passing the threshold is a reversible process. These 
assumptions were made extremely plausible, if not certain, by the experi¬ 
ments mentioned above. 

The present paper represents an attempt to generalize the arguments of 
Gorter and Casimir to bodies of different shape, in particular to spheres 

* Meissner and Ochsenfeld, ‘ Naturwiss.,’ vol. 21, p. 787 (1933); Mendelssohn and 
Babbitt, ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 459 (1934); Shoenberg, ‘ Proc. Roy. Soc.,’ 
A, vol. 152, p. 10(1935). 

tGorter, ‘Arch. Teyler,’ vol. 7, p. 378 (1933); ‘Nature,’ vol. 132, p. 931 (1933); 
Gorter and Casimir, ‘ Physica,’ vol. 1, p. 306 (1934). 
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and ellipsoids. The new feature of such bodies is that in an increasing 
external field supraconductivity does not disappear at once, but gradually, 
the range of the fields over which this process takes place being the greater, 
the greater the demagnetizing factoT of the body. 

2—Assumptions 

It is generally believed that in the transition region in which the supra¬ 
conductivity is gradually destroyed some parts of the body will remain 
supraconductive while others are already in the normal state. To study 
this problem, we must therefore apply thermodynamics not only to the 
body as a whole, but to each volume element inside it. 

According to the experimental evidence, the changes which the body 
undergoes in a changing magnetic field are completely reversible, pro¬ 
vided the shape is such that no lines of force are “ caught ” in supra¬ 
conductive rings and provided the substance is very pure. Thus the 
field distribution determines the state of the body completely, any possible 
induced currents depending uniquely on the field. 

In other words, we can apply the usual macroscopic field equations 

div B = 0 (1) 

curl H — 0, (2) 

(2) holds because our assumptions amount to postulating the absence 
of “ free currents ”. All currents are “ microscopic currents ” in the 
sense of Lorentz’s theory, and are represented by the fact that H is 
different from B. 

The peculiar magnetic properties of the supraconductor lie then only 
in the relation between H and B. 

In general, the value of H at a certain point may depend upon the value 
of B at the same point and upon the first and higher derivatives of B.* 
It seems reasonable, however, to assume that the dependence on the 
derivatives is negligible.! Thus we assume that there is a definite relation 

* More generally speaking, it may depend on the values of B at all other points, 
but if the fields do not vary too rapidly in space they can be expanded into Taylor 
series and thus the most general relation reduces to a dependence on the derivatives. 

f This assumption might appear to be in contradiction with the theory of H. and F. 
London (‘ Proc. Roy. Soc.,’ A, vol. 149, p. 71 (1935)). However, for weak fields, 
for which the Londons* theory has been worked out in detail, our neglect of grad B 
would amount to neglecting the thickness (~ 10-* cm) of the boundary layer in 
which B varies from 0 to the full value outside. This has indeed very little influence 
on our results. 
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between H and B at each point. If we restrict ourselves to isotropic 
substances, B and H must be parallel, and we have only to discuss the 
relation between their magnitudes. 

Knowing the relation between B and H is equivalent to knowing either 
the free energy per unit volume / as a function of B, or the thermodynamic 
potential z per unit volume as a function of H, because of the relations 

H = 4 *I (3) 

< 4 > 

(/ and z are, consequently, related by 

/-z = ^BH +const). (5)* 

Outside the body we have, of course, B = H, and (1) and (2) imply that 
at the surface the normal component of B and the tangential components 
of H are continuous. 


3—Long-Shaped Body in Longitudinal Field 

We next consider the question how far the function H (B) is already 
determined by the properties of the longitudinal case discussed by Gorter 
and Casimir. In this case the external field of magnitude Hi is prac¬ 
tically everywhere parallel to the surface. The boundary conditions 
require, therefore, that the field inside must be equal to Hi. The experi¬ 
ments show, on the other hand, that the induction B vanishes as long as 
Hi < H„, where H c is the “ longitudinal threshold value ”, and that 
B = Hi for Hi > H„. Thus if we plot H as a function of B we obtain 
the two lines 0 — a and p — y of fig. 1. No values of B between 0 and 
H e occur, however, in longitudinal experiments. From this, the con¬ 
clusion has often been drawn that such values cannot occur in any case, 
i.e., that the lines 0 — a and p — y represent the only possible combina¬ 
tions of values of H and B. 

Such a position seems, however, rather improbable, for as B represents 
the space average of the fields in the molecular theory one would expect 

* A thorough discussion of these relations may be found in the quoted papers by 
Gorter and Casimir. Our definition of free energy and thermodynamic potential 
differs from theirs not only in that it refers to a volume element, but also in that we 
have not subtracted the “ pure field term ” which would remain if the body were 
absent. This accounts for the fact that 8, not the magnetization, occurs in (4). 



tluit the free energy / can be defined for any B, and that these should 
then always be a corresponding value of H according to (3). 

Conversely, if we consider z as a function of H, it has a discontinuous 
slope at H = H c and the value of B at this point u; undefined. It seems, 
however, more natural to interpret this discontinuity by assuming that 
at H — H e B may have any value between 0 and H„. This, at any rate, 
is the interpretation at which one would arrive if one considered the dis¬ 
continuous curve as the limiting case of a continuous curve of very high 
curvature. 

Another argument against the view that B can never take values between 
O and H c is that it leads to equations which have no solution for a body 
with finite demagnetizing coefficient.* 


H 



Fig. I. 

We consider, therefore, a function H (B) which is defined for all B, 
and try to determine it in such a way that it agrees with the longitudinal 
experiments. In order to do this it is obvious that it must follow the 
branches 0 — a and (3 — y of fig. 1. The only possible freedom which 

* This difficulty was discussed by Gorter and Casimir {loc. clt.), who proposed to 
avoid it by assuming the body to break up into a network of regions in which B»0, 
H < H c , separated by other regions in which B — H > H„. In further unpublished 
calculations Casimir and Gorter have developed this view and shown that the assump¬ 
tion of such a network would lead to results very similar to ours. They did not show, 
however, that such a network can be arranged in such a way as to satisfy the boundary 
conditions at all interior surfaces; it seems to us that no such arrangement is possible. 
The author is indebted to Dr. Casimir for the communication of their unpublished 
results. 
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remains lies in the connexion between a and (3, Tht simplest way to 
connect these two points is by a straight line, *>., 

O < H < H, for B = 0 ' 

H = H„ for O < B < H, . (6) 

H = B for B>H 0 

This is also the only curve connecting a and (3 for which both / and z are 
single-valued functions of B and H, respectively. 

This assumption is obviously not in contradiction with the longitudinal 
experiments, for as H increases beyond H e , B jumps discontinuously from 
O to H c . We shall see later that the relation (6) is indeed suggested by 
measurements on bodies with finite demagnetizing coefficients. 

However, (6) is not the only possible relation which is compatible with 
the longitudinal experiments. For whatever is the form of the curve 
between a and p B = 0 represents one possible solution of the field 
equations for H < H„ and B = H represents a possible solution for 
H > H„. There exist, however, other solutions besides these, if we 
draw the connexion in a way different from (6), and all we have to make 
sure is that the values mentioned above represent the most stable solutions. 

The criterion for the thermodynamic stability at a given value of the 
external longitudinal field is that the thermodynamic potential z must 
be a minimum. From the definition of z, equation (4), it follows that 
of two values B and B\ belonging to the same H, the one or the other will 
be stable according to whether the expression 

H (B' - B) - f H dB 
is positive or negative. 

It is therefore obvious that any curve connecting the points a and (3 
leads to the right behaviour of a long-shaped body in a longitudinal field 
if it satisfies the following two conditions: 

(i) The integral J H dB, taken from a to |3, must be equal to H c 2 . 

This condition may also be expressed in the form that the area a — a — b 
in fig. 2 must be equal to b — c — p. 

(ii) If, for any intermediate value of B between O and H c , say B', H has 
the value H„, the integral 

f B/ 

I H dB 


must not be less than H„B'. 
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Any curve which satisfies these two conditions will lead to the same 
results in the longitudinal cases. To decide between (6) and other 
possible curves we must therefore discuss their consequences for a body 
of different shape for which they will lead to different predictions. 


4—Solution for an Ellipsoid 


H 


In a body of ellipsoidal shape it is still true that H and B have constant 
values inside the body, but neither is equal to the field at large distance, 
H x . For if we assume them to be constant over the volume of the body, 
we are left with the problem of finding two constant field vectors, H, B, 

such that at the boundary the tangential 
components of H and the normal com¬ 
ponent of B are equal to those of the 
field outside, and that the field at large 
distance is H t . This is the problem of 
a magnetized ellipsoid which, as is well- 
known, has a solution: H and B must 
satisfy the relation: 



H (1 -«)-(- Bn — Hj 


(7) 


Fig. 2. 


in which 4wi is the demagnetizing co¬ 
efficient. In addition to (7), B and H 
must satisfy the relation expressed in 
the magnetization curve of figs. 1 or 2. 
We can thus solve the equations by 
drawing in fig. 1 or in fig. 2 a straight 
line, representing (7). This has been done in fig. 3. The intersection 
between the two lines then determines the solution of the equations. 

The straight lines are horizontal for n — 0 (longitudinal case) and 
vertical for n ~ 1 (flat disc). 

One sees that: 


(i) At small H x there is only one intersection, belonging to B — 0. 

(ii) At large Hi there is again only one intersection, belonging to 
H = B = H t . 

(iii) For intermediate values of Hj, B increases from 0 to large values 
continuously or discontinuously as the case may be, according to the 
shape of the H (B) curves and according to the value of n. If any dis¬ 
continuities occur, they should become less marked for large n, and for 
n near to unity B will always increase continuously. 
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(iv) H may partly increase, partly decrease with increasing external 
field, but for large n there should certainly be regions of decreasing H, 
unless the H (B) curve has the rectilinear shape (6). 

If, in particular, the H (B) relation is given by (6), we have: 

B — 0 (0 < H x < (1 — n) H c ) \ 

B = ^ (Hj — H„) -f H„ ( (1 — n) H e < Hi < H„) (8 ) 

B = H x (Hj > H e ) 



Fio. 3. 


5—Comparison with Experiment 


Experiments which allow a direct comparison with the above results 
have been made by Shoenberg,* who measured the magnetic moment 
or induced in a lead sphere as a function of the magnetic field. For a 
sphere, n— 1/3. The induced moment is connected with B by 




V being the volume of the sphere. 

* Shoenberg, loc. eft. The details of this work are as yet unpublished, and the 
author is obliged to Dr. Shoenberg for the permission to quote from them. 
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If, in particular, the H (B) relation is given by (6), the magnetization 
curve should become: 


V H, 

4k 1 — n 


(0 < H x < (1 — n) H„) ) 




4nn 


. 0 


(H e — Hi) ((1 — n) H„ < H x < H c ) j ’ 
(H x > H e ) ) 


(ID 


with n — 1/3. 

The experimental curves found by Shoenberg agree indeed with (11) to 
a very good approximation. The accuracy of the experiment is limited 
by a slight irreversibility, probably due to traces of impurity, and by 
the inhomogeneity of the magnetic field. As, however, the experiments 
give no definite indication of a deviation from (11), we shall base the 
further discussion on (11). This amounts to accepting (6) as the relation 
between H and B, because according to (10) B and H can be calculated 
unambiguously from a. 

Another set of experiments which are of interest in this connexion was 
made by Mendelssohn and Babbitt,* who measured the magnetic field 
at the equator of a supraconducting sphere as a function of the ex¬ 
ternal field. Since the field at the equator is tangential for reasons of 
symmetry it follows from the boundary condition that it is equal to the 
field inside. We should therefore expect that the field as measured by 
Mendelssohn and Babbitt should follow equation (9). 

Actually they found that the field was slightly smaller than fH x for 
fields below and showed a gradual increase between $H„ and H„, 
instead of being constant. It seems, however, unlikely that this deviation 
from (9) is due to the H (B) relation being different from (6), for in order 
to account for the measurements we should have to assume that the 
H (B) curve shows an increase between a and (3. On the other hand, we 
had seen in § 3 that in order to account for the longitudinal experiments 
there would have to be a region in which H decreases with increasing 
B. It seems probable, therefore, that this increase is due to secondary 
reasons.f It would be desirable to have this question settled by further 
experiments. 

* 4 Proc. Roy. Soc.,’ A, vol. 133, p. 459 (1934). 

t Sources for such an effect could be: (1) an impurity in the tin. According to 
Keeley and Mendelssohn (‘Nature,’ vol. 134, p. 773 (1934)), the reversibility is a 
measure of the degree of purity and the irreversibility in these measurements was 
greater than that of the lead sphere used by Shoenberg. (2) The finite extension and 
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Another experiment on similar lines was made by de Haas and Mrs. 
Casimir.* They measured the field inside a supraconducting cylinder 
with the aid of a bismuth wire passing through a longitudinal hole in 
the cylinder. The external field was at right angles to the axis of the 
cylinder. Their results are not so easy to interpret as those of the experi¬ 
ments mentioned above, because the hole in the cylinder produces a 
perturbation of the field which is difficult to treat theoretically. The 
existence of such a perturbation can be concluded from the fact that in 
their experiments, in which the cylinder actually contained three holes, 
the field as measured in the central wire depended on the position of the 
other holes with respect to the external field. 

Qualitatively one may say that, if one had, instead of the cylindrical 
boring, a flat slit at right angles to the field, and if one could neglect the 
perturbation, the bismuth wire would measure the induction inside the 
cylinder. It should thus follow equation (8) with n ----- 

If, on the other hand, the slit would be orientated parallel to the external 
field, the wire would measure H, and should therefore follow equation 
(9). For a cylindrical hole one would expect the curve to be in between 
these two limiting curves. This is indeed correct. 

For a more quantitative treatment one would have to solve the equa¬ 
tions for a hollow cylinder, including the boundary condition at the inner 
surface. So far we have not been able to obtain the solution, and it is 
doubtful whether it could be applied to the actual experimental conditions. 
For the thermodynamic equilibrium, which is described by our equation, 
can only be established if either the whole body passes at once through 
the stage H = H„ at one value of the external field, or if the external 
regions reach this stage before the regions near to the plane through the 
axis of the cylinder and parallel to the magnetic field. For otherwise, 
our equations would predict that lines of force would start to pass through 
the regions near to the central plane, while the external parts are still 
supraconductive. Such a state, although possibly representing the 
equilibrium, could never be reached, because the supraconductive regions 
would not allow any lines of force to enter into the interior. In this 
case the magnetic field in the interior would change in an irreversible way 
with the external field. In fact, it was established by Meissner and 

particularly the finite thickness of the wire which served for measuring the held. . The 
field varies rapidly in the radial directions and the measurements are sensitive to a 
small radial extension of the wire. It seems that the impurity is of greater importance 
than this effect. The author is indebted to Dr. Mendelssohn for a discussion of the 
possible sources of error and of several details of the arrangement. 

* ‘ Physica,’ vol. 1, p. 291 (1934). 
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Ochsenfeld ( loc . cit.) that the magnetization curve of a hollow cylinder 
is not reversible. It is, however, not certain whether the same would 
hold for the cylinder with comparatively small borings used by de Haas 
and Mrs. Casimir. Unfortunately, their measurements do not seem to 
have been made with increasing and decreasing field and there is no direct 
check, of their reversibility. 

6—Discussion of Field Equations 

If we assume (6) to represent the proper relation between H and B for 
a pure supraconductor, we can distinguish three states: 

(i) the supraconductive state in which B — 0 and H < H e ; 

(ii) the transition state in which H — H c , 0< B< H„; 

(iii) the normal state, in which B = H > H e . 

Accordingly, in a body of complicated shape there may be different 
regions, each being in one of these three states. The field equations in 
the first and last of them are sufficiently well known. In the transition 
region H is a vector of constant length, having the direction of B and 
satisfying the equation (2): 

H = H„. b, 

b being a vector of unit length. Thus 

curl b = 0, 

and since b 2 — 1: 



Now 

(b|£) = (b grad) b x + [b, curl b]„ 

and therefore 

(b grad) b T = 0. 

Similarly 

(b grad) b u = (b grad) b v = 0. 

In other words, the direction of H does not change along a line of force: 
The lines of force in the transition region are straight lines. 

One consequence of this fact is that, since at the boundary between the 
supraconductive and the transition region B must have no normal com¬ 
ponent, this boundary must be formed by straight lines. 

It would be of interest to find the field distribution for a simple case 
with such a surface, but so far we have not succeeded in overcoming the 
mathematical difficulties. 
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We can, however, show that for a body of not too irregular shape there 
will always be some range of fields in which the moment is a linearly 
decreasing function of the external magnetic field and in which the whole 
body is in the transition state. 

We show this for a body which is symmetric for reflexion in the x — y 
plane, + z being the direction of the magnetic field. If such a body is 
in the transition state, i.e., if the lines of force are straight lines, it is 
obvious from the symmetry that they, too, must have the z direction. 
Thus we have inside 

H, = H v - 0 H, - H c . 

Outside the field must be such that the tangential components of H are 
continuous at the surface. To satisfy this condition we write 


H — grad 


everywhere. This is possible because of (2). 
continuous, and since inside 


we may write outside 


4- - H c z, 

4- = H c z + 4^. 


On the surface 4* must be 


Then <pi has to satisfy the conditions that 




10 on the surface 

^(H x — H,) z at large distances. 


H x being again the external field. This problem is familiar as that of a 
conductor in an external electric field of strength H x — H„. Its solution 
is of the form 

4, = (Hi - H c ) </>, 


where <f> is a function of the coordinates that depends on the shape of the 
body, but not on H x or H 0 . 

We have not introduced as yet the boundary conditions for B, but they 
can be satisfied, provided H t lies within certain limits. For the relation 
between H and B for the transition state fixes B only so far as it must have 
the -f z direction and must not be greater than H„. The field equation 
(1) requires B to be constant along each line of force. Each line of force 
intersects the surface twice. At these two points the normal component 
of B must be equal to the normal component of the field outside. Because 
of the symmetry we assumed the external normal components at these 
two points are equal and opposite and if we determine B by the boundary 
condition at the one point that condition is automatically satisfied at the 
other end of the same line of force. 


VOL. CLV.—A. 


2 U 
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The normal component of B inside is then 

B cos 0, 

0 being the angle between the surface normal and the z direction. Outside 
the normal component is 

H c cos 0 + (H x — H e )|i. 

We therefore have the condition 

B - H e + (H* - H e ) fj/cos 0. (12) 

This expression must lie between 0 and H c for all points of the surface. 
Provided the shape of the body is not too complicated, d<j>jdn will be 
positive in the upper half of the surface (cos 0 > 0) and negative in the 
lower half. (The surface charge induced in a conductor of not too 
complicated shape by an electric field is positive in one half and negative 
in the other half of the surface.) Thus B will indeed be less than H„ if 
H x < H c . If, however, H, becomes too small, the expression (12) will 
in some parts of the body become negative. The value of at which 
this first happens is, say, H 0 . 

At very weak fields we have B = 0 inside, provided the tangential 
component of the field outside is less than H e at all points of the surface. 
This will be true if Hj is smaller than a certain maximum value H' 0 . 
In the region between H' 0 and H„ the body must be partly in the supra- 
conductive, partly in the transition state. Here again the remark of 
§ 5 applies: that the solution can only have a physical significance if it 
does not predict supraconductive rings surrounding transition regions. 
However, we could not obtain a solution of the field equations for this 
range. 

For H 0 < Hj < H„, our solution is consistent and the induced moment 
is then equal to * (H c — H x ) where k is the polarizability of a conductor 
of equal shape in an external electric field. For Hj > H„, a ~ 0. 

7—Caloric Effects 

The energy content of the system can be calculated if the thermodynamic 
potential is known as a function of temperature and externa} field. This 
can, in principle, be obtained by integrating z over the body and over the 
surrounding field, but it is simpler to make use of the relation 


3 (Z - Z 0 ) 
0H 



Magnetic Transition Curves of Supraconductors 625 


where Z is the total thermodynamic potential and Z 0 that of the field 
which would remain if the body were absent. 

Thus, for an ellipsoid, because of (11): 


Z - 



V 1 
1 — n 


Hj 2 + A, 


V 

8otj 


(H. - HO 2 + A a 


A 


3 


0 < Hj < (1 — n) H„ 

(1 -»)H,<H 1 <H - 

Hi > H c 


Aj, A 2 , A 3 may depend on the temperature, but not on the field, 
tinuity requires that 


A 2 A 3 
Aj — A 3 


V 

ss 


H, 


Con- 


A„ is the thermodynamic potential of the body in strong fields. It has 
only a negligible field dependence and is a continuation of the corre¬ 
sponding function for higher temperatures (if. the discussion by Gorter 
and Casimir, loc. cit.). We denote this function by Z n . 

( o<h i <(i-*)h. 

j 

Z - Z„ - Z „= j __ (Hfl _ Hj)2 (1 _ „) H<> <H! < H c 

' 0 H, > H„. 

The energy content is 


or, subtracting the energy E 0 which the field would have without the 
body and the energy of the body in the normal state: 


E — E 0 — 



r T 2 — 

8tt L ?T 

(¥)+ 1^] 

0<H 1 <(1 -«)H, ' 

E* — < 

v d 
8 t w 0Tl 

|”(H« — Hi)*1 

(1 -#t)H.<H 1 <H. 


,0 


Hj > H„ 


03) 


For small fields the energy is thus independent of the shape of the body 
and of the field, except for the “ interaction energy ” VHx 8 /8it (1 — «), 
which is independent of temperature. The anomalous specific heat in 
this region is, of course, the same as that calculated by Gorter and Casimir. 


2 U 2 
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In the transition temperature the anomalous energy is 
X {_ (H. -HJ+ 2 (H. — 


For Hi — (1 — ri) H c this expression becomes equal to 




while it vanishes at H x = H„. The energy is thus a continuous function 
of the field. However, the specific heat is discontinuous both at (1 — n) H t 
and at H c . It is easy to see from (13) that at H x = (1 — n) H, the dis¬ 
continuity in the specific heat is 



while at H x — H„ the discontinuity is 



Fig. 4 shows the anomalous specific Heat of a sphere (n = )) in a 
magnetic field as function of temperature. The different curves refer 
to different values of the field. The relation between temperature and 
threshold field was, for the purpose of this diagram, assumed to have the 
form 

H„ = A [1 - (T/T„) 2 ], 

which is empirically established for most supraconducting metals. 

Measurements of the specific heat in a magnetic field have been made 
by Keesom and Kok,* but these authors do not state the form of their 
specimen. It probably did not have the form of an ellipsoid and there¬ 
fore the lower discontinuity should be flattened out. If the specimen 
has not too sharp corners or other irregularities, the considerations of 
§ 6 would lead one to expect that the discontinuity at the higher tempera¬ 
ture should remain sharp. The experimental curves do not show any 
sharp discontinuity. It is possible that this is again due to small irre¬ 
versibilities caused either by the form of the specimen or by the boring 
for the thermometer. 

It should be noted that the results of this section are independent of all 
assumptions except that the magnetization curve of a supraconductor is 
given by (11) as found experimentally by Shoenberg, and that this magne- 


* ‘ Physics,’ vol. 1, p. 303 (1934). 
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tization curve is reversible in the thermodynamic sense, i.e., that it is a 
true equilibrium curve. Measurements of the specific heat of an ellipsoid 
or sphere in connexion with magnetic measurements would thus decide 
whether the magnetization curve in the transition region is reversible. 

Summary 


The magnetic properties of a supraconductor are discussed for that 
range of external field strength in which some lines of force are passing 



Flo. 4—Anomalous specific heat of a supraconducting sphere in a magnetic field. 

the body, but in which their density is still less than outside. It is pointed 
out that this cannot be explained by assuming the body to break up into 
supraconductive regions where the induction, B, vanishes and other 
regions which are in the “ normal" state, i.e., behave magnetically like 
a non-supraconductor. One is thus led to assume the existence of a 
“ transition state ", intermediate between the supraconducting and the 
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normal state, in which there is a field-dependent permeability between 0 
and 1. 

The general solution of the field equations for the case of an ellipsoid 
in an external field is given for an arbitrary field dependence of the per¬ 
meability in the transition region. The experimental evidence seems to 
show that this field dependence is very peculiar, viz., that in the transition 
region the induction, B, may vary from 0 to a certain value, H„, while the 
field at the same point, H, remains constant at H„. 

The field equations resulting from that assumption are discussed and 
the specific heat of a supraconducting ellipsoid in a magnetic field is 
calculated. 

Comparison of these results with experiments leads, on the whole, to 
a confirmation of out assumptions. The fact, however, that our con¬ 
siderations apply only to very pure metals and that the equations could 
so far be solved only for an ellipsoid, makes this comparison rather 
uncertain. It would be desirable to obtain a more direct confirmation of 
some of our results by suitably arranged experiments. 

[Note added in proof. May 14,1936.—Since this paper was written, new 
experiments on tin spheres have been published by de Haas and Guinau 
(‘ Physica,’ vol. 3, p. 182 (1936)) which confirm this theory in many details. 
The authors state that there are difficulties in the interpretation of their 
fig. 3. This figure, however, can be immediately understood if it is re¬ 
membered that no lines of force can pass through a hole in the sphere 
before the supraconductivity in the body has first been destroyed.] 
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Time Effects in the Magnetic Cooling Method—-I 

By W. Heitler,* H. H. Wills Physical Laboratory, University of Bristol, 
and E. Teller, Washington 

(Communicated by A. M. Tyndall , F.R.S.—Received March 7, 1936) 

Introduction 

The recent progress in attaining extremely low temperatures was made 
possible by the magnetic method of cooling.! This method is based 
on the following principle: Supposing we have a paramagnetic salt, the 
ions of which carry a magnetic moment (spin) jx. We assume that the 
interaction of these spins with the lattice and with one another is so small 
that the spins can be considered as relatively free. These properties are 
realized in some salts of the rare earths and of the iron group. 

In the absence of a magnetic field the spins are distributed at random. 
The crystal has then a comparatively large entropy due to the exchange 
of spin directions. If we now switch on a magnetic field H isothermally, 
the spins will be orientated in the direction of the field. The degree of 
orientation will depend upon the ratio H[x//rT,, where T, is the initial 
temperature. The entropy will decrease according to the degree of 
orientation produced by the magnetic field. The decrease in entropy is 
a certain function of H\i/kT(. 

If now the field is switched off adiabatically the spins will be disorient¬ 
ated again, the entropy remaining constant. Consequently the temperature 
decreases. 

If, however, the spins were completely free, we shall see below that 
this method would not work. In the first stage of the process we have 
assumed that the field is switched on isothermally. This means that the 
heat of magnetization must be conducted away, or, in other words, that 
the magnetic energy 2H(x of the spins must be transferred to the lattice 
vibrations. If this did not happen, the spins could not take up their 
oriented positions in the field but would carry out a precession about its 
axis. 

* Research Fellow of the Academic Assistance Council. 

t Cf. Debye, ‘Ann. Physik,’ vol. 81, p. 1154 (1926); Giauque, ‘J. Amer. Chem. 
Soc.,* vol. 49, p. 1864 (1927); Kurti and Simon, ‘Proc. Roy. Soc.,’ A, vol. 149, 
p. 152 (1935). In the latter paper references to earlier papers are also given, especially 
to those from the Leyden and Californian laboratories. 
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In order that the magnetic energy 2Hp. may be given to the lattice 
vibrations, a certain interaction between the spins and the lattice vibrations 
must exist. In fact, even if the magnetic momentum of the ions consists 
of spin momentum only and the orbital momentum is zero, there will be 
a certain interaction between the inhomogeneous electric field of the 
crystal and the spins, causing a splitting of the ground state of the ion. 
We denote this energy of splitting by U. Another source of splitting of 
the state of the ion is the magnetic and exchange interaction W between 
the spins themselves giving a splitting into a band with breadth of the 
order of magnitude W. In general W is smaller than U {see below). 

The splitting U means a certain restriction of the freedom with which 
the spins can be orientated. Only for temperatures AT > U and for 
magnetic fields H> > U are the spins “ free ”. The temperature which 
can be reached under given conditions by the above method will be lower 
the smaller U is. If in the magnetic field at the initial temperature T, a 
fraction exp (— Hu/AT,) of the ions is orientated in the direction of the 
field, the same distribution function will also give the distribution of the 
ions over the various states (differing by an energy U) when the field is 
switched off, because the entropy is a function of this fraction H(i/AT 
or U/AT only and remains constant.* 

Thus the final temperature T r is determined by 


Hy _U_ 
AT, AT/ 


( 1 ) 


This equation was first deduced by Kurti and Simon {!oc. cit.) who have 
also determined U from it. They found, for instance, for iron ammonium 
alum 

U = A x 0 06° abs. (2) 


For other substances used for the magnetic cooling method U is of the 
same order of magnitude. 

It is desirable, therefore, to choose substances for which U is as small 
as possible. It is for this reason that one uses for the magnetic cooling 
method salts with ions having a multiplet S-state as ground state, because 
the splitting is then only of die order A x 0T° abs, while for P-states U 
is about 100 times larger, f 

* The entropy of the lattice vibrations is, at these temperatures, small compared 
with that of the spins and can be neglected. See Kilrti and Simon, loc. cit. 

t The interaction W between the ions themselves is of the order 0.02° aba x A. 
For a detailed discussion of the splitting due to U and W cf. the following paper II, 
61 - 
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One would think that still lower temperatures could be attained by 
making use of the nuclear spins because here the same entropy due to the 
orientation of the nuclear spins is available and on the other hand the 
interactions U (and W) with the crystalline field and between the spins 
are very much smaller still. 

But for small U another difficulty arises. We have seen above that the 
interaction of the spins with the lattice vibrations (which is essentially 
also given by U) is responsible for the transfer of the magnetic energy 
2H n to the lattice vibrations. If now U is very small this energy transfer 
will be very slow, and it is not at all certain that the spins will be orientated 
in the direction of the field within a time available for the experiment. 
Thus, for a successful application of the magnetic cooling method, the 
interaction of the spins and the lattice must neither be too large nor too 
small. 

In the following we shall calculate the time necessary for the exchange 
of energy between the spins and the lattice vibrations. We shall show 
that for the paramagnetic salts used hitherto for the magnetic cooling 
method, this time is short enough for temperatures above about 0-1- 
0-2° abs and magnetic fields higher than about 1500 gauss, but rather 
long for lower temperatures and low magnetic fields (§ 1, 2). For the 
nuclear spins in a diamagnetic insulating substance this time is of the 
order of magnitude of 10® years. For the nuclear spins in a metal, 
however, it may be possible that an application of the magnetic cooling 
method can lead to further success in attaining low temperatures (§ 3). 

The interaction between spins and lattice vibrations has already been 
investigated by Waller,* assuming that only a magnetic interaction between 
the spins (W) exists. Since, however, his theory is rather complicated, 
we shall give here a simple deduction of the formula for the time in 
question. 

1—The Time of Magnetization in Paramagnetic Salts 

We calculate the time required by the spins to become orientated in an 
external magnetic field. For this purpose we assume that the field H is 
switched on suddenly. In order to obtain a considerable orientation, 
H(jl must be at least of the same order of magnitude as kT t . We can 
assume that Hp is large compared with the splitting U due to the crystal¬ 
line field. 

At the first instant of time the spins will retain their random distribution. 
In course of time some of the spins having a direction opposite to H will 

* Waller, ‘ 2. Physik,’ vol. 79, p. 370 (1932). 
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jump into the positions in the direction of H giving up an energy of the 
order 2H\i to the lattice vibrations.* The perturbation causing transi¬ 
tions of this kind is the following: we have seen above that the spins 
have a certain interaction U with the electric field of the crystal. If now 
the lattice is vibrating, the field at the position of a given ion will periodically 
change its magnitude and direction. It is this difference between the 
field U when the lattice is at rest and when it is vibrating which represents 
the perturbation V between the spins and the lattice vibrations, f 

The change of the field will be chiefly due to the displacement of the 
nearest neighbours of the ion considered. If we denote the (variable) 
lattice constant by r, the lattice constant in equilibrium by a, the maximum 
amplitude of a given vibration by q, and its wave-length by X, the per¬ 
turbing energy is of the order 

V = (3) 

dr X 

In general this perturbation will cause transitions in which the direction 
of the spins changes. This, for instance, is certainly true if the crystalline 
field, in the absence of a magnetic field, causes a complete splitting of the 
multiplet S-state. For other cases it may happen that V has no matrix 
elements for which the direction of the spins changes its sign. The 
transitions in question are then caused by the magnetic interaction W 
between the spins only. The matrix element is again given by (3), 
whilst U has to be replaced by W. Since W is only about three times 
smaller than U, the order of magnitude of the effect is not very much 
smaller, if W is responsible for the transitions instead of U. 

(3) is proportional to the amplitude of vibration q. Quantum mechani¬ 
cally each vibration represents an oscillator. V has therefore matrix 
elements only for transitions in which the energy of a single lattice vibra¬ 
tion with frequency v increases by one quantum of sound Av, just as for 
an ordinary oscillator in quantum theory. Since energy is conserved, v 
is given by 

Av = 2H fi. (4) 

The probability per unit time for the transition in which the spin 

* We are speaking here of two spin directions only, in reality there will be 2J + 1 
different spin directions. This does not make any difference to the order of magnitude 
of the effect. 

t For certain symmetries of the crystalline field it may happen that in equilibrium 
U vanishes whereas this is not so when the lattice vibrates. The value of V in this 
case will probably be of the same order of magnitude assumed as in the case U ^ 0. 
Cf. equation (11). 
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changes direction and a lattice vibration of frequency v is excited, is 
given by the well-known quantum mechanical formula 




47t* 

k 2 


|V| 2 P, 


(5) 


where V represents the matrix element of V equation (3) for the transition 
in question and p„ the number of lattice vibrations of frequency v per 
frequency interval civ. For ordinary magnetic fields v is very small, and 
the corresponding wave-length large compared with the lattice constant. 
P, «s then given by* 47rL 3 v2 

P, “ —3— > ( 6 > 


w 8 ’ 

where v — Xv is the velocity of sound and L 3 the volume of the crystal. 

We are only interested in the order of magnitude of the effect. We may 
then disregard the dispersion of the sound waves and may insert for v the 
velocity of sound for the short wave-length limit. The latter is 


= av n 


4rc |* 


\3 


k<r) 1 4rt\* 

h \ 3 / ’ 


(7) 


where a is the lattice constant and 0 the Debye temperature of those 
vibrations which are responsible for the change of the field at the position 
of the ion. 

The matrix element of V is simply obtained from (3) by replacing q 
by the well-known matrix element of the amplitude of an oscillator. The 
factor depending on the spin direction is always of the order one (except 
in those cases where it vanishes for reasons depending on symmetry, see 
above). Since each lattice vibration is normalized for the whole crystal, 
we have 

,= Si V 7 2^0 vV +"-- TO 

where m is the mass of the ions, and n v — to® average number 

of quanta of sound per lattice vibration of frequency v. Inserting (3), 
(6), (7), (8) into (5) and taking into account equation (4), we obtain 


w 


_ 671* a 4 /2Hn'\ a fd\J\ 2 e m »W 
h X*v 2 m \ *0 } XdF) _ i • 


(9) 


For Xv = v we can again insert the maximum velocity v mtx . The 
quantity represents roughly the depth of the potential 

* In (6) only the longitudinal waves have been taken into account. For the trans¬ 
verse waves dU/dr, equation (3) is certainly very much smaller. 
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curve between two atoms of the crystal. We denote this quantity by 
e 0 . e 0 is of the order of magnitude of 1 e-volt. Thus (9) can be written 
alternatively* 


6tc 2 ,/</U\*/2H|i\* e- lulkJ i 
W ~W 0 a ‘\~dr ) 1.10 ) 7^ - 1 ‘ 


( 10 ) 


The change of the crystalline field U for a certain displacement of the 
atoms is not known. We can, however, safely assume that U changes 
with a small power of r. We may put, then, say. 


dU 

dr 


~3 


U 
a ' 


(ID 


To discuss our formula (10) we insert (11) into (10) and assume the 
following values for the constants occurring in (10). e 0 -1 volt, 
U — 0 06° abs x k. The Debye temperature is for those complex salts 
comparatively low, we assume a value, say, 0 = 100° abs which, of 
course, is only a very rough estimate. If the magnetic field is so large 
that 2H(j. > kT ( the factor containing T, in (10) is of the order unity. 
We obtain, then, from (10) for the time t required for the orientation of 
the spins 



For 2H(j. < kT { (12) has, according to (10), to be replaced by 

,-°.3x 10 -(*9 ; ) , |;,ec. 02) 

The time t is then proportional to 1 /T„ whereas for 2H (i > fcT< t depends 
only upon the magnetic field applied. Thus t increases with the second 
or third power of the reciprocal of the field strength H. For T, ~ 1° abs 
and 2H(x = k x 1° abs (H ~ 15,000 gauss) t is of the order (0 = 100° 
abs) of a second. For lower field strengths t reaches soon a limit exceed¬ 
ing the time available for the experiment. This limit lies at about 

~0-l° abs or H c ~ 1500 gauss (13) 

for T< ~ 1° abs, and increases proportionately to 1/VT). 

For field strengths lower than this limit the spins will not, within a 
reasonable time, exchange their energy 2H|j. with the lattice vibrations. 

* Equation (10) agrees with the results obtained by Waller (loc. cit .) if instead of 
U the magnetic interaction i x*jr* is inserted. 
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Our formulae (12), (12') give only the order of magnitude of the effect. 
Owing to the lack of accurate knowledge of © and of the crystalline 
field, the numerical value may easily be wrong by a considerable factor. 
Since, however, t depends upon the second (or third) power of H, this 
will only involve a comparatively small error in the critical field strength 
(13) by a factor probably not larger than 3. 


2—Spin and Lattice Temperature 

The interaction between the spins and the lattice vibrations plays also 
an important part in the description of the state of the crystal after the 
second stage of the process in which the field is switched off adiabatically. 
The spins are then disorientated again and are finally distributed over 
the states given by the splitting due to the crystalline field. As the lattice 
vibrations have only a very small entropy the entropy of the spins remains 
almost constant. 

For the disorientation of the spins, the lattice vibrations are not 
necessary, for, when H|x has decreased to a value of the order U or W, 
the interaction between the spins themselves will be sufficient to reach 
the distribution corresponding to the entropy of the system. The time 
required for this disorientation will only be of the order h /U which is 
very small. This can also be expressed in this way: when H is switched 
off adiabatically, the quantum state of the spins goes over adiabatically 
into that state without field which has the same entropy as the initial 
state with magnetic field. 

As long as the field is strong, however, the lattice vibrations will interact 
with the spins. The lattice vibrations will then also contribute to 
the disorientation of the spins giving off quanta of sound /tv to the 
spins.* At each stage there will be an equilibrium between spins and 
lattice. But if H has decreased to a value lower than the limit (13), the 
interaction is practically interrupted. The lattice vibrations will then no 
longer exchange their energy with the spins within a short time. When 
the critical field strength H 0 is reached the temperature of the system 
(i.e., of the spins as well as of the lattice vibrations) can be determined by 
the same considerations that led to equation (1): 

(14) 

* For the energy and entropy balance this process is not important because the 
heat capacity and entropy of the lattice vibrations is much smaller than those of the 
spins. 
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where H is the field applied originally. (Equation (14), however, is valid 
only if 2|i.H e > U.) If H decreases further the temperature of the spins 
will decrease further but the lattice vibrations will be left behind at the 
temperature T„. Usually 2|i.H is of the order kT t , T e is then of the order 
0 1° abs. For weaker fields H, T c is even higher. 

Thus we can conclude: if by the magnetic cooling method temperatures 
lower than the limit (14) are reached * these temperatures refer to the spins 
only. The lattice vibrations retain —at least for some time—a temperature 
of about 0 1° abs. The crystal consists, then, of two parts, spins and 
lattice vibrations, which are not in complete thermal equilibrium. 

The equilibrium will be restored very slowly. If H has vanished there 
still exists an interaction V, equation (3), between spins and lattice vibra¬ 
tions causing quantum transitions in which the spins exchange their energy 
of excitation U with lattice vibrations. The transition probability for this 
process can be calculated in the same way as in § 1. 

The highest energy of excitation, which for kT > U gives the highest 
transition probability (because the latter is proportional to v 3 ), will be 
of the order 2J, where 2J + 1 is the multiplicity of the ground state of 
the ion. Thus we may put Av = 2JU. 

The time required for the restoration of the equilibrium is also given 
by equation 5 (5)-(8). For Av we have to insert a value of the order 2JU. 
Furthermore, for a transition in which a quantum Av is given up by the 
lattice vibrations, the transition probability is proportional to «„ (instead 
of 1 + n„ in the case where the number of quanta increases by one). 
Thus we obtain 


I — H’ — tjidVV 1 

t ht 0 \ *0 / \ dr I e 2Jr <T - 1 ' 


(15) 


T is the temperature of the lattice vibrations. For T — 0-2° abs and for 
a salt with J = 5/2 (iron ammonium alum) we obtain, for instance, 
t ~ 20 sec. For lower temperatures t increases very rapidly. Even if 
we consider only the lowest excitation Av = U (which for AT < U gives 
the highest transition probability because of the exponential factor in (15)) 
we obtain for T — 0-02° a time t ~ 10 4 sec. Thus, at the lowest tempera¬ 
ture attained hitherto (0 02°) it will take about an hour or more until the 
lattice vibrations have the same temperature as the spins and the thermal 
equilibrium is restored. 

* At present the temperature can only be measured by magnetic methods, by which 
only the temperature of the spins is measured. 
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3—The Time of Magnetization for Nuclear Spins 

We discuss now the question whether the use of nuclear spins offers 
any hope of attaining still lower temperatures. * 

Considering first the case of a diamagnetic insulating crystal the nuclei 
of which carry a magnetic moment y. p. is about 10~ 3 times smaller than 
for an electron. The same considerations as in § 1 apply to this case. 
The external magnetic field must then be very much stronger. One would, 
however, start at a lower initial temperature T„ say 0-02-0-1 0 abs. 

The interaction between the crystalline field and the nuclei is very 
much smaller. Since the interaction of an electric field with a spin is 
quadratic in y, U will be 10 8 times smaller than for electrons. (The same 
applies for the spin-spin interaction W.) Thus, the factor (dUjdr) 2 in 
equation (10) is 10 12 times smaller than for electron spins. Even allowing 
for H (i a value as high as for electrons, the time required for the exchange 
of energy is at least 10 12 times larger than for electrons. Thus we cannot 
expect that the use of nuclear spins will lead to any further progress in 
approaching the absolute zero. 

A different case is, however, that of the nuclear spins in a metal. In 
this case the magnetic energy 2Hp. can also be transferred to the con¬ 
duction electrons on the surface of the Fermi distribution which then 
receive a kinetic energy (p 2 — p„ 2 )/2m = 2Hp. 

To calculate the time required for the exchange of energy we apply again 
formula (5) 

w ■" |V|* p • (16) 


Here V is the matrix element of the interaction of the nuclear spin and an 
electron with free spin. p E is the number of states per energy interval 
dE of a free electron with an energy corresponding to the top of the Fermi 
distribution p 0 3 /2/M E 0 . Since 2 (jlH is small compared with E 0 , the 

energy practically does not change in the transitions in question. Thus 

_ L 3 4nm V2mEo /j 7) 


The interaction of a particular nuclear spin with a single conduction 
electron is given by 


M|i 


a(l)«(2) + 


(18) 


* Kiirti and Simon, ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 175 (1935); Gorter, ‘ Phys. 
Z.,’ vol. 35, p. 923 (1934). 
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where M, n are the magnetic momenta of the nucleus and the electron 
respectively, r their distance, and a (1), a (2) Pauli’s spin matrices for the 
electron and nucleus. 

(18) has in general matrix elements for which the direction of the nuclear 
spin changes (while the direction of the electron spin does not change) 
and for which the energy of the electron increases by an arbitrary amount. 

(18) is, however, only appreciable if the electron is, say, in the same 
lattice cell as the nucleus. We may then equate r to the lattice constant 
and insert for Mja/a 8 a value e. The spin factor is of the order one. 
Thus 

V~Mn/a 3 =e, (18') 

e is of the order of the hyperfine splitting of atomic levels, i.e., e ~ k x 0 • 1 ° 
abs. 

Since the wave function of an electron is normalized for the whole of 
the crystal, the matrix element of V is roughly given by 

|V|-.g. (19) 


Inserting (17) and (19) into (16), we obtain the probability for the 
transition due to interaction with a single electron. The total number of 
electrons available is of the order 


E 0 a 3- 


Multiplying (16) by N, we obtain the total transition probability per 
second, neglecting all numerical factors : 

"-jjJIJ’flWSE;- (20) 

The momentum of the electron on the top of the Fermi distribution 
corresponds to a de Broglie wave-length 

X — h/p 0 — hlVmE 0 — a. 

Thus (20) can be written alternatively 


w 


w is independent of H. 

For an initial temperature T { , 
value 0 • 1° abs x k and for E 0 


e* kTf 

h E 0 *’ 


( 21 ) 


' 0 1° abs we obtain, inserting for c the 

^ 1 vnlt 104° nfifi V Ir 


1 jt = w =a l sec -1 . 
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Thus the time required for an exchange of energy between the nuclear 
spins and the conduction electrons is short enough to allow a further 
application of the magnetic cooling method. 

From these considerations it follows also that the exchange of energy 
between the spins of paramagnetic ions (§ 1) and the conduction electrons 
of a metal will take place within a very short time. Thus, at the surface 
of contact of a paramagnetic salt and a metal the thermal equilibrium 
between the spins and the metal electrons (and hence of the lattice vibra¬ 
tions) will be established very quickly. 

Turning now to the experiments, no conclusive check for our results is 
available yet. Kiirti and Simon'" have found that at 0-2° abs the estab¬ 
lishment of the thermal equilibrium between spins and lattice vibrations 
takes place within a time less than 30 sec. This is just in agreement with 
formula (15). 

In conclusion, we should like to thank Professor F. Simon and Dr. N. 
Kiirti for many interesting and helpful discussions. 

Summary 

We have calculated the time t required for the exchange of energy 
between the spins of a paramagnetic salt (the ions of which are in a 
multiplet S-state) with the lattice vibrations. 

In a magnetic field of the order H ~ 15,000 gauss and at a temperature 
T~ 1° abs, t is of the order of magnitude of a second. For lower field 
strengths and lower temperatures t increases proportionately to 1/H 2 T 
when 2H|i < kT and to 1/H 3 when 2Hpi > kT (§ 1). 

In the absence of a magnetic field, the time required for the exchange of 
energy between the lattice vibrations and the excitation energy of the 
ions is of the order of 20 sec at T 0 -2° abs and 10 4 sec at T ~0*02° 
abs (§ 2). 

It follows that at extremely low temperatures the temperature measured 
refers to the spins only whilst the lattice vibrations retain—at least for 
some time—a higher temperature. 

For the nuclear spins in a diamagnetic insulating substance t is of the 
order of 10® years, whereas for the nuclear spins in a metal t is, at 0-1° 
abs, of the order of 1 sec. 

* We are very much indebted to these authors for their kind communication of 
these results before publication. 
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Time Effects in the Magnetic Cooling Method 
II—The Conductivity of Heat 

By H. Frohlich and W. Heitler,! H. H. Wills Physical Laboratory, 

University of Bristol 

(Communicated by A. M. Tyndall, F.R.S.—Received March 7, 1936) 

Introduction 

In the preceding paper (which we shall refer to as I) Teller and one of 
us (H.) have discussed some characteristic effects occurring at the low 
temperatures which can be attained by the magnetic cooling method. 
In this method a paramagnetic salt is used, the spins of which can be 
freely, or almost freely, orientated in an external magnetic field. It is 
essential, however, that (at least at the initial temperature T ( ) the magnetic 
energy H of the spins can be transferred to the lattice vibrations. For 
this purpose the interaction between the spins and the lattice vibrations is 
essential. 

Now it has been shown in I that this interaction is in general very 
small. It depends upon the temperature and the magnetic field H applied 
and is practically interrupted when the lattice vibrations have reached a 
critical temperature T c given by I equations (14) and (13). Under usual 
conditions (H </> 15,000 gauss) T„ is of the order of 0 • 1 ° abs. The crystal 
can then be considered as consisting of two practically independent 
systems, the spins of the paramagnetic ions and the lattice vibrations. 
If a temperature lower than this critical temperature T e is measured, the 
temperature refers to the spin system only, but not to the lattice vibra¬ 
tions. When the field is switched off again the thermal equilibrium 
between the spin system and the lattice will be restored very slowly, 
the time required being of the order of an hour at 0 -02° abs (cf. I, equation 
(15)). 

It seems worth while to study the thermal properties of such a para¬ 
magnetic crystal which are due to the spins only. In the following we 
shall consider chiefly the conductivity of heat.J 

t Research Fellow of the Academic Assistance Council. 

{ Even if the equilibrium between spins and lattice is restored, it is likely that the 
thermal properties of the crystal are due to the spins only because the heat capacity 
of the lattice vibrations is small compared with that of the spins. 
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1—The Model 

The substances suitable for the magnetic cooling method are salts of 
those ions of the iron group or the rare earths which have a multiplet 
S-state as ground state. We denote its spin momentum by J. This 
state is split up to some extent by the inhomogeneous electrical field of 
the crystal. We denote the energy of this splitting by U. For iron 
ammonium alum, for instance, U has the value (according to I, equation 
( 2 )): 

U — 0 06° abs x k. (1) 

The splitting due to the electric field of the crystal is not, however, 
always complete. If the multiplicity is even (J — il, ...) Kramers has 
shownf that in an arbitrary inhomogeneous electric field each state has 
still twofold degeneracy. This degeneracy can only be removed by an 
external magnetic field or by the spin-spin interaction between the ions. 

The spin-spin interaction W which leads to a splitting into a band is 
still smaller than U. It is of the order (i*/a® where a is the lattice constant. 
For a lattice constant a = 7 x 10 K cm (iron ammonium alum). W 
amounts toj 

W - 0-01-0-02 0 abs x k. (2) 

Thus, if the multiplicity is even, all states are again split up, the splitting 
being, however, small (<« W) compared with that due to the electric 
field (« U). This applies also to the lowest state. 

If, on the other hand, the multiplicity is odd, an inhomogeneous electric 
field can cause a complete splitting. The states arising from this splitting 
are non-degenerate and non-magnetic. In particular, the lowest state will 
then be single. (For the degeneracy of the excited states due to resonance, 
see § 2.) 

In the following considerations we shall disregard the splitting due to 
the magnetic interaction. This is correct for odd multiplicity, but it is 
not likely that the case of even multiplicity will lead to very different 
results. (Compare § 4.) 

For a qualitative treatment of the conductivity of heat it will be 
sufficient to assume a splitting into two states only (due to the electric 

t ‘ Proc. Acad. Sci. Amst.,’ vol. 33, p, 959 (1930). 

£ A certain part of this interaction may also be due to exchange. The following 
considerations do not depend upon the nature of the interaction. It is, however, 
essential that W is smaller than U. This is in any case confirmed by the experiments 
on the specific heat. Cf., for instance, “ Discussion on Supraconductivity," ‘ Proc. 
Roy. Soc.,’ A, vol. 152, p. 22 (1935). 
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field of the crystal) differing by an energy of excitation U. The tempera¬ 
ture T of the spin system will then be given by the number of ions in the 
excited state (disregarding for a moment the splitting due to resonance) 

n = e-«VH (3) 

The excited ions will not, however, remain the same in course of time. 
If, for instance, at the time t = 0, the ion at a given lattice point is excited 
and a neighbouring ion is in the ground state, it may happen that the 
excited ion jumps down, giving its excitation energy U to the neighbouring 
ion. In other words, owing to the resonance, the excitation energy can 
be exchanged. 

The probability of this happening is determined essentially by the inter¬ 
action between an excited ion and an ion in the ground state. This 
interaction is certainly of the order of the spin-spin interaction W if the 
multiplicity is even (because all states of the ion then remain magnetic in 
the crystalline field). In the case of odd multiplicity the states are non¬ 
magnetic and the interaction is probably only due to exchange, second 
order effects, etc.f We shall in both cases denote the interaction by W 
and shall finally insert for W a value of the order equation (2). As in 
our final result W occurs at most only linearly (see equation (37) ), the 
error involved is certainly not very large. 

Owing to this exchange of excitation energy the excited ion will travel 
through the crystal in course of time. In thermal equilibrium the number 
of ions travelling in various directions will on the average be the same. 

By considering two parts of the crystal with different temperatures T x 
and T 2 < Tj, the process of heat conductivity can easily be understood. 
The part with temperature T x will contain more excited ions than the 
part with temperature T a . Thus, on the average, more excited ions will 
travel in the direction 1 - 2 than in the direction 2 -* 1, and the tempera¬ 
tures will be equalized after some time. 

Thus, for a treatment of the heat conductivity, we must first consider 
the motion of an excited ion through the crystal. This will be very simple 
for the case when the temperature is so low that only a small fraction of 
the ions is excited, i.e., for 

kT < U. (4) 

In the following we shall confine ourselves to this simple case. As we 
are only interested in the order of magnitude of the effects, our results 
will certainly be valid for temperatures up to kT U. Since W < U, 
kT may still be either smaller or larger than W. 

f Cf. Kramers, ‘ Physica,’ vol. 1, p. 182 (1933). 
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If (4) is satisfied each excited ion will be surrounded only by ions in the 
ground state and the motion of the different excited ions can be considered 
to the first approximation as independent of each other. In the following 
section we show that the motion of each excitation is then governed by 
an ordinary Schrodinger equation just as for a free particle. We shall 
therefore simply speak of “ particles ” for the excited ions. 

Each particle will be described by a de Broglie wave travelling with a 
certain phase velocity and a certain group velocity. The group velocity 
corresponds to the ordinary velocity of a free particle. The crystal behaves 
just like an ideal gas of independent particles (§ 2). 

In this approximation, however, the heat conductivity would be 
infinite just as it is for a gas with independent molecules. To obtain 
a finite heat conductivity we must introduce a mean free path for our 
particle.f In fact, even if the density of particles is very small, it may 
happen that two particles come very near to each other (i.e., that two 
neighbouring ions are excited). If this is so the two particles are not 
independent of each other, they have a certain interaction (which will be 
seen to be again of the order W) giving rise to a scattering of the two de 
Broglie waves. The probability of scattering gives in the usual way the 
mean free path of our particles (§ 3). Hence we obtain the conductivity 
of heat by the usual statistical methods (§ 4). 

2—The Motion of the Excited Ions 

For simplicity we assume that the paramagnetic ions are arranged in a 
simple cubic lattice with six nearest neighbours. The lattice points may 
be denoted by three numbers X, p, v; We consider a single ion X, n, v 
in an excited state. All its neighbours may be in the ground state. After 
a time t, there will be a certain probability that one of these neighbours is 
excited and the ion X, [x, v is in the ground state. Let M . >■ (0 be the 
probability amplitude corresponding to the ion X, g, v being excited at 
the time t and W„ MI , ; AVV the interaction function of an excited ion 
X, g., v and an ion X', jj.', v' in the ground state. Disregarding the inter¬ 
action of non-neighbours, W has only matrix elements for the transitions, 

X, (x, v -> X ± 1, |x, v; X, |x, v -> X, p. ± 1, v; ... . 

t For the conductivity of heat by lattice vibrations the situation is very similar. 
The harmonic vibrations of a lattice, in a certain sense, behave also like a gas of 
independent particles. They would lead to an infinite value for the heat conductivity. 
The anharmonicity of the vibrations, however, gives rise to a scattering of the “ heat 
particles ” represented by the harmonic vibrations, i.e., to a finite mean free path and 
therefore a finite heat conductivity. This has first been pointed out by Peierls, ‘ Ann. 
Physik,’ vol. 3, p. 1055 (1929). 
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The matrix elements W for these transitions are all equal and of the order 
of magnitude given by equation (2). 

According to Dirac's well-known perturbation theory, + satisfies the 
following differential equation: 

~ * 5“ '!'*•*• ► (0 — W Oh+l.M, ► + +A.H+1. - + (5) 

(5) can be solved immediately. The solution is a plane wave 

p&nittjh 

VN 0 ’ W 

where e, according to (5), is connected with the “ wave number ” k by 
e = 2W (cos 2 tt k tt -f cos 2 nk v + cos 2nk t ). (7) 

(6) is normalized for the whole crystal (N„ — total number of ions). 

If the crystal has finite extension L and contains N 0 = (L jaf lattice 
points, k can only assume the following values: 

k x = n x (aI L), («, — 1,2,... L/o), (8) 

where a is the lattice constant. Thus we obtain just N 0 different solu¬ 
tions. This was to be expected, because a single excited ion in a crystal 
with N 0 lattice points represents a N 0 -fold degenerate state owing to the 
fact that any of these ions can be excited. 

e represents (apart from the energy of excitation U) the energy of the 
excited ion in the crystal due to its interaction with the other ions. It 
ranges from — 6W to + 6W. Thus, the original excited state with 
energy U is split up into a band of N 0 states with energy U + e.f 
It is convenient to define U so that e can only assume positive values. 
We shall therefore write, instead of (7) 

e = 2W (3 — cos 2nk w — cos 2 t zk v — cos 2it k t ), (9) 

e can be considered as “ kinetic energy ” of the wave (6) or of the 
“ particle ” represented by the wave function (6) (while U is its potential 
energy). 

The wave (6) travels with a phase velocity the x-component of which 
is given by 

v u — eafhk x . (10) 

t Compare the similar case of an electronic state in a metal, according to Bloch’s 
model. The wave function (6) is defined only in a set of discrete points X, jx, v. For 
long waves one can carry out the transition to a continuum in the same way as Bloch 
did in his theory of “ spin waves 
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The quantity responsible for the kinetic properties of our model is, 
however, not the phase velocity but the group velocity v. It is the group 
velocity which corresponds to the ordinary velocity of a particle in a 
gas. According to (9), the group velocity is given by 


v 


X 


a _0e_ 
h dk x 


4ttW a 
h 


sin 2nk x . 


(H) 


The N 0 energy levels of a single particle are distributed according to the 
cosine law (9). The number of states for which k lies in the element 
dk x , dk„, dk, of A-space is given by the well-known formula 

P -(L !afdk z dk v dk t (12) 


(L 3 — volume of the crystal). 

For the following considerations we require this density function p 
expressed as a function of the energy e. This can easily be done for 
small energies e < W. According to (9) we have thenf 


and 


e — 47t 2 WA 2 , (AT < W). (13) 


P< dt = i-)k*dkdO 
a / 


,'L\* Vede dkl 
\a! 16tt 3 W 3 '-’ 


(14) 


where dO is the element of solid angle representing the direction of k. 
(13) and (14) can be applied for very low temperatures AT < W. In this 
case the group velocity (11) becomes simply: 

St^W a, ^ \xr\ /ic\ 

Vg. ^ Agj, (AT \ W). (15) 


If, on the other hand, the temperature is high compared with W/A, the 
energy levels (9) will be occupied uniformly. We may then replace p, by 
its average value over all e from 0 to 12 W. In other words, we replace 
the expression 1 — cos 2nk x in equation (9) for the energy e by two straight 
lines from 0 to 2 (for k x ~~ i) and back to 0, i.e., 

1 — cos 2nk x -* ± 4k x . 

The density function p, becomes then 

<* T>W >- < l6 > 


f The wave number k must not be confused with Boltzmann’s constant k. 
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The group velocity can also be replaced by its mean value 

v m = ± (AT > W), (17) 

v is then equal to the phase velocity. 

If the temperature is so low that kT < U, only few particles will be 
present. They can then be considered as independent. They are dis¬ 
tributed over the N 0 quantum states (9) according to Boltzmann’s law. 
The fraction of the total number of particles having a kinetic energy 
between e and e -f dt is given by 

(18) 

The total number of particles ( i.e ., of excited ions) is given by the integral 
N = N 0 J n (e) dt from 0 to 12W. For AT < W the integration can be 
extended to infinity. Thus we obtain 


N = ^N ai . >■'»(£)“ 

H 

A 

3 

(19a) 

and for AT > W, 



N - N 0 <r r '* T 

H 

V 

(19b) 

We shall need later the specific heat of our model. The total energy is 

ri2W 



E ~ N 0 (U + e) n (e) dt. 

Jo 

(20) 

For the two cases AT * W we obtain 



E s -i_NftUe~ lI W — f 2 

* 8tc 3 ' 2 ^° U \W/ 

(AT < W), 

(21a) 

E = N 0 (U + 6W) e~ vin ' 

(AT > W), 

(21b) 

and hence the specific heat, neglecting small terms: 


, N„A U a 

p-U/AT 

(22a) 

• 8rc :,/S! L 3 W 3/ * (AT) 1/2 


c — NqA/U \ a |; OT 
* L 3 AT/ * • 


(22b) 


3-—The Interaction of the Particles and the Mean Free Path 

The motion of the particles as described by the wave function (6) 
corresponds to th c free motion of the molecules in a gas. The mean free 
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path and therefore the heat conductivity in this model is infinite. To 
obtain a finite mean free path we have to take into account the interaction 
of the particles. 

In § 2 we have assumed that each excited ion is surrounded by ions in 
the ground state only. The interaction function of the excited ion with its 
six nearest neighbours was 6W. If now two excited ions happen to 
be neighbours the total interaction function (of the two excited ions) will 
not be 2 x 6W, because (i) the interaction between two excited ions is 
different from that between an excited ion and an ion in the ground state, 
and (ii) the number of neighbours in the ground state is 10 instead of 12. 
We call the difference W'. 

W' can be considered as an interaction function between the two particles. 
It depends upon the coordinates of the two particles X,, (Xj, v, and X a , 
[i. 2 , v 2 and is different from zero only if the two particles are neighbours. 
W' is certainly of the same order of magnitude as W (equation (2)). 

The interaction W' causes now a deflexion of the two particles which 
is analogous to the deflexion of two molecules in a gas by an elastic col¬ 
lision. The probability of such a deflexion can be worked out in the same 
way as in Born's theory of collisions.! 

We consider two particles with wave numbers ki, k 2 and energies e x , 
e 2 (equations (6)—(8)). Each particle has a wave function given by (6). 
Owing to the interaction W' the two waves can be scattered into two 
waves with wave numbers k'i, k' 2 and energies e' l5 e' 2 . The matrix 
element of W' for this process is 

|W'|-~~-2 W' (1, 2)^*, (1 )<!>*, (2)4'V, (lHV. (2). (23) 

A It i's 

In (23) we have denoted the coordinates X x , (i x , v x of the particle 1 simply 
by 1. Since the wave functions are only defined in discrete points the 
integration over the coordinates is replaced by a summation. W' (1, 2), 
of course, depends only upon the distance X x — X a , [x x — (i a , v t — v a . 
Inserting for ^ the wave functions (6), we find first of all that the matrix 
element (23) is different from zero only if 

k x + k s = k' x + k' a . (24) 

(24) expresses the well-known law of conservation of wave number which 
corresponds to the conservation of momentum in the case of continuous 
waves. 

t The error due to the application of Born’s approximation is not likely to change 
the order of magnitude of the effect. 
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If (24) is satisfied the matrix element (23) becomes apart from the time 
factor 

|W'| — ~ 2 W' (1, 2) e M + ■■■!, (25) 

N 0 A,-A,, ... 

W' (1, 2) is only different from zero if Xi = X a ± 1, |i a = [x 1( v a = v a , 
etc. Hence we obtain simply 

|W'| = [cos 2n (k lw - k\ x ) + cos 2n (k lv - k\„) + (26) 

^*0 

where W' 0 represents the numerical value of the interaction function W' 
if the two excited ions are neighbours. W' 0 is of the same order of 
magnitude as W equation (2). 

From (26) we can easily calculate the transition probability w per unit 
time for our scattering process. Since the scattering represents a tran¬ 
sition to the continuous spectrum, the energy is conserved: 

. •! + e a - e'j + - E, (27) 

w is then given by the well-known formula 

h.= ^!|W?Pk- (28) 

p E represents the number of final states per interval dE of the total final 
energy. 

By the conservation of wave numbers (24), the final state is completely 
determined by the wave number k' a , say, of the second particle (and the 
initial state k i; k 2 ). Thus we have 

r>E 

P E dE = p.-, dt' 2 or p,., =* p E ^r • (29) 

0E/c l e' a has to be taken for a constant angle of scattering of the particle 2. 
From (24) and (27) it can easily be shown that for all energies this factor 
is of the order of magnitude unity. We shall therefore omit this factor 
and write: 

W' = ~ ,w ?P.y (28') 

We evaluate this formula again for the two temperature regions 
kT ss W. For low temperatures k u k 2 and therefore also k\, k\ are 
small. In (26), therefore, we can replace the cosine by 1 and obtain 
W' = 6W' 0 /N 0 . For p,-, we insert formula (14). Replacing further 

Ve' a by its average value <« VkT, integrating over all angles = 4«) 
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and equating W' 0 to W, we obtain for the average value of the transition 
probability per unit time 


36 VW VAT 


(AT < W). 


For high temperatures AT > W the cosines in (26) ranges from — 1 
to -f 1. We shall not make an appreciable error if we replace |W'| 2 by 
its average value, viz., 

i WM , _ 4W 0 ' 2 3 __ 6W 2 
|VV| N 0 2 ‘2 No 2 ' 

Inserting for p,.. equation (16) we obtain 

w- - 2 ^- (AT >W). (30b) 

AN 0 

(30) gives the transition probability for scattering of two given particles. 
We obtain the total probability for one specified particle to be scattered 
by any of the other particles by multiplying w by the number N of particles 
present. This total probability represents, then, the reciprocal of the average 
time t which the particle travels without being scattered by other particles. 
t is called the time of relaxation. According to (19), we obtain 

1 ^ (AT)“ m tT it.T \XI\ /II a\ 


2*»« W h 
1 2tt 2 W 


(AT < W), 


t is closely connected with the mean free path /. If v is the group 
velocity, we have / = ry (32) 

The time of relaxation is characteristic for the time required in order 
that a certain temperature difference in the crystal should decrease to, 
say, half its original value. If x is the distance between two parts of the 
crystal having a certain temperature difference, the time in question is 
of the order of magnitude „ 2 

'“^= 4 - ( 33 ) 


Inserting for t equation (31), for v equations (15) and (17) and for A 2 
equation (13) (e £AT) we obtain: 


a 2 1 6tc t/S! W 2 
h 

a 2 96 W * 


(AT > W). 


(34b) 
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For a crystal with linear dimensions of the order 1 cm and a lattice 
constant a — 7 x 10 -8 cm, t is, at the temperature of the order kT </> U, 
of the order 

t * Wsec. (35) 

In (35) the values (1) and (2) for U and W have been used.f 
This figure gives only a very rough irtdication of the order of magnitude 
of the effect. The time of equalization depends to a large extent upon 
the geometrical circumstances and has therefore no exact physical mean¬ 
ing. The quantity which has an exact physical meaning is the heat 
conductivity. 


4—The Conductivity of Heat—Discussion 


As is shown in the kinetic theory of gases, the coefficient of the con¬ 
ductivity of heat is given by the formula 


X = 



(36) 


where c v is the specific heat, / the mean free path, and v the velocity of the 
particles. In our case, we have for v to insert the group velocity as the 
latter corresponds to the ordinary velocity of particles in a gas. (For 
kT > W the group velocity and phase velocity are identical.) 

Actually, the product Iv = tv 2 in (36) has to be averaged over all 
velocities. It will, however, involve only a small error in the numerical 
constants if we insert for t the mean time of relaxation and for v* the 
mean velocity as calculated in the preceding sections. Thus we obtain 
from (15), (17), (22), (31), taking into account (13) and that 1 — |AT, 

(37a) 
(37b) 

(k = Boltzmann’s constant). 


_ 2n 2 , 1 1 

9 ah (ArT) 3 ' 2 ’ 

.32,11 U 2 W 
' 7T 2 * a h (*T) a ’ 


(*T < W), 
(£T > W) 


t In this process of equalization the total number of particles remains constant. 
It seems, at first sight, that a true equilibrium cannot be reached in this way, because 
the number of particles depends upon T and does not remain constant when a tempera¬ 
ture difference is equalized. For the true equilibrium it is necessary that particles 
can be “ created ” and “ annihilated By the conservation laws, this is only possible 
in collisions in which at least three particles are involved. The probability for those 
processes is very small compared with the probability of scattering for two particles. 
But for the question of the equalization of temperatures, we have to compare the 
microscopic time required for annihilation and creation t' not with the time t of 




The Magnetic Cooling Method 


651 


For T = W jk both formulae (37) give nearly the same numerical value 
for X. We may conclude that the error in the numerical factors due to 
the various approximations made in the course of our calculations is not 
too large. 

According to (37), X depends only quadratically (or « (AT)’ /2 ) upon 
the temperature, in contrast to the time of relaxation r or the time of 
equalization t, which depend exponentially upon T. The factor 
exp (— U/AT) in 1 /t is compensated by the specific heat c v which also is 
proportional to exp (— U AT). 

The numerical values of X (for iron ammonium alum for which W and 
U are given in equations (1) and (2)) are as follows: 


T = 0 01° 0 06° abs 

X = 50 3 erg/cm sec deg 


(38) 


The figures (38) should, however, be regarded as giving only the order of 
magnitude of the effect owing to the approximations we have made and 
to the lack of an accurate knowledge of U and W. To obtain an idea of 
the meaning of these figures we mention that the heat conductivity due 
to the lattice vibrations is, in the region of 1-10° abs, about 10® in the 
same units. Thus we expect that X decreases rapidly for decreasing 
temperatures. 

The experiments carried out hitherto do not yet allow a conclusive 
check of our theory. Kurd and Simonf have measured X for T = 0-07° 
abs. They found a value 2-4 x 10 2 erg/cm sec deg, which is 80 times 
larger than our value. These measurements, however, have been carried 
out during a time of about a quarter of an hour. According to 1 equation 
(15), this time is, for 0 07° abs, just of the same order of magnitude as the 
time required for the interaction of the spins with the lattice vibrations 
10 min). It is, therefore, to be expected that in these measurements 
also the lattice vibrations give a certain contribution to the heat con¬ 
ductivity. In view of the fact that, at 1° abs X is of the order 10®, it is 
not at all surprising that the contribution of the lattice vibrations is, at 
0-07° abs, still of the order 10*. 

scattering but with the macroscopic time t required for equalization in the whole 
crystal. We have estimated t' and have found that it is in all cases very small com¬ 
pared with t. Thus, in the actual process of equalization, the number of particles 
present in each part of the crystal corresponds always to the local temperature. The 
heat conductivity is actually due to those processes computed in the text. 

t We are indebted very much to the authors for their kind communication of these 
results before publication. 
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Finally, we must take into account the fact that our theory is developed 
for the case when the multiplicity of the paramagnetic ions is odd. For 
even multiplicity (which is the case for iron ammonium alum) we have 
already mentioned that also the lowest state is split up owing to the 
magnetic interaction of the ions in the ground state. This splitting will 
also give a certain contribution to the heat conductivity. A theoretical 
computation of this part of the heat conductivity seems to be rather 
difficult as the theory meets here with the well-known difficulties involved 
in the problem of the interaction of a large number of spins with a total 
momentum zero. We do not think, however, that this contribution is 
very large. The splitting of the lowest state is only of the order W. For 
temperatures T > W jk all these states are occupied uniformly. The 
contribution to the heat conductivity should then become very small. 

For a conclusive check of our theory it would be desirable to measure 
X (i) for still lower temperatures, (ii) for salts with an odd multiplicity. 
For lower temperatures, the time t required for the measurements becomes 
shorter (according to equation (34)). On the other hand, the time 
required for the establishment of the thermal equilibrium between spins 
and lattice is larger. The lattice vibrations are then certainly excluded, 
and the effect measured refers to the spins only. 

Finally, we should like to express our thanks to Professor.Simon and 
Dr. Kurd for many interesting and helpful discussions. 

One of us (F.) would like to express his thanks to the Academic 
Assistance Council for a grant and to Professor Tyndall and Professor 
Mott for their kind hospitality in their laboratory. 

Summary 

In paramagnetic salts at very low temperatures the heat conducdvity 
is due to the spins rather than to the lattice vibradons. We have calcu¬ 
lated the heat conducdvity X by spins. X is roughly proportional to T 2 
or T" l! - (equation (37)) and has at 0 06" abs a value of the order 3 erg/ 
cm sec deg. 



653 


The Theory of the Galvomagnetic Effects in Bismuth 
By H. Jones, H. H. Wills Physical Laboratory, University of Bristol 
(Communicated by A. M. Tyndall, F.R.S.—Received March 7, 1936) 

Introduction 

The change in the specific resistance of bismuth when subject to a 
magnetic field is far greater than that of most metals, e.g., a field of 10 
kilo-gaiiss, at liquid air temperature, increases the resistance of bismuth 
eightfold, whilst the same field causes an increase of only 0-1% in the 
resistance of silver. Besides the large change of resistance it is found 
that the Hall coefficient of bismuth is also much greater than that of most 
metals, and shows a curious dependence upon the magnetic field strength, 
as well as a very striking temperature dependence. 

In this paper these effects are considered on the basis of a theory 
previously proposed to account for the structure and the diamagnetic 
properties of bismuth, and the properties of the dilute solid solutions of 
other elements in bismuth.* It was shown that in bismuth the relation 
between the structure and the available number of valency electrons was 
such that these electrons formed an almost closed group, or in other 
words an almost completely filled Brillouin zone. In such a case an 
electric current is carried by a number (in bismuth a very small number) 
of electrons, and an equal number of positive holes. By positive holes 
we mean the few vacant places which are left when a zone or energy band 
is almost completely filled. These vacancies behave like positive charges; 
their effective mass is, in general, smaller than that of free electrons. 

To discuss the electric and magnetic properties of a metal it is essential 
to know how the energy of the electrons depends upon the wave vector k 
which specifies, according to the Bloch theory, the state of motion of an 
electron in a metal. If the valency electrons behave as if they were 
almost free, as, for instance, in sodium, the energy is proportional to 
|k | 2 or, in other words, the surfaces of constant energy in the space 
of the vector k are spheres about the origin. 

In bismuth it has been shown that the few electrons which lie outside 
the significant Brillouin zone are in a region of k-space where the surfaces 
of constant energy approximate to the form of very eccentric ellipsoids. 
The form of the surface which bounds the positive holes inside the first 
zone is not amenable to direct calculation. In the following we assume 
that the energy surfaces for both electrons and positive holes may be 

* Jones, ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
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regarded as ellipsoids. With this approximation the galvomagnetic 
effects can be calculated, and this has been done in § 1. In §§ 2, 3 com¬ 
parison is made between the theoretical values for ideally pure bismuth 
and experimental data. Finally it is shown in § 4 that minute traces of 
impurity can have a great effect on the galvomagnetic properties. The 
generally good agreement with experiment supports the conclusion that 
the model adopted is a useful first approximation. 

1—We shall obtain first the general expressions for the change in 
resistance and the Hall coefficient of a metal represented by the following 
model. This model consists of « ( " 1 electrons per unit volume in a region 
of Ar-space where the surfaces of constant energy are ellipsoids given by 
the equation , t 

Ei - (*i k 2 + a Jt* + a 3 k*) (1) 

and n {+) positive holes per unit volume in a region of Ar-space where the 
energy surfaces are given by 

Ej> = const - |Jj ($ik' x 2 + W* + p 3 k'*), (2) 


(2) applies to points within the Brillouin zone which can contain 5 electrons 
per atom and (1) to points which lie outside this zone. In addition, it 
is assumed that the times of relaxation of the electrons and positive holes, 
t ( 1 and t i+) , are functions respectively of E x and E a only. 

The metal is subject to the following external fields. A uniform 
magnetic field H in the direction of the z axis and an electric field whose 
components are F x and F„. Let / be the Fermi distribution function for 
the metal in the steady state under the influence of these fields, and / 0 
its equilibrium value in the absence of external fields. We may then 


write 


/==/« + x 



(3) 


At points in Ar-space where (1) is applicable x is equal to Xi> where Xi is 
a function of the coordinates k t , k v , k, only, and at points in fc-space 
where (2) is applicable x is equal to Xa which is a function of k x \ kj, k,' 
only. The differential equations which determine Xi and Xa are as 
follows*: 


eH SEj 
ch*[dk v dk x 


dk) Xl+ ch ( F * dll 



cH , cE 2 8 
ch 2 \8k\ 8k\ 


'p 4-F 
\ m dk' v 


* Cf. Peierls, ‘ Ergebn. exat. Naturwiss,’ vol. 11, p. 307 (1932); Jones and Zener, 
‘ Proc. Roy. Soc.,’ A, vol. 145, p. 268 (1934). 
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In these equations H and F are expressed in electromagnetic units. We 
shall also calculate currents in electromagnetic units. The Hall coefficient 
will then be in the units in which it is usually expressed. These equations 
have simple solutions when the energies are given by (1) and (2). We 
obtain 


Xi — 

X» = 

where 


h(i+y x ( -’y;-’) 

h 


— {y.‘-‘ (F* + y;-’F„) k x + - Y* <_> F x )k v } 

( 6 ) 


H (i + Y l+)Y TF55 {rx ,+, (F«- Tn (+l F„)Ar' J .+ y,‘ +, (F,+ Y*‘ +, F x )k\}, 

(7) 


_ f-axT'-'H 


cm 


Yx 


t+) 




ea 2 r< >H 

• T “ 


cm 

<+, __ £jVr^H 
cm 


( 8 ) 


The x and y components of the current are given by 


L 

h 


2e[ PEx & dk ,2e 

J ck x Xl 0Ej /k + ch 


ch 


ch J dk v Xl 0Ex ^ ch J dk\ 


?E 2 ?/„ ,,, 


V //|r' 

/2 ?E* 


(9) 

( 10 ) 


Substituting from (1), (2), (6), and (7), in (9) and (10), we obtain integrals 
which may easily be evaluated.* If H = 0 we have simply 


h « + a* ,+) ) F, «» a s F z 

j y = (a;-1 + „„<+>) F, = <t„F„ j ’ 

where 

<-> _ ^otiT'-W" > en l ~ ) y x ~ ) ) 

* c*/h cH ! 

(+i _ c*Pit ,+, n«+> en ,+, Yx (+) 

‘ rH i 


(ID 


( 12 ) 


with similar expressions for and o v l , ) . a € and tr„ denote the con¬ 
ductivities in the * and .y directions. In general, when H is different 
from zero, we obtain 

Jm = PlFj. + Ch F„ 

jy — Pt F„ - ? S F„, 

* The integrals are all of the type given by Jones, ‘ Proc. Roy. Soc.,* A, vol. 147, 
p. 396 (1934), equation (21). 
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where 


l + Y.'-V 


-j- zs _ 

1 + rW’ 


i + y;-v 


* “ i + yI'-’y;-’ + 1 + y“ (+, Tv <+i ’' 


<->v < ) 
X 1 V 


g J H> r. ,+) 

i + yx ,+, y; +) 

<, <+>Y <+> 

« _-La_ 

J + Y* l+, Yv <+l ' 


We now apply the condition that the current is allowed to flow in the x 
direction only, i.e., /„ — 0, and so obtain 


F Jj x = PtliPiPt + Ms) 
F„/7 x =“ <l*l(P\Pz + <M2>> 


and hence finally for the change in resistance (Ap/p)* in the x direction, 
and the Hall coefficient R = F,/H/„ we have 



These results stand unaltered even when the electrons are not bounded 
by a single ellipsoid in fc-space but by any number of ellipsoids, provided 
they are similar and similarly orientated.* In the same way the positive 
holes may be bounded, instead of by a single surface, by a number of 
similar and similarly orientated elliptical surfaces without affecting 
formulae (13) and (14). 

* Blochinzcv and Nordheim (‘ Z. Physik,’ vol. 84, p. 168 (1933)) have considered 
the galvomagnetic effects of an idealized simple cubic metal. They assume that the 
surface of constant energy in &-spacc bounding the positive holes is a sphere, and that 
the electrons are bounded by three elliptical surfaces. These ellipsoids are similar 
but not similarly orientated; corresponding axes being, in fact, mutually perpendicular. 
Their results differ from (13) and (14), showing a more complicated dependence on H*, 
and in particular when, as they assume, the number of electrons is equal to the number 
of positive holes, the Hall coefficient is not independent of held strength nor the change 
of resistance proportional simply to H*. They are unable to obtain quantitative 
comparison with experiment as their model does not apply to any actual metal. 
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2—Magnetic Effects for Ideally Pure Bismuth 


In perfectly pure bismuth, as already explained, the number of electrons 
is equal to the number of positive holes. We may put, therefore, 
n i+) — n'~' = In this special case(13) and (14) simplify greatly. The 
change in resistance becomes proportional to H 2 and the Hall coefficient 
independent of the field for all fields. 

‘In applying the above results to bismuth and its solid solutions we 
shall, for simplicity, suppose that there is complete circular symmetry 
about the principal axis; actually there is only trigonal symmetry. Thus, 
for instance, if we allow the z axis to coincide with the principal axis of 
the crystal we shall assume that aj~* = a v < ~ ) and write such a quantity 
of to denote that it is the conductivity perpendicular to the principal 
axis due to the electrons alone. The significance of the other symbols 
employed, e.g., cr_ L l+l , <T|, l_l , <th (+) , er M , cr x , is readily understood; the last 
two denote actual conductivities parallel and perpendicular to the axis 
respectively, so that or M —■ er,,*-' <T|,' +) . 

We shall consider a number of particular cases. 

(a) The Hall coefficient R| ( when the magnetic field is parallel to the 
principal axis —We find 


R.i 


c 

en n 


<* 


( •••) . 2 






+ ) .21 




(15) 


If we denote by x± the fraction of the conductivity perpendicular to the 
axis due to electrons alone, so that x L = we have 


r h-~(2x 1 -J) (16) 

where n K , as previously defined, is the number of electrons overlapping 
into the second zone in pure bismuth. 

( b ) The Hall coefficient when the magnetic field is perpendicular to the 
principal axis R x —In this case we let the x or y axis coincide with the 
principal axis of the crystal, so that according to (14) we find 



and therefore, if we write x t) = a n i ~ ) ja n to denote the fraction of the 
current, parallel to the principal axis, which is carried by the electrons 
alone, 

Rx=~(*l + *ii-1). 07) 


2 Y 2 
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The Three Cases of the Change of Resistance in the Transverse 

Effect 

In ideally pure bismuth according to (13) we have 

Ap/p—BH 2 . (18) 

We shall give the expressions for B in the following three cases. 

(c) j 11 principal axis, j J. H—We take the x axis parallel to the principal 
axis; (13) then gives , . 

B( 0 ) = Xj. (1 — *i)I 


(19) 


'B 


(d) j 1 principal axis, j ± H, H II principal axis —In this case we take 
the z axis parallel to the principal axis of the crystal; then according 
to (13) 


B 


(d) 


Xi (1 - xj 


'2i£Y 

enj 


( 20 ) 


(e) j 1 principal axis, j 1 H, H 1 principal axis —Here we take the y 
axis to be parallel to the principal axis, so that 


B<'> — x,| (1 — x„) (qjjjf) 


( 21 ) 


3—Comparison with Experiment 

Table 1 gives the observed coefficients for the change of resistance* 
and the Hall effect, f 

Here B ((() and B„, are the coefficients in equation (18) giving the change 
of resistance, the suffixes (d) and (e) referring to the directions of the 
current and field; R is the Hall coefficient and o the conductivity. 

Table I 

T° Rii Rx 


abs 

x 10 8 B v ,) x 10 8 

(1) 

(2) 

6) 

(2) 

®x x 10» 

P 

°ll hi 

91 

8-80 

3-50 

+ 7 

+ 3-4 

+ 15 

+10 

2-63 

1-48 

290 

0124 

007 

+ 1 

+0-06 -15 

-10 

0-92 

1-27 


The data for the Hall coefficient headed (1) is due to Heaps, that 
headed (2) to Onnes and Beckman. The data for the change of resistance 
is due to Kapitza. 

* Kapitza, ‘ Proc. Roy. Soc.,’ A, vol. 119, p. 401 (1928). 

t Heaps, ‘ Phys. Rev.,’ vol. 30, p. 61 (1927); Onnes and Beckman, ‘Proc. Acad. 
Sci. Amst.,’ vol. 15, p. 997 (1912); • Comm. Phys. Lab. Leiden,’ No. 132zf (1912). 
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It will be observed that the effects are very large in bismuth; a field 
of 10 kilo-gauss, for instance, can increase the resistance eightfold. 

From a study of the diamagnetic properties of bismuth and its alloys, 
including the de Haas-van Alphen effect, the conclusion has been drawn 
that the number of electrons and positive holes in pure bismuth is approxi¬ 
mately 10 -4 per atom.* In Table II we give the numerical values of the 
coefficients calculated according to the formulae of the preceding sections, 
assuming 10 4 electrons and positive holes per atom. 

Table II 
xy calc .V|| calc 

from (16) from (17) B (rf) x 10* B ( „> x 10» 

,--„ ,-- (calc) (calc) 

( 1 ) ( 2 ) ( 1 ) ( 2 ) 

0-34 0-43 0 02 0 15 8-3 4-5 

0-43 0-5 ~1 0-95 10 0-26 

Since the two fractions and A| ( are not known we have proceeded 
as follows: from the observed values of the Hall coefficients, x± and x M 
have been calculated from equations (16) and (17); these have been 
tabulated in columns 2 and 3 of Table II. On account of the considerable 
divergence in the experimental data, x L and x ( | cannot be determined 
very accurately. We have taken the following mean values. At 
T = 9T abs x x — 04, *n = 0-1, and at T = 290° abs .v x = 0-45, and 
.*11 = 0-95. Columns (4) and (5) give the resulting values for the change 
of resistance coefficients according to (20) and (21). There is fair agree¬ 
ment with the observed values. It should be remembered, in this con¬ 
nexion, that the change of resistance is very sensitive to the state of the 
crystal (method of preparation, internal strain, etc.) even for very pure 
bismuth. The table shows that the current perpendicular to the principal 
axis is carried approximately to the same extent by the electrons and the 
positive holes. Parallel to the principal axis at low temperatures the 
positive holes carry the greatest fraction of the current, whilst at room 
temperatures the electrons carry the greatest fraction. 

For the coefficient B (al we have, according to equations (19) and (20), 

(ffii/dx)*; 

from the graphs published by Kapitza we have estimated roughly that 
B (e) /B (a) is equal to 1-13 and 1*8 at room and liquid air temperatures 

* Cf \ ” The Theory of the Properties of Metals and Alloys,” chap, vi, by N. F. 
Mott and H. Jones (in course of publication). 


T° abs 

91 

290 
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respectively, whilst (<T||/aj.) 2 is equal to 1-61 and 2-19 respectively at 
these temperatures. 

The model which we have adopted leads to a zero change of resistance 
in the longitudinal effect, i.e., when the magnetic field and the current 
are parallel. The existence of a finite longitudinal effect implies one or 
other of the following conclusions: (a) the surfaces of constant energy 
are not purely quadratic surfaces as assumed in (1) and (2), or ( b) the 
time of relaxation is not a function of energy only but varies over the 
surface of the Fermi distribution either in k- or &'-space. Either or both 
of these generalizations of our model would lead to a finite longitudinal 
effect. 

Experimentally it is found that a small longitudinal effect does exist. 
It is of quite a different order of magnitude from the transverse effect; 
for instance, at 193° abs Ap/p is less than 1 in the longitudinal effect and 
greater than 300 in the transverse effect at fields of 200 kilo-gauss.* It 
is, moreover, very sensitive to crystal imperfection, being smaller the more 
perfect the crystal. Imperfections of the crystal might be expected to 
favour the conditions (a) and ( b ). 

A — Effect of Impurities 

If small amounts of tetravalent element exist in solid solution in bis¬ 
muth, the number of positive holes and the number of electrons is no 
longer equal. If the ratio of the number of tetravalent impurity atoms 
to the total number of atoms is z then clearly we have 

„<+> _ „<-> = 2 / Q> 

where Q is the atomic volume. 

Our general equations for the change in resistance and the Hall 
coefficient then take the form 



BH 2 

(22) 

p 

1 + z*CH 2 

p _ 

A - (£?) zCH 2 

(23) 

In —- 

. T+TCJF 



Fig. 1 shows A p/p plotted against H when B = 3-5xl0~®, 
(z s C) = 7-5 x 10-» The marked points are Kapitza’s observations 

* Cf. also Stierstaat (‘ Z. Physik,’ vol. 80, p. 636 (1933) ) who finds rather different 
results at lower fields. 
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for j JL axis, j 1H,H1 axis at 91 ° abs. The value of the constant C in 
this case is given, according to (13) and (22), by 

C - (JL? 

(n‘ + »n , -»)»«jj L ei, eiV ' 

Since we are only interested in the cases when z is very small and this 
constant C always occurs multiplied by z or z\ we may take, as a first 
approximation the value of C when z — 0, i.e., for pure bismuth. Accord¬ 
ing to (20) and (21), therefore, 

c “ B » B “ ,24 > 



Fig. 1-rChange of resistance in a magnetic field, j i H, j j_ axis, H i axis. - 

theoretical curve for 0 001% impurity; @ Kapitza’s observations at liquid air 
temperature. 

and substituting the numerical values appropriate to T = 91° abs from 
Table I we find C = 0-91. The empirical value for z*C is 7-5 x 10~ u ; 
thus we find that z — 0-9 x 10~ 5 . In other words, the amount of tetra- 
valent impurity required to cause a deviation from the square law and 
produce a curve like fig. 1 is approximately 0-001 atomic per cent. This 
is just about the amount of impurity which exists in extremely pure bis¬ 
muth. The extreme sensitivity of the electrical and magnetic properties 
of bismuth to impurity is due ultimately to there being only 10 -4 electrons 
and positive holes per atom which actively take part in conduction 
phenomena. 

It will be noticed that impurities do not affect the change of resistance 
in small fields, but affect very largely the change of resistance in high 
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fields. This general result is in excellent agreement with Kapitza’s 
experiments. 

It will be seen that according to (23) impurities make the Hall coefficient 
dependent upon the magnetic field strength. In fig. 2a, we have plotted 
the observed Hall coefficient R against the field strength, at T — 90° abs 
(liquid air temperature), and for comparison a theoretical curve in which 
the value of the constant C was taken as 0-91, i.e., the value given accord¬ 
ing to (24) by Kapitza’s change of resistance measurements for this 
temperature. The value of z assumed was 0 055 atomic per cent, an 



Fra. 2- Hall coefficient with H ± principal axis, (a) - theoretical curve for 

0 • 055% impurity; x observations by Heaps at liquid air temperature; © observa¬ 
tions by Onnes and Beckman at liquid hydrogen temperature. ( b) theo¬ 
retical curve for 0 055% impurity; x observations by Heaps at room tempera¬ 
ture ; © observations by Onnes and Beckman at room temperature. 

amount of impurity which might well be present in even very good bis¬ 
muth. 

In fig. 2 (6), we have plotted observed values of Rjl for T — 290° abs 
(room temperature), and a theoretical curve according to (23) for com¬ 
parison. This curve assumes the same amount of impurity, viz., 0-055 
atomic per cent, with a value of C = 4 x 10~ 2 . Using Kapitza’s data 
appropriate to room temperature and equation (24), we should find 
C = 2-2 x 10"*. It will be observed that according to (24) C decreases 
rapidly with increasing temperature as observations of the Hall effect 
require. The theoretical curve is slightly concave upwards for small 
fields, which does not agree with Heaps’s observations, but does not 
disagree with Onnes and Beckman. 
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An interesting feature of formula (23) is that if a little more Sn or Pb 
is put in solid solution in bismuth than is usually found in “pure” 
bismuth, say of order 0-1 atomic per cent, one should obtain an alloy 
for which R T changes sign as the field is increased. Thomas and Evans* 
have obtained an alloy of Bi and Pb which shows this reversal of sign 
from negative to positive as the field increases. Their specimen, how¬ 
ever, was of polycrystalline Bi containing 2-7% Pb. The present theory 
suggests that for single crystals, with the field perpendicular to the axis, 
the effect of reversal of sign should be observed for much smaller per¬ 
centages of tetravalent impurity. In this connexion it should be noticed 
that A in (23) is not the value of R for ideally pure bismuth, but varies 
with the impurity content z. Its value can be obtained by comparing 
(14) and (23). 

It has been suggested that the pronounced effect of small amounts of 
impurity in bismuth is due to the development of a secondary structure 
within the single crystals.! It appears from the preceding discussion 
that the extreme sensitivity of the galvomagnetic effects, as well as the 
sensitivity of the diamagnetic properties to impurity, can be explained in 
terms of an ideal lattice theory. The great influence of small traces of 
impurity, according to this theory, is due to the existence in bismuth of an 
almost completely filled zone of electrons, so that a small change in the 
total number of valency electrons produces a relatively large effect. 

Summary 

Calculations are made of the change of resistance in a magnetic field 
and of the Hall coefficients of bismuth single crystals. The estimate of 
the number of electrons overlapping the principal Brillouin zone for 
bismuth, previously given to account for the diamagnetic properties, is 
shown to lead to the very large galvomagnetic effects which are observed. 
Minute traces of impurity in bismuth are shown to have very great effect 
on the galvomagnetic properties, particularly at high magnetic field 
strengths. In this way the variation of the Hall coefficient with field 
strength is explained, and fair agreement is obtained between the calcu¬ 
lated change of resistance at various fields and Kapitza’s observations. 

• ‘ Phil. Mag.,’ vol. 16, p. 329 (1933). 
f Goetz and Focke, ‘ Phys. Rev.,’ vol. 45, p. 170 (1934). 
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Relative Luminosity in the Extreme Red 

By C. F. Goodeve, The Sir William Ramsay Laboratories of Inorganic 
and Physical Chemistry, University College, London 

{Communicated by F. G. Donnan, F.R.S.—Received December 16, 1935) 

When an electromagnetic wave of a suitable frequency enters the eye it 
is followed in a short space of time by a visual sensation in the brain. 
This “ visual process ” can be divided up into stages, such as the con¬ 
version of the electromagnetic wave into a stimulus, the production 
and transmission of nerve impulses actuated by this stimulus, and the 
conscious sensation arising therefrom. Although no direct evidence is 
forthcoming, it is generally believed that the first stage referred to is a 
photochemical one similar in its behaviour to the many photochemical 
reactions known to be produced by light of visible frequencies. This 
paper describes experiments in the extreme red and discusses their appli¬ 
cation to a photochemical theory of the primary visual process. 

It is generally assumed that vision extends on the red side of the spec¬ 
trum to a wave-length of about 800 m\i, but some authors claim to have 
seen longer wave-lengths than this (840 m\i).* Nuttingf states that light 
of 1000 is visible if sufficiently intense. In most of these observations 
account has not been taken of the width of the spectral range of the light 
used, nor has care been taken to obtain very pure light. It will be shown 
in this paper that, when working above 820mix, it is necessary to use a 
double monochromator, together with an “ infra-red ” filter to ensure 
that the light seen is not scattered light. 

The relative luminosity (visibility) in the red region has been measured 
by Hyde and Forsythe t as far as 770 mjx. In this paper an account is 
given of measurements up to 900 m(i. At this wave-length the relative 
luminosity is one-sixty millionth of that at 55 6 my.. 

The relative luminosity as used here is defined in the usual way as 
follows. If the intensity of the light of wave-lengths between X and 
X d\ falling on unit area of the retina is d\ K ergs per second, a part of 
this, dS M will be converted into a “ stimulus ”. These quantities are 
functions of X and we may write 

dS^.*„dl x , ( 1 ) 

* See Duke-Elder, “ Textbook of Ophthalmology,” p. 851 (1932). 

t “ Outline of Physical Optics,” p. 2 (1912). 

} ‘ Astrophys J.,’ vol. 42, p. 285 (1915). 
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where <x A is the efficiency of the process. It will be assumed in the first 
place that a A is a constant for any one wave-length, condition of the retina, 
and for other variables fixed as discussed below, i.e., it does not depend 
on the intensity. The absolute value of a A cannot at present be measured, 
but we can define relative values by the relation R A — a A /a Mfl , where R A 
is the luminosity relative to that at the wave-length 556 mp., the point of 
maximum sensitivity of the eye. 

In practice a finite range of wave-lengths is used and we can define the 
“ total stimulus ” per unit retinal area by 

S = T' R a </I a . (2) 

By the use of a monochromator the light can be confined to a narrow 
region of wave-length over which R A can be considered constant. There¬ 
fore, 

S ™ «5r,6 R A I a . (3) 

It follows that the relative luminosity varies as the reciprocal of the 
intensity necessary to produce a fixed stimulus. It is to be noted that it 
has the dimensions of a number. If we consider the stimulus to have the 
dimensions of I A , a A has also the dimensions of a number. 

The stimulus on the retina produces nerve impulses and finally a con¬ 
scious sensation, but we are not concerned here with the exact relation 
between sensation and intensity of stimulus nor even with the form of this 
relation. As we are interested in the total stimulus it does not matter 
that there are different kinds of stimuli producing different colours. This 
separation of the visual process into stages may appear at first somewhat 
arbitrary, but it simplifies the treatment considerably and is independently 
supported by evidence given below. It has the advantage that the varia¬ 
tion of amount of sensation with wave-length is allocated entirely to the 
first stage—a photochemical one, while deviations from a simple intensity 
law are allocated to the second and third psycho-physiological stages. 
The amount of sensation thus depends only on the intensity of the 
stimulus and not on wave-length, etc. We cannot measure the sensations, 
but we believe we can decide when two sensations caused by different 
wave-lengths are equal. On the above basis, if two sensations are equal 
the stimuli producing them are therefore also equal. These definitions 
may require elaboration when we know more about the way in which 
the three colour responses act. For lack of evidence to the contrary it 
is assumed that they all act in the same way. Most of the conclusions 
drawn in this paper are based on experiments on one response. 
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The intensity of the light to be used (in equation (3)) could best be 
measured by a thermopile, but, except for the regions of low visual sensi¬ 
tivity, the current produced is too small to be measured. It is more usual 
to calculate relative intensities from the product of the distribution of 

energy, with wave-length, of the light source (~~), and the inverse wave¬ 
length dispersion of the monochromator { — ) . 


(£) l 

. \dx A / 


ergs per second, per unit area, 
falling on the retina. 


where / is the length of the slit. The constant K includes the factor 
expressing the relative sizes of the retinal image and the object, and also 
the losses due to reflexion by the cornea, etc. The reduction of the 
light intensity by some standard photometric device is represented by the 
quantity P. 

The problem of measuring R* depends now on finding a reliable method 
of matching visual sensations. The merits and disadvantages of the 
standard methods, the flicker photometer and the step-by-step method, 
have often been discussed, *f but, as we are interested here in the general 
shape and position of the curve, the agreement between the results by the 
two methods is sufficient for our purpose. The method of direct com¬ 
parison used by some authors:^ involves practically no doubtful assump¬ 
tions but is limited in its application to regions of constant hue, such as 
the red and the violet. In the red it gives results in good agreement 
with the other methods as seen in fig. 1. 

A method has also been used in which the threshold intensity necessary 
to produce a visual sensation is measured, but it is limited to the red 
region where no complications due to night vision (scotopic) enter. 
Pfliiger|| attempted to determine the whole luminosity curve in this way, 
but his results were not very consistent. The threshold method has been 
fully discussed by Roaf f who finds that “ the absolute threshold for red 
is easy to measure”. The method has been used here and has the 
advantage that it can be used in the extreme regions where intensity 
matching is virtually impossible. According to the well-known “ all-or- 

* Coblentz and Emerson, ‘ Sci. Pap. U.S. Bur. Stand.,’ vol. 14, p. 167 (1918). 

f Gibson and Tyndall, * Sci. Pap. U.S. Bur. Stand.,’ vol. 19, p. 131 (1923). 

J Hyde and Forsythe, ‘ Astrophys. J.,’ vol. 42, p. 285 (1915). 

§ Hartman,' Astrophys. J.,’ vol. 47, p. 83 (1918). 

I!' Ann. Physik,’ vol. 9, p. 185 (1902). 

If 4 Proc. Roy. Soc.,’ B, vol. 110, p. 448 (1932). 
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Fig, 1—Relative luminosity determinations. -Gibson and Tyndall, stcp-by-stcp 

method; .Coblentz and Emerson, flicker photometer; OOO Hyde and 

Forsythe, direct comparison; • • Hartman, direct comparison;-Wright, 

green response curve. Present determinations: Ttx? observations by H, J. A. D.; 
axl observations by C F. G. Series 1:1000 c.p. “ Pointolite 2 mm aperture. 
Series 2: 25 amp carbon arc—full eye. Series 3: 135 amp carbon arc- 
full eye. Series 4: 120 amp carbon arc—2 mm aperture. Series 5: same as 4, 
but with rotating sector. 


Threshold intensity (optimum conditions). Ergs/sec/mm* on the retina 
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none ” principle of nerve action,* there is a limiting size of stimulus 
below which the formation of nerve impulses, other than resting impulses, 
ceases. This principle probably applies also in the visual process, and we 
can assume that a light intensity just sufficient to be seen by chromatic 
(photopic) vision, causes a definite size of stimulus which is the same for all 
wave-lengths. R* therefore varies inversely as the “ threshold ” intensity. 
It will be shown in this paper that the method gives results in close agree¬ 
ment with results by other methods in regions where they overlap. 

Experimental 

Light sources of a range of intensities were obtained by using a 1000 c.p. 
“ Pointolite” at 7-5 amps (2600° C), a 14 mm carbon arc at 24 amps 
(3000° C), and a high current density 16 mm carbon arc at currents up to 
150 amps (up to 4200° C). The figures in brackets represent the “ black- 
body ” temperature of the radiating surface, estimated from measurements 
of the variation of (dljdl.) with wave-length, and confirmed by informa¬ 
tion from various sources. It is considered more accurate to take the 
values of (dl ldX) used for equation (4) from the International Critical 
Tables.f Their relative values do not vary greatly with the temperature 
in the wave-length range of the measurement and therefore no serious 
error is introduced should the temperature be incorrect by as much as 
200° C. No discontinuities in (dl d'h) were found in the red region. 
Observations were only taken when the light source was steady, and under 
such conditions thermopile readings showed that variations in the 
intensity of the light from the monochromator were less than 15%. 
Attempts were made to use the sun as a source, but the intensity obtained 
was found to be no greater than that with the 24-ampere carbon arc. 

The light was focused directly on to the slit of a Muller-Hilger quartz 
double-monochromator,J an instrument which produces light of a high 
purity and of high intensity. This purity was such that the intensity of 
visible light of wave-lengths outside the limits set on the instrument 
represented about 10~ 6 of the total intensity, as shown by calculations 
below. In regions of very low luminosity (820 to 900 m n) it was necessary 
to purify further by using an Ilford infra-red filter transmitting 75% of 
this light, but absorbing all light below 720 my. The filter was calibrated 
spectrophotometrically, using red-sensitive plates. The luminosity curve 

* Adrian, “ The Basis of Sensation,” p. 29 (1928), 

t Vol. 5, p. 240. 

{ A description of this instrument will be published shortly by Mr. J. W. Perry 
(Adam Hilger, Ltd.). 
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of the light passing through this filter was determined and is shown in 
fig. 2. The filter was placed between the monochromator slit and the eye. 
The wave-length drum of the monochromator was calibrated with the 
mercury lines up to 10,140 A. 

In preliminary experiments, the reduction of the light intensity was 
obtained by means of Ilford neutral filters. In the experiments, the 
results of which are shown in fig. 1, a very wide range of intensities was 
obtained by using a number of filters made from photographic plates. 
These were uniformly exposed, carefully developed, and calibrated both 
by a visual spectrophotometer and by a photoelectric cell with a mono- 



11,000 13,000 15,000 

Frequency-wave numbers 

Fig. 2—Relative luminosity of light transmitted through the infra-red filter (broken 
line), compared with the normal curve. 

chromator. Considerable scattering was observed with these filters and 
it was necessary to calibrate them under the same conditions as those 
under which they were used. In one series of experiments observations 
were taken with a rotating sector giving an intensity reduction of 1: 69, 
but this method had limited application. 

The intensity of the light source was measured in absolute units by 
means of a thermopile, calibrated in the usual way with a lamp standard¬ 
ized by the National Physical Laboratory. In calculating the results an 
allowance of 25% was made for loss by reflexion from the eyepiece and 
the cornea. 

The length of the image, which was the final slit of the.monochromator, 
was 4-5 mm and the width 0-11 mm. As no variation in the readings 
was obtained with the eye focused on different parts of the slit, it is 
prohable that the intensity distribution lengthwise was uniform. The 
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light beam had a square cross-section, the patch on the cornea being 5 mm 
wide. It passed from the slit through an eyepiece of aperture 14 mm 
focal length —44 mm, placed 36 mm from the slit and then into the eye, 
the cornea of which was about 80 mm from the slit. Assuming that the 
retina lies 17-0 mm* from the nodal point of the eye, simple optical cal¬ 
culations showed the dimensions of the retinal image to be 0-39 of those 
of the slit, or to have 0-15 times the area of the slit. The effective diameter 
of the pupils of the two principal observers’ eyes (H. J. A. D.’s and the 
author’s) were found to be 8-5 mm, by photographing after 15 minutes’ 
dark adaptation. A “ Sashalite” photoflash bulb (1/75 sec) was used. 
With the eye in its central position no light from a particular part of the 
slit was cut off by the iris. For some measurements a fixed iris of 2 mm 
diameter was used. 

For the earlier experiments the observer and the monochromator were 
placed in a darkened hut, a hood screening the eye from direct radiation. 
LateT, complete darkness was obtained even in bright sunshine by using 
a double-walled cover made of black American oil-cloth, tightly fastened 
around the observer’s waist. The position of the observer’s head was 
kept immovable by the use of the usual wax-covered mouthpiece, securely 
clamped to the monochromator. 

H. J. A. D. and the author were tested by Dr. W. D. Wright and Mr. 
J. H. Nelson for defects in colour vision. The former was found to be 
normal, while the latter showed a slight degree of anomolous trichroma¬ 
tism,t the anomaly being in the green. The red sensation, however, for 
his eyes is practically normal. Close agreement has always been found 
between the results of the above two observers and those of all other 
observers. 


Procedure and Results 

The observer was placed in position with the necessary filters between 
the eye and the eye-piece, or between the light source and the mono¬ 
chromator. On his obtaining a proper focus on the slit the drum was 
turned by a second person until the image just disappeared. Consistent 
readings to within 4 my., were readily obtained after the first 2 minutes, 
during which the iris was dilating. The routine was varied as much as 
possible without the knowledge of the observer, to avoid anticipation 
effects. Prolonged dark adaptation produced no change in the threshold. 

* Duke-Elder, “ Textbook of Ophthalmology,” p. 741 (1932). 

f Appendix I, “ Characteristics of Dichromatic Vision,” Pitt, Medical Research 
Council, Special Report Series, No. 200 (1935). 
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Slight movements of the eye-ball* were generally made purposely to prevent 
retention of the visual impression. As was to be expected in a wave¬ 
length region which does not produce scotopic vision, a decreased sensi¬ 
tivity was found when the slit was viewed obliquely. 

With the same light source the experiment was repeated with different 
neutral filters and a series of thresholds were obtained. The relative 
intensities were calculated from equation (4) as described above. In 
order to obtain the luminosity relative to that at 556 my, it was, of course, 
necessary to “ link ” one point of a series to the results obtained by the 
other methods and as given in fig. 1. From a consideration of the latter 
results, a value of R A of 0 0042 at 700 my was taken as a standard. The 
logarithms of the reciprocals of the intensities used in each series were 
plotted against the threshold frequencies, and in all cases a close approxi¬ 
mation to a straight line was obtained. A link point for each series was 
found either by interpolation or by short extrapolation of this line to the 
frequency at 700 m\ a. In this way all of the results were reduced to the 
same basis. Results with the rotating sector were linked to the others 
at 795 my. 

The experimental observations are recorded in fig. 1, and the series to 
which they belong are indicated. Preliminary observations are not shown, 
but they agreed within their own limits of error with the final ones. 
One observer over 67 years of age found the same threshold as younger 
observers.! The limits of error in the value of R A depend on the error of 
calibration of the filters. This error is cumulative as more filters are 
added and, therefore, is higher as we approach 900 my, where it may be as 
high as a factor of two. Other errors are less important. The interval 
of frequencies obtained from the monochromator was controlled by the 
intermediate slit and was about 100 wave-numbers, or 8 mu, as calculated 
from the dispersion curve of the instrument and confirmed by means of 
observation with a Hilger constant deviation spectrograph. The intensity 
of the light coming from the third slit of a double-monochromator from 
a continuous source has a maximum along the centre line of the slit, but, 
as the results are strictly relative, it was not considered necessary to take 
account of this.J In the absolute calibration of the threshold a rough 

* According to Dodge, * Psychol. Rev.,’ vol. 7, p. 454 (1900), the eye is continually 
undergoing small involuntary oscillations. 

t Contrast this with the large decrease in sensitivity with age found by Saidman, 
Fabry, and others for the violet and ultra-violet. (See de Groot, * Nature,’ vol. 135, 
p. 68 (1935).) 

t The infra-red filter was not used in any wave-length region where it can affect the 
wave-length distribution of the monochromatic light. 
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allowance has been made. On the whole, the consistency of the results is 
as good as those obtained by other methods. 

It will be seen from fig. 1 that a straight line may be drawn which is 
fully representative of the observational points. This line is, in fact, an 
extension of the already known luminosity curve, and as drawn in the 
figure follows the empirical equation:— 


or 


log R a - - 26 -68 + 0-001702 W.N. (5) 


= - 26-68 + 


17,020 


(5a.) 


This equation holds for wave-lengths above 690 m ji.. The relative 
luminosity for every 10mfi, calculated from it, is given in Table I. 


Table l 


Wave¬ 


Relative 

Wave¬ 


Relative 

length 

Frequency 

luminosity 

length 

Frequency 

luminosity 

^■fWM 

W.N. 


Ra 



W.N. 

R. 

690 

14,490 

9-6 

X 

10 3 

800 

12,500 

3*9 x 10"* 

700 

14,280 

4*2 

X 

10 3 (link) 

810 

12,350 

2*2 x 10- 

710 

14,080 

1-9 

V 

10- 

820 

12,200 

1*2 x 10- 

720 

137890 

<FT 


10 4 

830 

12,050 

6*8 x 10- 

730 

13,700 

4*3 

:< 

10 4 

840 

11,900 

3 *75 X 10- 

740 

13,510 

21 

x 

10- 4 

850 

11,760 

2*2 x 10- 

750 

13,330 

1 04 

x 

10 - 

860 

11,630 

1*3 x 10- 

760 

13,160 

5*1 

X 

10- 

870 

11,490 

7*5 x 10- 

770 

12,990 

2*7 

X 

10 6 

880 

11,360 

4*5 x 10- 

780 

12,820 

1*4 

V 

10 5 

890 

11,240 

2*8 x 10- 

790 

12,660 

7*4 

X 

10 6 

900 

11,110 

1*7 x 10- 


The Purity of the Light from the Monochromator 

With the full light of the 145 ampere carbon arc passing through the 
monochromator, the final slit could be seen when the instrument was set 
for the extreme infra-red or extreme ultra-violet. This was due to the 
scattered light from dust particles and from the “black” walls which did 
not absorb all of the light cut off by the slit jaws. (Light reflected from 
the lens’ surfaces was carefully screened off.) Scattered light is essentially 
random scattering. Therefore that which came through the intermediate 
slit contained all wave-lengths with a distribution of approximately that 
of the light source; that is, it was approximately white. In the second 
half of the monochromator the scattered light was white plus a small part 
of the monochromatic light as controlled by the intermediate slit. 
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This latter, being of the correct wave-length and insignificant in amount 
compared with the main beam, has not been taken into account in the above 
measurements. A fairly accurate estimation of the amount of scattered 
white light was made in the following way. When the intensity of the 
light was reduced by means of neutral filters a point was reached where 
the scattered light was no longer visible, i.e., its threshold intensity was 
reached. Using these filters, the normal chromatic threshold was found 
to occur at 820 mg. This means that the stimulus due to the scattered 
light was equal to that produced by the monochromatic light, the wave¬ 
lengths of which lay between the limits 816 to 824 mg. 

From equation (2), 

r rti24m*L 

Ra dl\ (scattered) = R 820 » 1M d\ K . (6) 

J j8lflm M 


As the scattered light is white, the first integral need only be taken between 
the limits 500 to 600 mg to account for most of the stimulus and, as a 
further approximation, R* may be considered constant over this range. 
Its value, however, is rather indefinite as scotopic vision probably enters 
here, but its minimum value can be taken as 0 -7. The ratio between the 
scattered and the monochromatic light, in energy units, is the ratio 
between the integrals in equation (6). Thus this ratio. 


dl\ (scattered) 

5 


} 500w»m 


R« 


120 Mil 


/•824m/ul 


dh 


R, 


■500 to 600 n\n 


J 816m/* 


From Table I it is seen that R 820mw is 1 -2 x 10~*. The energy of the 
scattered visible light is, therefore, as a maximum 17 x 10 -6 times the 
monochromatic light. The infra-red filter by cutting out all light below 
720 mg reduces the scattered visible light further by a factor of about 10 4 . 
The visible light represents about 10% of the total energy from the carbon 
arc and therefore the total scattered light may be 2 x 10 -5 times the 
monochromatic light. The purity may vary considerably in different 
instruments and could probably be further improved. 


The Effect of the Point of Entry of the Light into the Eye 

It was found by Stiles and Crawford* that light entering the eye through 
the centre of the pupil produces a greater sensation than light from the 
same point entering through part of the pupil away from the centre. 

Proc. Roy. Soc.,’ B, vol. 112, p, 428 (1933). 


2 Z 2 
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It would appear that the angle of incidence of the light on the retina is 
an important variable. 

Measurements of the threshold were made, using an artificial iris of 
2 mm diameter immediately in front of the cornea. With a 120 ampere 
carbon arc a threshold at 857 m[i was found. From thermopile measure¬ 
ments and optical calculations as described above, it was found that 
29 ergs per second per sq mm were falling on the retina. (The actual 
size of the retinal image was 1 -75 x 0 042 mm.) Without the artificial 
iris the intensity was 232 ergs per sec per sq mm spread over 25 sq mm of 
the cornea and threshold of 890 w|a was found. To give a threshold at 
this wave-length using the 2 mm diameter iris an intensity of 155 ergs 
per sec per sq mm would be required. The “ luminous efficiency ”* 
(integrated) for the larger area of pupil is, therefore, 0 -67 times that for 
the smaller central area. This efficiency is close to that found (0-71) 
by Stiles and Crawford for this area (their areas were, however, circular). 

Rough measurements of the effect for different parts of the pupil were 
made. The eyepiece of the monochromator was fitted with a disk con¬ 
taining three apertures 1 mm in diameter, any one of which could be 
uncovered. Tests showed that the intensity of the light coming from 
each aperture was the same. Only 0 • 5 mm length of the slit was exposed. 
The threshold of vision for the central aperture was first determined and 
found to be at 829 m \i. The threshold for each of the other apertures 
was then determined and the intensity necessary to raise the threshold to 
this, wave-length was calculated as above from the slope of the relative 
luminosity curve. The “ luminous efficiency ” of the light entering the 
eye through the part of the pupil controlled by the aperture is given by 
the reciprocal of this intensity. 

The results obtained for a vertical traverse of the author’s right eye 
are shown in fig. 3. Although not very accurate, they show a slightly 
greater effect of the point of entry than that found for white light by 
Stiles and Crawford.t This falling-off of the luminous efficiency for 
light entering the eye near the edge of the pupil is probably due to the fact 
that such light falls on the retina at an angle. To reach the photosensitive 
part it may suffer loss on passing through the nerve fibres, nuclear layers, 
the walls of the cones, or the pigment from the pigment epithelium as 
suggested by the above authors. Most living cells are more transparent 
to extreme red light than they -are to white light and the above results 
seem, therefore, somewhat surprising. Further discussions of this in- 

* Stiles and Crawford,' Proc. Roy. Soc.,’ B, vol. 112, p. 428 (1933). 

t Recent measurements of Wright and Nelson have confirmed the effect for various 
wave-lengths including the near red. ‘ Proc. Phys. Soc.,’ vol. 48, p. 401 (1936). 



Relative Luminosity in the Extreme Red 


675 


teresting and important effect cannot profitably be made at this stage 
until the influence of other factors, particularly wave-lengths, has been 
measured. 

The Effect of Size of Retinal Image on the Chromatic 

Threshold 

The effect of variation in the size of the retinal image on the threshold 
for white light has been the subject of several investigations.* In these 
cases the vision was probably mainly scotopic and within limits it was 
found that the threshold intensity varied inversely as the area of the image. 
In purely chromatic vision, i.e., under conditions in which the form 



4 3 2IOI234 
mm from centre of pupil 

Fig. 3—Vertical traverse of author’s right eye. 

sense is well-developed, the threshold intensity should be more or less 
independent of the size and shape of the image. Experiments described 
here have shown that this is true above a limiting size. 

Alterations in the width of the monochromator slit could not be made 
owing to the lack of uniformity of wave-length and intensity distribution 
across the slit. The length, however, could be varied by means of a 
wedge. Preliminary measurements made by the two observers (H. J. A. D. 
and C. F. G.) showed that at slit lengths of 0 • 5 mm and less (width 0 • 11 mm) 
there was a rapid falling-off of the luminosity (increase in the threshold 
intensity). 

An apparatus was set up in which the slit, eyepiece, etc., of the above 
described apparatus was mounted at the end of an optical bench. A 

* Duke-Elder, “ Textbook of Ophthalmology,” p. 901 (1932). 
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100 c.p. “ Pointolite ” was used as a light source and the relative intensity 
of the light falling on the slit was calculated by the inverse square law. 
Immediately behind the slit (on the side of the light source) was placed 
the infra-red filter and a diffusing glass screen. Neutral filters were also 
used. The light entered the eye through a patch less than 2 mm square 
in the centre of the cornea. In this way the length and the width of 
the slit could be varied over a considerable range, while maintaining 
uniformity of wave-length (average of visible wave-lengths 740 nt[i, see 
fig. 2) and intensity distribution. 

A large number of observations of the threshold intensity was made 
by the two observers and the results can be summarized as follows. 

The size of the retinal image above which the threshold intensity is 
constant depends on the shape of the image. For a given area the 
luminosity is a maximum (intensity a minimum) when the image is square. 
For small square retinal images the luminosity rose approximately directly 
as the area, until an area of about 0-015 sq mm was reached. Above 
this point there was no appreciable increase in luminosity with increase 
in size. As an example of the effect of shape, a retinal image 0-08 X 0*08 
mm (area 0 0064 mm) gave a luminosity of about one-half the maximum 
value, whereas the same area in an image of dimensions 0-4 x 0-016 mm 
gave a luminosity of about one-tenth the maximum. An image of the 
dimensions used in the experiments described in preceding sections, viz., 
1-75 x 0 -042, gave a luminosity one-fourth the maximum. Images of 
this size appeared to narrow as the threshold was approached. 

Optical causes of this falling-off of luminosity with size of image are 
unlikely, owing to the very small part of the eye lens which is used, and 
there is no connexion between this phenomenon and that described in 
the previous section. The possibility of the cause lying in the receptive 
organs of the brain cannot be eliminated. The simplest explanation 
would appear to be that the stimulation of one cone is in some way 
dependent on that of neighbouring cones. Such an interdependence has 
often been observed* and is generally attributed to lateral interaction 
between the nerve fibres. On the other hand, if the stimulus involves a 
photochemically produced molecular species this may diffuse some distance 
before initiating optic nerve impulses. When more complete experi¬ 
mental data are available it may be possible to build up a theory and to 
determine approximately the molecular weight of the diffusing species. 
At the moment it can be said that the results are wholly consistent with 
a theory of this type. From the above critical size, 0 • 015 sq mm, it is seen 

* Granit, “ Discussion on Vision,” The Physical Society, p. 263 (1932). 
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that the interdependence of the cones (or that the diffusion) extends to a 
distance of at least 0 06 mm or 30 cones.* 

The Absolute Value of the Threshold 

The minimum amount of light energy required to stimulate vision at 
857 m [i was found, as stated above, to be 29 ergs per sec per sq mm of the 
retina, using only the central part of the pupil, and a retinal image of 
1-75 x 0-042 mm. A number of absolute measurements taken with 
different intensities (light sources) gave results which when reduced to 
this wave-length agreed to within 25%. The results in the previous section 
show that when the dimensions of the retinal image are large enough, the 
luminosity is a constant independent of size. This constant luminosity 
is about four times that found for the above retinal image. On the 
assumption that this factor is the same for all wave-lengths, the threshold 
intensity for light of 857 mix is 7 ergs per sec per sq mm for an image of 
infinite size. We may use this value to fit an absolute scale to the curve 
in fig. 1 and the minimum amount of energy necessary to stimulate 
chromatic (photopic) vision of any wave-length may be read off directly. 
For example, the sensitivity of the eye at its maximum point, 556 my., is 
such that 10 ® ergs per sec per sq mm will stimulate chromatic vision. 

This absolute calibration involves possible errors over and above those 
occurring in the measurement of R*. The disturbance of the thermopile 
circuit by the electric arc produced variations in the readings of over 25%. 
The distribution of the light intensity across the slit was not uniform. An 
allowance of 25% has been made for this in the above values, but an 
uncertainty of the same order remains. A consideration of all sources 
of error leads to the conclusion that the absolute scale is correct within a 
factor not greater than two over most of the range. 

Absolute measurements of the “ chromatic threshold ” have been mad 2 
in the red by Monroe,t Almack.J and Wentworth§ using one and the 
same apparatus. A comparison between their values and that obtained 
here has been made in Table II. In the last column all results have been 
reduced to 556 my and the intensity calculated per sq mm on the retina. 
The retinal images used by these authors were larger than the critical 
size, 0-015 sq mm, and the light entered the eye through the centre of the 
pupil. 

* Fincham, ‘ Trans. Opt. Soc. Lond.,’ vol. 26, p. 198 (1925), found the diameter of 
the cones to be 2 n. 

t ‘ Psychol. Monog.,’ No. 158 (1925). 

J Ibid., No. 174 (1928). 

§ Ibid., No. 183 (1930). 
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It is seen from Table II that the present calibration gives a higher value 
for the threshold intensity than that found by the other authors. A 
calculation, however, of the wave-length range used by these authors 
and its comparison with the luminosity curve leads to the conclusion that 
their mean wave-length of vision was probably about 10 mp. lower than 
that recorded. The first three values in the last column of Table II should 
be raised, therefore, by a factor of about two, bringing two of them into 
close agreement with the last value, 10 x 10" 7 ergs per sec per sq mm. 




Table II 


Calc, minimum 
intensity required 

Author 

Intensity 

Observed 

Size of 

to stimulate 



threshold 

retinal 

chromatic vision 




image 

at 556 wfx 





ergs per sec 


ergs per sec 

my 


per mm* * * § 

Monroe . 

. 1*59 x 10-« 

655 

diam 0*6 mm 

3*6 x 10’ 

Almack . 

. 45 x 10 « 

670 

diam 1 * 7 mm 

5 x 10 7 

Wentworth ... 

. 0 712 x 10~* 

6 7 2 

diam 0 *37 mm 

2 x 10“’ 

Present work . 

. 2 16 

857 1 

*75 X 0*042 mm 

** 

1 

© 

X 

© 


The measurements of the “ chromatic threshold ” made by these authors 
at other wave-lengths give very considerable disagreement with this cali¬ 
bration and do not correspond with what is to be expected from the 
chromatic luminosity curve. On the other hand, their results agree 
closely with the scotopic luminosity curve* t and it seems possible that the 
stimulus observed by these authors was, in some cases, partly scotopic. 
It is of interest to note that Wentworth finds, at 672 mp, practically the 
same value for the scotopic and chromatic thresholds, indicating that 
these curves cross near this point. 

Assuming that at the fovea there are 250,000 cones per sq mm,| the 
above absolute calibration leads to the result that one quantum per second 
falling on a cone would be sufficient to stimulate chromatic vision at 
556 /Wfx, providing that neighbouring cones were also stimulated.§ The 

* Pfliiger, * Alin. Physik.’ (4), bd. 9, p. 185 (1902). 

t Hecht and Williams, ‘ J. gen. Physiol.,' vol. 5, p. 1 (1922). 

t Fincham, ‘ Trans. Opt. Soc. Lond.,’ vol. 26, p. 198 (1925). (Osterberg, Thesis 
Copenhagen Univ. (1935), finds about one-half this number of cones per sq mm.) 

§ Strictly speaking, this calibration refers to the intensity where vision just fails. 
This was about 10% below the intensity where continuous vision is possible. Attempts 
have been made to find the intensity (in the red) where a visual impression of the slit 
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minimum visible “ amount" of light must cover an area of 0-015 sq mm 
or 3700 cones at this intensity and, therefore, must contain 3700 quanta 
per sec (at 556 m y.). Probably only a small fraction of these quanta are 
absorbed and converted into a stimulus (see discussion below). These 
calculations are of interest because they show that the absorption of one 
quantum of light by a cone may result in a large number of nerve impulses 
passing along the optic nerves leading to this and the neighbouring cones, 
the whole effect lasting for a very long period compared with the time 
required for a quantum process. This is conceivable in view of the very 
small amount of energy in the nerve impulse.* No definite conclusions 
can, however, be drawn until knowledge is gained about the factors affect¬ 
ing the receiving end of the nerve impulses. 


Colour Vision in the Extreme Red 

The colour sensation, which was a slightly orange red when the sen¬ 
sation was strong, at, for example, 600 mix, became a purer red as the 
threshold was approached and continued to be pure red until it dis¬ 
appeared. At constant wave-length, 660 my., the reddening could be 
produced merely by reducing the intensity. 

Experiments were made in which one eye was adapted to strong light 
(intensity 5 to 20 ergs per sec per sq mm on the retina) from the mono¬ 
chromator for 30 seconds. The colour sensation produced by 800 myt 
in this eye was "then immediately compared with that produced in the 
other. Adaptation to light of 540, 480, or 420 mix produced a definite 
deepening of the red at 800 mix, indicating that the sensation at this 
wave-length may be a composite one. No very pronounced effect on the 
threshold wave-length was found. Adaptation to light of 660 my., a 
wave-length well in the red, results at first in a very clear yellow sensation 
for 800 my, which gradually returned through orange to the normal 
red. Six observers, ignorant of the phenomenon to be observed, all 
reported the same effects and their times of recovery were about the same. 
The following table gives a typical report:— 

is just recovered. It was found, when the observer was fresh and the 1 mm iris was 
used, that the slit could be seen when the intensity was increased by about 50% above 
that where vision just ceased. The conditions governing this reverse threshold 
intensity were found to be very complex and involved the ability of the observer to 
fix the eye, his power of concentration, the ease of focusing, etc. 

* A. V. Hill, “ Chemical Wave Transmission in Nerve,” p. 26 (1932). 

t For this wave-length, the infra-red filter was used with the monochromator. 
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800 mp. 

After 5 seconds 

... clear yellow. 


„ 30 „ 

... orange. 


„ 50 „ 

... red-orange. 


„ 90 „ 

... eyes practically the same. 


The adaptation effect presumably remained localized on the retina, as 
the slit appeared red eccentrically after adapting the eye. The effect was 
greater when wave-lengths further in the extreme red were viewed, but 
at 850 m (x, the slit could not be seen during the first 15 seconds after the 
adaptation, whereupon it appeared a less distinct yellow, but not reddish. 
The intensity of the adapting light was not sufficiently great to produce 
an after-image. 

A similar effect was observed at constant wave-length, 660 m|i, when 
the intensity was reduced five hundredfold after adaptation. The yellow¬ 
ing thus caused was in marked contrast to the reddening as sensed by the 
dark adapted eye. The times of recovery were much the same as above. 
Although these results are entirely qualitative, it would appear that if a 
colour and intensity match were made between light of 660 mp. and 
800 mu the match would remain after adaptation to strong light, even if 
the light appeared yellow. This is in conformity with the general rule of 
adaptation phenomena as pointed out by Wright.* 

A number of experiments was performed to determine the effect of 
adaptation to red light on the threshold wave-length (at constant intensity). 
Part of the light from the 130-ampere carbon arc was condensed through 
a water cell and the infra-red filter, on to the eye in such a way that the 
whole of the fovea was covered. The mean wave-length of the light 
producing the stimulus was 740 my. (see fig. 2) and the intensity of this 
stimulus was of the same order as that used above for 660 my. from the 
monochromator. After 20 seconds’ illumination the eye was moved to its 
position in front of the monochromator, as described above. A fixed 
aperture of 2 mm diameter was used. The following shows a typical 
change of threshold wave-length with time, and the colour observed:— 


After 15 seconds .... 

.... 833 m\i 

yellow. 

.. 30 „ 

.... 844 „ 


45 

»» .... 

O 

m 

oo 

orange. 

„ 75 „ - 

.... 860 „ 

red. 

,» 120 . 

.... 862 „ 

normal red. 


All experiments gave results in fair agreement with this one. 

* * Proc. Roy. Soc.,’ B, vol. 115, p. 50 (1934), and “ Discussion on Vision,” ‘ Phys. 
Soc.,’p. 118 (1932). 
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These experiments show that the green response (accepting the Young- 
Helmoltz Tri-chromatic Theory) must be susceptible to independent 
stimulation at wave-lengths up to at least 850 my. Although only yellow 
was seen after adaptation, about one-half of the sensation must have been 
due to the green response and roughly we can say that at 833 my. the 
stimulation of the latter is one-half that of the red at 862 my. The upper 
part of the luminosity curve of the green response has been resolved from 
the main curve by Wright* and is shown in fig. 1. This curve can now be 
extended approximately parallel to the luminosity curve, as far as 833 my. 

Discussion 

A number of important conclusions can be drawn from the results 
shown in fig. 1. The first is that the values of the relative luminosity 
obtained by the threshold method are in close agreement with those by 
other methods using very much higher intensities (the range is at least 
one-thousandfold). This means that a match between two weak chromatic 
sensations arising from patches of light of different wave-lengths, will 
remain a match when the intensity of each patch is increased by the same 
multiple, provided that the intensity is not made so high as to produce 
serious fatigue effects. (This is referred to below as the equality con¬ 
dition.) Simple mathematical arguments lead from this to the con¬ 
clusion that, no matter what the form of the equation expressing the 
relation between the amount of sensation and the light intensity, this 
equation must contain a factor (such as a A ) which alone expresses the 
effect of wave-length, and which factor cannot be separated in the equation 
. from the intensity. That is, 

Sensation — function (aJ A ), not a A function (IJ.f 

This can be taken to imply that there is an intermediate step, the stimulus, 
in which the two factors become merged, and all wave-length character¬ 
istics are lost.J Furthermore, the only relation between the stimulus 

* * Pi'oc. Roy. Soc.,’ B, vol. 115, p. 69 (1934). 

t For example, the common equation for the relation between sensation and 
intensity, 

Sensation «= K A log 1*, 

where K* is a constant depending on the wave-length, cannot possibly satisfy the 
above equality condition, but only one of the form, 

Sensation «= K log a A . I A . 

X Stimuli are additive, but the resulting sensations are not (vide Weber’s Law). 
The argument of Houstoun “ Vision and Colour Vision,” p. 223 (1932), appears to 
be incomplete through a non-appreciation of this fact. 
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and the intensity, which can satisfy the above equality condition, is of the 


in which the power “ y ” is independent of wave-length. 

Photochemical processes varying as the intensity raised to powers 
higher than one have not been found and the mechanism of such a process 
would be very difficult to interpret. Powers of one or less than one are 
quite commonly found. A power of one would indicate that a constant 
fraction of the absorbed energy was used to produce a sensation, whereas 
a power less than one would indicate that the fraction of this energy 
degraded to heat increased with increasing intensity. No direct means is 
available for determining the value of this power “ y" or even to test 
whether or not it is a constant. We could equally well define the relative 
luminosity in a manner using the square root of the intensity or using a 
quantum basis. The latter would be a logical photochemical basis. 
The justification for the use of the first power in equations (1) and (2) 
lies mainly in its simplicity. 

It will be observed from fig. 1 that the relative luminosity falls off 
exponentially with decreasing frequency, the curve of the logarithm of the 
relative luminosity against frequency being a straight line over a very wide 
range of values. The similarity between the shape of this curve and those 
of the extinction (absorption) coefficients of almost all known substances 
which absorb light in a purely continuous manner*! is very marked and 
may be considered to lend support to the contention that the primary 
process of chromatic vision is the absorption of the light by a coloured 
substance present in the retina, resulting in a photochemical change. The 
similarity is upheld by the fact that the dimensions of R* and probably 
also a* are identical with those of the extinction coefficient of a layer of 
absorbing material of constant concentration and thickness. The fact 
that no photosensitive coloured substances have been extracted from the 
cones is no argument against the above, t The threshold for peripheral 
scotopic vision is of the order of 5000 quanta§ per sec per sq mm or about 
one-fiftieth of that for chrofnatic vision. Assuming similar processes to 
occur, we see that an extremely weakly absorbing substance is all that is 
necessary to provide adequate stimulation, and if extracted from the eye 
it may not colour the solution to a visible extent. 

• ‘ International Critical Tables,’ vol. 5, p. 361, et seq. 

t Goodeve and Taylor, * Proc. Roy. Soc.,’ A, vol. 152, p. 221 (1935); vol. 154, 
p. 181 (1936), 

} As has been claimed by Eldridge-Green, ‘ Nature,’ vol, 133, p. 651 (1934). 

$ Wentworth, ‘ Psychol. Monogr.,’ No. 183 (1930). 
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The parallelism between the green and the red response curves may be 
taken to imply that the chromophoric grouping responsible for the 
absorption of the light is the same in both, the wave-length shift being 
due to adsorption or neighbouring substitution. It may be possible to 
develop this into a theory of colour vision. 

In conclusion, it is of interest to discuss the possibility of vision further 
into the infra-red.* If the curve, fig. 1, can be extrapolated in a straight 
line a tenfold increase in intensity of light would raise the limit to 950 m\i. 
Experiments with higher intensities would have to be done with caution 
for fear of overheating the retina or the pigment epithelium. It is possible 
that a new “ band ” may occur in the infra-red which can “ photo¬ 
sensitize ” vision, but against this we have the low size of the quantum in 
this region, and the absorption of the vitreous humour, etc., which, 
although negligible below 900 becomes strong at 1200 m\i. 

The author wishes to express his thanks to Dr. R. J. Lythgoe and Dr. 
W. D. Wright for their kind criticisms and advice, to the latter and Mr. 
J. H. Nelson for having tested the observers’ eyes, and to Mr. H. J. A. 
Dartnall for having acted as an observer, and with Mr. W. A. Bayliss for 
assisting in the experimental work. 

Summary 

The relative luminosity in the extreme red has been measured by the 
threshold method as far as 900 my.. Preliminary measurements of the 
effect of the point of entry into the eye and of the size of the retinal image 
on the luminosity have been made. 

Absolute measurements have provided an energy scale for the whole 
of the chromatic luminosity curve. The effect of adaptation to strong 
lights of various wave-lengths has been studied and in particular it is 
found that the green primary response can be stimulated by light, at 
least as far as 856 m(x. 

Some of the photochemical conclusions to be drawn from the results 
have been discussed in a preliminary manner. 

* Vanderplank, * Proc. Zool. Soc. Lond.,’ p. 505 (1934). Claims to have shown that 
owls can see up to 1500 m\t, but no recognized physical methods were used in his 
experiments. 

t Hartridge and Hill, ‘ Proc. Roy. Soc.,’ B, vol. 89, p. 58 (1915). 
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Discussion on Surface Phenomena—Films 
Opening Address 
By E. K. Rideal, F.R.S. 

Introduction 

The concept of the orientated monolayer as constituting the state of 
matter, in what was termed by the late Sir William Hardy the boundary 
state, is such an important one in the interpretation of the phenomena 
involving both equilibria and kinetics at interfaces that it is necessary to 
examine with some care the premises on which it rests. From the evidence 
accumulated with the aid of the Langmuir trough we can infer that a 
film of a long chain fatty acid floating on a water surface consists of a 
monomolecular array or monolayer of molecules with their hydrophilic 
groups immersed in the water and the hydrophilic chain extended above 
the surface. The method, however, provides no information on film 
uniformity, and it seemed desirable to check this assumption by direct 
methods. Two direct methods are available: an optical and an electrical. 
By determining both the relative phase retardation and the ratio of the 
reflexion coefficients, which a beam of polarized light suffers on reflexion 
from a clean water surface and from one covered with a monolayer, and 
with the aid of Strachan’s development of the Drude equations it is 
possible to determine the scattering indices of the film material in the 
planes both parallel and perpendicular to the surface. The following 
figures give the values obtained for a myristic acid film:— 

Acid in bulk . 3 5 10-“ or 1 

In plane of film . 2’8 10 _82 cc -1 

Normal to film. 4*1 10-“cc -1 

It is important to note that in the plane of the film the material possesses 
optical properties similar to those obtained in the bulk phase, but reveals 
a much smaller scattering component in the direction perpendicular to 
the surface. These measurements provide an optical confirmation of 
the Hardy Langmuir principle of molecular orientation and, further, the 
method permits us to examine the film for uniformity. 

The electrical method consists in examining the change in phase 
boundary potential at the interface caused by the presence of a film. 
There again a finite change and uniform value are obtained over the 
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surface. Since both the change in phase boundary potential is caused 
by replacing the free water surface by an array of hydrated carboxyl 
groups and the somewhat complex system of dipoles forming the hydrated 
carboxyl group can be resolved into moments along three axes, from the 
uniformity of the value obtained we can infer a constant orientation or 
limited oscillation* of the polar group about a mean position with respect 
to the normal. Orientation of the hydrophilic as well as of the hydro- 
phobic portions of the molecules forming the monolayer is thus confirmed. 

More detailed examination of films reveals the fact that they can exist 
in states analogous to matter in bulk phase. For the simpler molecules 
these states have been termed the solid, liquid condensed, liquid expanded, 
vaporous, and gaseous. Dr. N. K. Adam, to whom the development of 
this aspect of the subject is chiefly due, will give an account of the problems 
involved. For many, definite transition phenomena are obtained and it 
is possible to regard their states as separate phases and determined by the 
limitations imposed by the phase rule. From the reciprocal changes in 
the dependent variables, the pressure and temperature latent heats of 
transformation of the surface phases into each other have been calculated 
with the aid of the Clapeyron equation. 

From the standpoint of the phase rule, it is found that many films can 
exist for prolonged periods in metastable states. Films thrown on a 
surface from petrol ether and then compressed in a Langmuir trough can 
be maintained at pressures far higher than the spreading pressures exerted 
by films in equilibrium with crystals or lenses of the appropriate material 
in bulk. Whilst the existence of these separate phases has been confirmed, 
we are not yet certain as to their exact molecular constitution. Solid 
condensed phases of many long chain compounds are found to exist 
over an area range of some 20-6 to 18-6 A 2 per molecule. The larger 
.area at low compressions may be due to the fact that the chains, although 
•orientated vertically, are not at their closest packing or alternatively that 
they are all inclined at an angle to the vertical. 

That they arc really solid is shown by the fact that it is possible to 
measure the rigidity and confirm the applicability of Hooke’s law to 
monolayers. The values given in Table I were obtained for the coeffic¬ 
ients of rigidity of a film of palmitic acid. 

Again in the liquid states, the transition from the liquid expanded to 
the condensed state does not take place isopiestically as in three-dimen¬ 
sional vapour-liquid transitions. Two suggestions have been made to 
interpret this phenomenon, firstly that the liquid expanded state consists 

* The potential gradient in the phase boundary ca. 10* volts/cm is large enough to 
reduce thermal oscillations to very smalt dimensions. 
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of small two-dimensional drops or micelles in a continuous monolayer, 
the micelles growing in size and number on compression, until the sheet 
becomes a uniform duplex film. This view is somewhat akin to the 
transition vapour-mist-liquid. One might also suggest that the transition 
of the liquid involves what is essentially a triplex film, i.e., a homogeneous 
sheet of oil above and underneath a non-bomogeneous oil phase con¬ 
taining enclosed and entangled water, and below this in turn the polar 


Table I 


Temperature 0 C 

15 

30 

35 

40 


(j. dynes/cm 

9-8 

9-5 

8-3 

5-2 


groups. The entangled water in the middle phase can be slowly driven 
out of the oil by increased pressure resulting finally in the formation of 
a true duplex film with a homogeneous oil phase. The slow hysteresis 
phenomena obtained by changes of area in the pressure and in phase 
boundary potentials can be cited in support of this view. 

The well-known observations that expansion and contraction some¬ 
times even involving changes of phase can be affected not only by alteration 
of the two variables T and F, but also by altering the adhesion of the 
polar group, i.e., replacement of an OH by a COOH or alteration of the 
p u under a film of an acid, or, as in Langmuir’s recent interesting experi¬ 
ments* with films at oil water interfaces by the presence of calcium under¬ 
neath a fatty acid film, raise the question how deeply the chain is im¬ 
mersed in the substrate, or to what extent the lower portions of the chains 
include entangled water. 

By comparing and contrasting the behaviour of films of oleic acid and 
stearic acid, additional support is given to the view that in the liquid 
expanded state, whilst the upper six or seven carbon atoms of the hydro¬ 
carbon chain form a continuous oil phase, the lower atoms form a mixed 
oil and water phase. 

The permeability of monolayers of fatty acids not only to lipoid soluble 
materials like ether but also to water vapour is likewise suggestive. We 
may note also that no interpretation has yet been given of the origin of 
the curious and beautiful “ Punkt Struktur ” first observed by Zocher and 
Stiebel in the dark field ultra-microscope on compressing monolayers 
of fatty acids. 

* Langmuir, ‘ J. Franklin Inst.,’ vol. 218, p. 143 (1934). 
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With proper regard to film homogeneity valuable information can some-’ 
times be obtained about the structure of even complex molecules (e.g., the 
sterols, the chlorophylls, and haemins) from consideration of the properties 
of packed films, some of these will be described by Drs. Adams, Askew, 
and Hughes. 

Although the data available are as yet somewhat scanty, it would appear 
that the vectorial summation of the constituent apparent surface dipoles 
in a complex molecule is in good agreement with the value observed. It 
seems probable that interaction which has already taken place between 
the dipoles and the medium in which they are immersed effectively 
eliminates the effects due to resonance, the factor which renders the 
vectorial summation rule of Sir J. Joseph Thomson inaccurate for mole¬ 
cules in vacuo or non polar media. 

More recently another film structure, which we have termed the homalic, 
has been recognized. In this state long thread-like molecules formed 
from macro-molecules are extended on the water surface. Natural macro¬ 
molecules of monolayers of proteins, of rubbers, of cellulose derivatives, 
and even of celluloses themselves have been formed, and their packing 
and orientation observed. Synthetic macro-molecules, like the phenol 
aldehyde condensation products, and the polymers of to-hydroxy acids 
and the drying oils can likewise be obtained as monolayers. Even cross- 
bridged monolayers forming relatively large areas of continuous sheets 
can be prepared in this state. 

From the change in phase boundary potential a definite value can be 
given to the apparent electric moment of the repeating unit in the macro¬ 
molecule, e.g., the CO—NH—CHR in a protein like gliadin, or the 
—ROO R— unit in a poly-w-hydroxy acid ester. The former was 
found by Hughes to be about 140 mille Debye units, and from the experi¬ 
mental data of Harkins a value of 620 mille Debye units is obtained for 
the horizontally orientated ester group comparable with 520 mille Debye 
units in the long chain esters. 

The properties of these macro-molecular monolayers are worth detailed 
examination as they are the precursors of natural membranes. 

Reactions taking place in monolayers present points of peculiar interest. 
A number of such reactions has already been examined such as the 
hydrolysis of lactones and esters, the oxidation of substances containing 
oxidizable double bonds and —SH groups, including also a number of 
typical enzyme actions such as the reactions involving the degradation of 
protein films by proteinases and polypeptidases, of lecithin by snake 
venoms, and fats by lipases. 

From these as yet somewhat limited experimental data we may draw 

VOL. CLV.—A. 3 A 
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certain tentative conclusions. In respect to absolute velocity of the sur¬ 
face actions, the order of the reaction, the dependence on the p B , the 
apparent energy of activation, no very marked differences are found 
between these and similar reactions taking place in the bulk phase. This 
lack of contrast in these respects is for enzyme actions at least possibly 
not unexpected as such reactions are in all probability micro-hetero¬ 
geneous, and thus interfacial in type. 

But future work may reveal definite differences in the energies of acti¬ 
vation and provide a new weapon to attack the problem of the method of 
approach to the transition state now being investigated in homogeneous 
phase by Professors Polanyi and Eyring. 

The most interesting difference between bulk and surface reactions is 
the possibility in the latter of controlling the rate of reaction by con¬ 
trolling the steric factor. One example of such is to be found in the 
kinetics of the oxidation of the double bonds in films of oleic acid and 
petroselenic acids by means of dilute potassium permanganate in the 
substrate. 

In Table II are given the experimental data. 


Table II 


n 

Oleic 

Petroselenic 


Oleic 

Petroselenic 

mols/sq in 

acid 

acid 

n 

k min~ l 

k min -1 

x 10“ 

k in min" 1 

k in min' 1 




1 

018 

0-2 

2-5 

0 04 

018 

1-5 

017 

02 

3 

002 

0-13 

2 

0*08 

0*2 

3-3 

v. small 

0 025 


It will be seen that there is a most remarkable diminution in the re¬ 
action velocities when the films are compressed to the stage at which it is 
inferred from measurements of the force area and phase boundary 
potential curves that the double bonds are being raised from the surface 
and buried in the oil phase of the duplex film. 

Many similar cases of such alterations in reaction velocity as a function 
of the state of molecular orientation in the film are now known. One of 
biological interest is the reaction between some constituent in snake 
venom and lecithin. A film of lysolecithin is left at completion of the 
reaction and the rate is affected when the film characteristics suggest that 
the double bond of the oleyl group is being removed from the water 
surface. This phenomenon suggests the operation of a two point con¬ 
tact process in the modus operandi of leblthinase. 

These film reactions all involve attack from some reactant in the sub¬ 
strate. The only example of definite chemical reaction, at present 
investigated, occurring between molecules in the film itself is found in 
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the formation of a polymeric molecule from the labile peroxide molecules 
resulting from the autoxidation of the glycerides of the unsaturated acids, 
a reaction which presents all the interesting features of chain reaction, the 
general characteristics of which will be described by Mr. Gee. 

It may be remarked in passing that the sensitivity of these film reactions 
to traces of materials in the form of reactants, catalysts, or inhibitors is 
remarkable, the effects of a few parts per 10 million of catalyst in the 
substrate being frequently readily measurable. 

The examination of the photochemical reactions in monolayers is 
being undertaken by Dr. Mitchell. Several points of interest have to be 
taken into consideration. It is possible that there is a not inconsiderable 
modification of the absorption spectrum due to the homogeneous Stark 
effect produced by the field of the phase boundary potential, on which 
exact data are required as to its absolute value. Again we must envisage 
an alteration of the molecular extinction coefficient and thus the apparent 
quantum efficiency of a surface photochemical action when the orientation 
of the absorbing oscillator is altered as a result of any change in the 
molecular orientation of the surface layer. 

One of the most interesting of all the phenomena in film reactions 
is associated with the formation of mixed films by the penetration of the 
film by material in the substrate. If, for example, a dilute solution of a 
long chain sulphonic acid be introduced in minute quantities underneath 
a film of, say, an alcohol a loose complex is formed between the head 
groups. The length of life of this complex is long enough for the hydro¬ 
carbon chain of the sulphonic acid to penetrate into the aqueous layer 
between the head groups of the film of alcohol, enter the middle water-oil 
phase of the triplex film, and ascend into the top oil layer. The film 
finally formed consists of equal quantities of acid and alcohol and is 
remarkably stable. We note here two factors which determine the 
penetration and stability of the resulting film, firstly the primary head 
group complex formation which initiates the process, and secondly the 
van der Waals adhesion of the chains. The head group complexes are 
in general so unstable that unless a sufficiently great van der Waals 
adhesion between the chains is provided to “ stabilize ” the group they 
are not detectable. The acid alcohol complexes are only one of a number 
which Dr. Schulman is investigating. The stabilizing influence of the 
van der Waals adhesional forces of the non-polar portions is not restricted 
to chain molecules, but includes those containing ring systems such as 
cholesterol and saponin. The effect of substituent groups and of double 
bonds in the chains or ring are also quite marked and in certain cases 
complexes can be formed which are highly specific in character. 


3 A 2 
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Similar reactions are observed when organic compounds of increasing 
complexity containing the galloyl group, i.e ., the tannins, are injected under 
films of proteins. It is possible that stable complexes of these two types 
play an important part in many biological processes. Their importance 
in the mechanism of haemolysis has been established. 

Finally we may note that modifications of a phase boundary potential 
by the insertion of an orientated monolayer imparts a certain asymmetry 
to such systems as aqueous phase /gel aqueous phase, or aqueous phase/ 
lipoid/aqueous phase. With the introduction of one such Helmholtz 
condensed double layer (or two of different materials), the Gouy diffuse 
layers will be modified on each side of the sheets and will give rise to 
electrokinetic phenomena. The rates of cataphoretic movement of par¬ 
ticles coated with long chain acids, alcohols, and the like, as well as the 
migration of free floating pieces of solid condensed films in a potential 
gradient have indeed been measured. Again, owing to the Donnan 
restriction, we may anticipate the existence of a membrane potential when 
the electrolyte activities on each side are initially equal, or an unequal 
distribution of diffusible ions when equilibrium is attained. It is a matter 
at present of speculation how far the continued formation or repair of 
such monolayers with ionic transport across one of the homogeneous 
phases, e.g. t the oxidation and reduction of an unsaturated acid by means 
of the ionizable radical HO a , may give rise to electric currents similar in 
strength and intensity to those obtained in bioelectric phenomena, such 
as is observed in the frog skin, of which Mr. Gatty will give an account. 


Dr. N. K. Adam, F.R.S. (summary of remarks)—The principal forces 
stabilizing monomolecular surface films at a water-air surface are (a) the 
perpendicular attraction, or “ anchorage ”, of the water-soluble groups at 
or near the end of the molecule, and (b) the lateral adhesion between the 
molecules. If the lateral adhesion is small, as with the groups CH„ 
CHjI, Br, or Cl, or with CH a ONO a , no stable films can be formed, but 
the material collapses at once on the surface to aggregates very many 
molecules thick. With OCH 3 , transient films are formed; with COOH, 
CH a OH, CN, CONH a , CH a NH a , and many other end groups, the films 
are very stable, when the hydrocarbon chain contains about 16 carbon 
atoms. The pull on the end of the molecules by the water is sufficient to 
cause the films to dissolve if the chain is twelve carbons or less. With a 
few, very strongly hydrophilic, groups, such as SO s Na, and quaternary 
ammonium salts, the films dissolve with a sixteen carbon chain. If the 
chains are very long, over 30 carbons, there is a tendency to collapse even 
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when end groups are present which form quite stable films with a sixteen 
carbon chain. 

The lateral adhesion between the molecules, which is partly due to the 
hydrocarbon chains and partly to the end groups, determines whether 
the film is gaseous, or coherent; in gaseous films the molecules move 
about nearly independently, though there may be some degree of aggre¬ 
gation. Coherent films may be solid or liquid; the difference between 
solid and liquid films is mainly due to small details of the adhesion and 
fitting of the end groups on neighbouring molecules. There may, as with 
the urea derivatives, be films in which the packing of the end groups, only 
three atoms thick, keeps the chains spaced further apart than their closest 
packing, and when the temperature is raised, the solid structure formed 
by the end groups gives way and the molecules pack with the chains close 
together; this case of allotropy in the films can be traced to the melting of 
this very thin, solid structure formed by the interlocking of the lowest 
three atoms in the molecules. 

The total amount of lateral adhesion may be increased by lengthening 
the hydrocarbon chains, e.g., for a given end group the short chain 
members will form gaseous films, longer chain ones expanded films, and 
still longer ones condensed films. The lateral adhesion can, in the case 
of end groups which are ionizable, be enormously decreased if the end 
groups are ionized. Here the development of similar electric charges on 
adjacent molecules causes a repulsion to occur at the end where there was, 
with the unionized molecules, a good deal of attraction; in practice it is 
found that acids on alkaline solutions form gaseous films, when on neutral 
or acid solutions they would'form coherent films; amines, on alkaline 
solutions, being undissociated, form coherent films, while on acid solutions 
they form gaseous films, for equal chain lengths. The amount of lateral 
adhesion is not, however, wholly determined by the charges on the end 
groups; there are sometimes quite large differences due to specific effects 
of the salts in solution, which provide the ion of opposite sign to that in 
the film, and so the diffuse part of the double layer. For instance, a 
film of the eighteen carbon amine, on an acetate buffer of p a 4, has a 
very much smaller lateral adhesion than the film of the same amine on 
hydrochloric acid. 

The structure of the exceedingly interesting “ liquid expanded ” films 
has been very much clarified by Langmuir’s bold treatment of them as 
“ duplex ” films. He points out that the relation between surface pressure 
and area in these films is very similar to the total spreading pressure of a 
very thin layer of a hydrocarbon oil on water, the oil having varying 
amounts of a fatty acid or other substance with hydrophilic groups, at the 
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interface between the water and the oil. Considering the hydrocarbon, 
upper side of the monomolecular film as a pure hydrocarbon-air surface, 
and the lower side as an oil-water interface containing a certain number of 
hydrophilic groups which behave like a gaseous film, he was able to 
account quantitatively for the properties of the expanded films. This 
conception of one interface at the upper end of a monomolecular film, 
and another at the lower, with a liquid phase in between, involves the 
view that the chains of the molecules are in constant and chaotic motion, 
a view which I have expressed for some years past; the treatment as a 
duplex film gives the reason why the expansion is not to unlimited areas; 
there is a great deal of lateral adhesion remaining, even between chains 
which are in chaotic motion like whip lashes. 

Mr. G. Gee — I wish to describe briefly the results of an investigation 
of the autoxidation and polymerization of unsaturated glycerides (drying 
oils) spread as monolayers on the surface of N/100 H 2 S0 4 or HC1. It 
has long been known that both these types of reaction play a part in the 
process of “ drying ” of an oil, but no accurate kinetic studies have been 
made, and in particular it has not hitherto been possible to study separately 
the rate of the polymerization stage. The problem has therefore been 
examined by the method of surface films, a technique which is ideally 
applicable to the long chain molecules which constitute the drying oils. 
An account of this work has already been published,* and I shall therefore 
confine myself to indicating the main features of the results obtained. 

The material employed was the maleic anhydride compound of |3- 
elaeostearin prepared by Morrell, and its surface properties are readily 
understood on the basis of his proposed structure. The material under¬ 
goes spontaneous reaction on acid substrates but is stable on substrates 
containing 0 1% hydroquinone. The reaction at constant surface 
pressure is accompanied by an expansion and a parallel increase in the 
vertical component of the dipole moment. The reaction kinetics can be 
studied in terms of either of these variables (area being the one generally 
adopted), and it is found that a pseudo-unimolecular law is obeyed over 
the greater part of the course of the reaction. Increase of the working 
pressure produces a marked retardation, while injection of small quantities 
of cobalt salts into the substrate accelerates the reaction considerably. 
The reaction thus displays all the characteristics of an autoxidation, and 
since this process is known to occur in bulk it is concluded that the first 
reaction at least is an autoxidation. 


* ‘ Proc. Roy. Soc.’ A, vol. 153, pp. 116, 129 (1935). 
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The complete process is more complex than this, for the reaction pro* 
duct is found to vary with the working pressure, high pressures giving 
products of high area and low moment. These observations are readily 
understood on the basis of two facts established by bulk phase experi¬ 
ments : 

(i) that drying oils readily polymerize; 

(ii) that the oxidation of a double bond involves the formation of an 
unstable intermediate product. 

Denoting the oil by X and its oxidation products by XO' a (unstable) and 
XOj (stable) we may represent these observations schematically thus: 

Polymer 

*■ y \ 

X — XO'a }*• 

xo 2 

This mechanism permits us to analyse quantitatively a large mass of 
kinetic data referring to experiments under widely differing conditions 
and accounts with complete satisfaction for all the results obtained. The 
view that the final products are polymeric is supported by the physical 
properties of the film, which is converted during the reaction from a fluid 
film into one which is highly viscous. The expansion observed during 
the reaction is easily seen, from molecular models, to be due to the dis¬ 
tortion and altered packing necessitated by the formation of cross- 
linkages. This factor must also limit the growth of the polymer to a 
quite small number of units. 

Returning now to the schematic representation of the mechanism, it is 
found that at low temperatures k 9 and & 4 are negligible, while at high 
pressures k t > k x , and we obtain the pseudo-unimolecular curves already 
described, from which k x is calculated. At very low pressures k 2 and 
k t 0 while k t > k t so that k 9 can be measured; this also is a unimole- 
cular constant. By working at higher temperatures and low pressures, 
we can produce a film of X0 8 which when compressed will polymerize, 
permitting us to measure k t . k t can only be measured rather indirectly 
as a film of pure XO' a cannot be obtained. If a film is spread at a low 
temperature and allowed to stand for a short time at high expansion the 
product is mainly XO' a (with a little XOg) and on compression the 
principal reaction is polymerization of XO' a , which can thus be followed. 
A correction is necessary for the XO a content of the film as this material 
acts as an inhibitor. 
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I have said that k x and k s are unimolecular; the ^ — A plots found 

for k 2 and k t are roughly parabolic, a shape which suggests an analogy 
with the results of Semenoff* for thermal gaseous chain reactions. From 
his equation, assuming the area A to be a linear measure of the fraction 
of reaction which has occurred at time t, we can obtain an expression for 
the velocity constant in terms of the maximum rate of reaction (dA/dt^x 
and the initial and final areas: 

i. _ 4 x (dA-dt) mliX 
A® — A 0 ‘ 

This equation has been employed to obtain values of k 2 and k 4 from 
the experimental observations. The effect of temperature on the four 
reactions has been studied, and energies of activation calculated, as 
follows: 

Ei = 6,500 cals/gm mol 
E a ^ 5,000 ,, 

E a = 19,000 
E 4 = 20,000 

The effect of pressure on k x has been discussed; k 3 can only be measured 
at low pressures; k 4 is greatly increased by Tise of pressure, the variation 
being proportional to F 3 . The principal effect of pressure on k % is to 
make the dAjdt — A curve increasingly asymmetrical, the maximum being 
progressively shifted towards the start of the reaction. The position of 
this point has been shown from a detailed study of the kinetics of poly¬ 
merizing processesf to be of major importance in elucidating the mechan¬ 
ism of polymerizing reactions. We represent polymerization as a chain 
reaction comprising: 

(i) initiation 

M M'. 

(ii) propagation 

M' + M M'j, 

M' a + M - M' a . 

(iii) termination 

M/ -* M f . 

For a process in which (iii) is unimportant and the separate propagation 
reactions proceed with the same velocity the induction period is one-third 

♦ ‘ Phys. Z. Sowjet.,’ vol. 4, p. 906 (1933). 

t 4 Tram. Faraday Soc.,’ vol. 31, p. 969 (1935); vol. 32, pj>. 656, 666 (193©. 
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of the whole reaction. If propagation becomes increasingly difficult as 
the polymer complexity grows the induction period is lengthened and 
approaches one-half; while the operation of termination factors shortens 
the induction period indefinitely. Now in the polymerization of X0 2 
the induction period is about 0-40, so that we are able from kinetic data to 
predict the existence of a steric factor whose existence we had already 
found from the molecular structure of the film. 

In the absence of any knowledge of the complexity of the polymers it 
is not possible to predict quantitatively the effects of temperature and 
pressure on k 2 and fc 4 , but the experimental results are qualitatively con¬ 
sistent with the theory. 

Dr? F. A. Askew —Much important information has resulted from the 
study of unimolecular films at air-liquid interfaces, but little is known 
about the behaviour of similar films at liquid-liquid interfaces. Although 
the behaviour of such films is of special interest to the biologist, no 
method of general applicability has been described. 

In conjunction with Dr. J. F. Danielli, a method has been devised for 
measuring the pressures exerted by films at liquid-liquid interfaces, and 
data have been obtained on insoluble films, between bromobenzene and 
water. Bromobenzene was used since it is practically immiscible with 
water, and has a high density, and a high interfacial tension against water; 
also it is a good solvent for the non-polar, hydrocarbon, portions of 
organic molecules. To measure the pressure, a simple modification of 
the Adam and Jessop* apparatus was used, the pressure being exerted 
on a float situated in the interface, and measured in the usual way by a 
torsion wire. 

Many compounds which form films at the air-water interface cannot 
be used at this interface, owing to their solubility in bromobenzene, but 
measurements have been obtained of films of a long-chain acid amide 
(eicosoic amide), K-amino palmitic acid, a trimethyl cellulose, and oval¬ 
bumin. All these substances form very compressible, expanded, or 
gaseous films; this is to be expected if the hydrocarbon chains are 
immersed in the bromobenzene layer, since they could then exert little 
mutual attraction, and hence have little tendency to form condensed 
films. 

Ovalbumin appears to spread almost instantaneously at this interface, 
from aqueous solution, no change with time after spreading, or with 
concentration of the protein solution, being observed. The area per 

* Adam, “ The Physics and Chemistry of Surfaces," Clarendon Press (1930). 
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molecule appears to be somewhat greater than at the air water interface, 
and there is a considerable variation of area and compressibility with 
change of p n . The data, though yet incomplete, indicate definitely that 
the area occupied per molecule passes through a minimum at or near the 
/so-electric point of the protein; this is in marked contrast to the maximum 
observed by Gorter* when ovalbumin is spread at the air-water interface, 

Mr. J. S. Mitchell— The photochemical properties of complex organic 
compounds spread in monolayers at the surface of aqueous substrates are 
of great biological interest as well as of intrinsic importance. Previous 
work has made clear the significant role of molecular orientation in 
ordinary chemical reactions in monolayers, and here it will be shown that 
in photochemical reactions orientational factors are of equal importance. 
The general method used in this investigation is to illuminate a mono- 
layer with monochromatic ultra-violet radiation, and to observe the 
consequent reactions by measurement of the phase boundary potential 
and surface pressure. The light intensity is measured by chemical 
actinometers. This mode of approach renders possible photochemical 
studies of organic compounds of high molecular weight, and is particularly 
suitable for the exact study of the action of ultra-violet radiations on 
substances of physiological importance under conditions comparable to 
those occurring naturally. The present work is essentially medical in 
that its object is the elucidation of the mechanism of the therapeutic 
action of ultra-violet radiation. So far the greater part of the work has 
been concerned with the properties of the proteins and of the ketoimino 
linkage, and the results to be described are essentially preliminary. 

The absorption spectrum of monolayers has not yet been measured 
directly so that the theory of the absorption of light by monolayers had 
to be developed as a preliminary to the accurate evaluation of the quantum 
efficiency of the photochemical processes. The principal factor which 
one would anticipate to be responsible for differences between the absorp¬ 
tion spectrum of a molecule in solution and in a monolayer is the homo¬ 
geneous Stark effect produced by the electric field at the interface. The 
order of magnitude of this field can be determined by assuming that the 
total potential step is identical with, or at least of the same order as, the 
photoelectric work function; the distance over which the potential falls is 
probably not less than the minimum thickness of the optical transition 
layer. The long wave-length limit for the photoelectric effect in water, 
and solutions of electrolytes up to £N, was found by Gorlichf to be 

* Gorter, van Ormondt, and Dom, ‘ Proc. Akad. Sci., Amst.,’ vol. 35, p. 838 (1932). 

t ‘ Ann Physik,’ vol. 13, p. 831 (1932). 
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2030 A, corresponding to a potential step of 6*08 volts. The minimum 
thickness of the optical transition layer of a clean water surface was found 
by Rayleigh* to be 3 A and by Raman and Ramdasf to be 5 A. If a 
value of 4 A is taken, the maximum value of the electric field at the inter¬ 
face is of the order of 1 *5 x 10 8 volts per cm. This field may produce an 
appreciable Stark effect in the molecules of the film. The order of the 
wave-length displacement AX of a line is given by 


X, wave-length of undisplaced line; p , electric moment of the molecule; 
E, effective electric field; h and c, usual meaning. 

It does not seem possible to predict the direction of the shift, and the 
value of AX is probably an upper limit. Assuming that the value of E 
deduced above is actually the effective field, the correct value of p to use 
in equation (1) seems to be that derived from the surface potential measure¬ 
ments by means of Helmholtz’s equation. For stearic anilide, for example, 
the wave-length displacement Ax is found to be 37 A at wave-length 
2400 A. 


When the Stark effect is appreciable it is in general impossible to calcu¬ 
late accurately the molecular extinction coefficient of the film at any given 
wave-length from that in solution, but the summation principle shows that 

the value of the integral j tj ~- for any individual band is unchanged by 

the electric field. 

When the Stark effect is negligible simple relationships hold between 
the molecular extinction coefficient in the film and in solution. Beer’s 
Law is applied formally to the monolayer, and it can be shown that for 
•molecules represented by electric dipoles the molecular extinction 
coefficient in the monolayer is equal to the bulk coefficient multiplied by 
the factor | sin* 0, where G is the angle between the dipole axis and the 
direction of the incident light. For molecules represented by electric 
quadrupoles, the ratio of the molecular extinction coefficients is sin 4 ®» 
but quadrupole absorption is not of importance under the experimental 
conditions. 

Thus the number of quanta absorbed per sq cm per sec by a film of 
dipole molecules is given by 


AJ _ 2-303 _ J 

Av “ 6-06X10 20 Av‘ 


S 

Y 


sin* 6, 


* “ Scientific Papers," vol. 3, p. 496 (1892). 
f * Phil. Mag.,’ vol. 3, p. 220 (1927). 


( 2 ) 



698 


J. S. Mitchell 


e, molecular extinction coefficient of the compound in solution; n, mole¬ 
cular surface density; J, intensity of the incident beam of frequency v. 

The chief experimental difficulty is to obtain a sufficiently high intensity 
of monochromatic light over an area of film large enough to allow accurate 
measurement of the phase boundary potential. At first a mercury vapour 
lamp was the source of light but now a hydrogen lamp is in use. A large 
quartz monochromator has been specially constructed for this work. 
The optical conditions necessitate the employment of troughs of width 
of the order of 5 cm. With these the accuracy of the surface potential 
measurements and the uniformity of the potential distribution over the 
surface are considerably improved by introducing earthed horizontal 
metal guard plates, extending from the outer edges of the trough at 
approximately the same level as the film. For measuring the light 
intensity the uranyl oxalate actinometer has been employed for wave¬ 
lengths shorter than 2537 A, at which wave-length the monochloracetic 
acid actinometer was satisfactory. 

The preliminary results with egg albumin, to be described later, showed 
the necessity of studying the photochemical properties of the ketoimino 
linkage in relatively simple molecules. The investigation was started 
with stearic anilide, C 6 H 5 . NH . CO . C 17 H sr ', which gives stable homo¬ 
geneous films on 5N . HCJ. The absorption spectrum was measured in 
solution in alcohol and in cyclohexane. On illumination the phase 
boundary potential increases by 200-250 millivolts and the film liquefies 
and contracts. The increase of potential follows, over the initial 30% 
of the change, a zero order law at constant pressure, but a pseudo-uni- 
molecular law at constant area. The end product is stearic acid. No 
reaction was obtained with light of wave-length 2537 A or longer, but 
with wave-lengths 2483 A and 2375 A measurable changes were produced. 
There is no dark reaction and the possibility of oxidation by ozone was 
excluded. 

All the evidence suggests that the principal reaction occurring in the 
film is photochemical hydrolysis of stearic anilide according to the 
equation: 

C„H S NH . CO . C 17 H 38 (H*0) + Av = C 9 H 5 NH, + C' 7 H 35 COOH. (3) 

At least 95% of the stearic anilide undergoes this reaction. Possibly 
the stearic acid formed undergoes slow photochemical destruction with 
loss of CO s forming a paraffin, but the rate of this process is at the most 
10"* that of the main reaction. Probably the quantum is absorbed in the 
region of the benzene nucleus; then a radiationless transition occurs and 
the molecule rearranges leading to a predissociation spectrum or a con- 
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tinuous absorption spectrum. The chain breaks at the CO—NH linkage 
because of its proximity to the chromophor and the low energy of activa¬ 
tion (22 k cal) required for its hydrolysis. The effect of the p a of the 
substrate on the reaction velocity suggests that the actual photolyte is an 
oxonium compound. 

To evaluate the quantum efficiency of photochemical hydrolysis of the 
CO—NH group a detailed picture of the stearic anilide molecule is 
necessary. Fortunately it has a relatively unambiguous structure, and on 
the basis of the X-ray crystallographic data it is possible to calculate the 
cross-section of the head and the limiting area of the molecule with an error 
of less than 3%, and hence estimate the molecular orientation at any given 
area. The fundamental assumptions are that at the limiting area the 
CO—NH linkage lies parallel to the water surface, while at the cross- 
section of the head the benzene ring is oriented normally to the surface. 
The areas calculated and those found experimentally are given in Table I. 

Table I 

Molecular area 

/—. " " v 



Calculated 

Experimental 



sq A 

sq A 


Limiting area .. 

. 33-2 

33*0 

on 5N. HC1 



32*4 

on N.HCI 

Cross-section of head . 

. 27-7 

28*0 

on 5N . HC1 



27*8 

on N.HCI 


The close agreement found enables one to calculate the orientation of 
the electric dipole at different areas. The axis of the resultant molecular 
dipole is found to lie within +5° and —2° of the normal to the CO—NH 
linkage, and is assumed to lie normal to this linkage. Thus at the limiting 
area the electric dipole is oriented normally to the surface by the electric 
field. Comparison of the calculated and experimental ja -- A curves 
shows that the calculated variation of molecular orientation with area is 
approximately correct. 

We can now make an approximate determination of the absolute 
quantum efficiency of the photochemical hydrolysis of the CO—NH link¬ 
age in stearic anilide with the aid of equation (2). For the wave-lertgth 
2483 A and the wave-length band 2350-2400 A, a preliminary value of 
3 • 1 is obtained, but, on account of the uncertainty of the molecular ex¬ 
tinction coefficient of the photolyte in the monolayer, this result suggests 
that the correct value is probably unity. 
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Fig. 1 shows the results of experiments demonstrating directly the 
variation with molecular area of the apparent quantum efficiency, 
the quantum efficiency calculated on the assumption that the molecular 
extinction coefficient in the film is identical with that in solution. The 
theoretical curve is <f> (app) = 3 sin* 0, 0 is the angle between the dipole 
axis and the direction of the incident light. The break in the curve at A 
is a property of the molecular model and means physically that for smaller 
areas, molecular shearing and distortion are occurring instead of tilting. 
The experimental values of </> (apparent) are obtained by assuming that 
at 24-7 sq A the apparent quantum efficiency, has the absolute value 

o- 

o 

o- 

! o- 

& 

- 0 - 

o- 

o 


Sq A per molecule 

Fra. 1—Variation with molecular area of apparent quantum efficiency of photo* 
chemical hydrolysis of stearic anilide in monolayer. — theoretical curve; 
O experimental. 

of 3 sin* 24°, i.e., 0-496. The figure shows that the apparent quantum 
efficiency varies with the molecular orientation in a manner similar to 
that predicted by the theory. 

The preliminary experiments with egg albumin gave the following results. 
Photochemical changes are produced in monolayers of egg albumin with 
light of wave-length 2537 A; radiations of wave-length 2654 A and longer 
are without effect. The changes produced with wave-length 2537 A are 
(1) an increase of phase boundary potential of 20-40 millivolts depending 
on the p R of the substrate, and following approximately a pseudo-uni- 
molecular law at constant area; (2) liquefaction of the initially solid film. 

This suggests that the principal process occurring is photochemical 
hydrolysis of certain of the CO—NH linkages of the main polypeptide 
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chains. The increase of phase boundary potential on illumination is 
consistent with hydrolysis of approximately 8 -2% of the total number of 
CO—NH groups present. This figure is so close to the numerical pro¬ 
portion of aromatic amino acid residues (7%) that the hypothesis sug¬ 
gested itself that only those CO—NH groups adjacent to the aromatic 
side chains undergo photochemical hydrolysis with light of wave-length 
2537A. 

The aromatic side chains—tyrosine, phenylalanine, tryptophane, 
histidine—are the only groups in the protein molecule where there can be 
appreciable light absorption at wave-lengths greater than 2400 A. In 
this region the molecular extinction coefficient of the aromatic side chains 
is of the order of 10* to 10 4 , while that of the aromatic groups constituting 
the rest of the molecule is of the order of unity. It seems reasonable that 
the energy absorbed in the chromophor groups can produce photochemical 
hydrolysis of those CO—NH groups separated by two carbon atoms, but 
not of the groups in more distal positions. Also the individual aromatic 
groups can be expected to behave independently with regard to the law of 
photochemical equivalence. 

It is interesting to calculate the quantum efficiency of photochemical 
hydrolysis of the CO—NH group in egg albumin, assuming that only 
8 • 2% of the total number of peptide linkages are split. The light intensity 
at wave-length 2537 A was measured with the monochloracetic acid 
actinometer. Using Svedberg and Nichol’s value* for the extinction 
coefficient of egg albumin in solution, the apparent quantum efficiency 
of photochemical hydrolysis of the peptide linkage is found to be 4 1, a 
value very close to unity considering the errors and approximations 
involved. This hypothesis is being tested by studying the photochemical 
properties of the CO—NH group in relatively simple molecules, the work 
on stearic anilide being the starting point. 

Dr. J. H. Schulman —In the hope of obtaining some information on 
the mechanism of the action of haemolytic, agglutinating, and sensitizing 
agents on red cells, an examination has been made of synthetic systems 
containing the constituents present in the red cell membrane. 

The methods of measuring phase boundary potentials and surface 
pressures at air liquid phase boundaries have been employed to examine 
the interaction between large molecules. It has been found that one can 
distinguish between the dipole interaction as characterized by adsorption, 
and the adhesion between the hydrophobic groups characterized by a new 

* ‘ J. Amer. Chera. Soc., 1 vol.48, p. 3081 (1926). 
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phenomenon called penetration. “ Penetration ” has been described as 
the penetration of a film composed of orientated molecules each posses¬ 
sing a large hydrophobic portion and a dipole situated near the end of the 
molecule, by similar molecules which possess different dipoles and are 
readily soluble. A quantity of the order of 10~ 5 % is injected into the 
underlying solution. Penetration is characterized by a large increase in 
surface pressure of the film forming substance, well above the possible 
surface tension lowering of the aqueous solution by either of the com¬ 
ponents individually. 

Owing to the arrival of a new dipole in the surface layer, penetration 
is always accompanied by a change in the phase boundary potential, 
the extent dependent on the nature of the penetrating dipole. The 
ultimate surface potential is identical with that caused by a mixed film 
containing equimolecular proportions of the two molecules at maximum 
compression. Anchoring of the dipoles of the two molecules by adsorp¬ 
tion is evidently essential before the hydrophobic groups can associate. 
The rise in surface pressure is readily understood, if every film forming 
dipole anchors a dipole from the solution, the two molecules then associ¬ 
ating; thus the surface concentration has doubled, which has the same 
effect on the surface pressure as compressing the film to half its original 
area. This may send up the pressure to values at which the mixed film 
collapses; but as mixed films are very stable, values of the order of 60 
dynes/cm are sometimes obtained. If, under a coherent condensed film 
of 10 dynes surface pressure, a substance similar in nature to the film 
forming substance, but containing a different dipole, is inserted at con¬ 
centrations of the order of 10 r, %, the surface tension of the free surface 
of the solution is only lowered over a period of time, to about 10 dynes. 
Yet if penetration conditions are good (i.e., a marked dipole and hydro- 
phobic interaction) there is an instant rise of some 40 dynes pressure in 
the film forming substance, at which point the film either collapses or is 
pushed over the barriers of the trough. The resultant surface potential 
is now of that of a film of 50% mixture of the two components. 

If a mixed equimolecular solution is made of these two substances, a 
stable mixed film results even when one of the components is too soluble 
to exist as a coherent film on its own. 

One obtains a marked decrease in penetration by altering the strength 
of the dipole interaction, also a reduction in penetration is caused by affect¬ 
ing the hydrophobic portion, e.g., by insertion of some slightly hydrophilic 
group or shortening of the chain. 

In cases where the interaction is weak it is possible to compress one 
component out of a mixed film. Further one may prevent penetration 
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under these conditions of the film by compressing the film forming mole¬ 
cules, to the equivalent pressure at which the ejection of the one component 
from the surface takes place. The view that penetration is first caused by 
dipole interaction and followed by penetration and adhesion of the hydro- 
phobic groups is supported by the observation that where strong pene¬ 
tration takes place, the two molecules form labile complexes in bulk 
phase. Complex formation in vitro can be influenced in a similar manner 
by reducing the interaction of the dipoles or by adding hydrophilic 
groups to the hydrophobic portion of the molecule. 

Typical examples of these are shown in two series of penetrations. 

Saponin forms strong complexes in vitro with cholesterol, but not with 
cholesterol acetate, or calciferol. It likewise penetrates strongly a 
cholesterol film, but not the acetate, where esterification has weakened the 
dipole interaction, and only slowly on calciferol, where the hydrophobic 
portion has been affected by insertion of double bonds. Saponin does 
not penetrate such films as long chain primary alcohols, phenols, or 
lecithin and protein. It can be made to penetrate protein if the protein has 
been previously treated by tannic acid, thus making it sufficiently hydro- 
phobic, this is a possible mechanism of sensitization of red cells to lysis. 

Sodium cetyl sulphate acts very similarly to saponin in that it penetrates 
alcohols like cetyl alcohol and cholesterol, but the penetration is strongly 
inhibited by changing the dipole to the acetate, or by insertion of double 
bonds as in calciferol. This is borne out by identification of complexes 
found in vitro; haemolysis by cetyl sulphate is completely inhibited by a 
suitable addition of cholesterol, and not by the acetate or calciferol. 

Owing to the active secondary alcohol group in cholesterol possessing a 
strong reactivity with acid groups, some interaction between cholesterol 
and protein is to be anticipated. This was shown by the fact that a 
mixed film of cholesterol and gliadin (containing 20% choleserol) was 
stable up to pressures of about 20 dynes/cm. At this pressure the protein 
was squeezed under the surface, the strong gel film suddenly liquefying and 
revealing all the characteristics of a cholesterol film. This process is 
reversible on re-expansion, the film regelling; the cholesterol being 
apparently re-adsorbed into the protein layer. If the membrane of a red 
cell is imagined to be a mixed film of protein and cholesterol, and other 
lipoids, a mechanism of lysis can readily be understood. With saponin, 
for example, every cholesterol molecule in the membrane acquires a 
saponin molecule, thereby greatly increasing the area of the membranes 
causing distortion and lysis. More potent is the lysis by the fatty acids 
which can penetrate and disperse monolayers of proteins, as well as pene¬ 
trating the cholesterol and lipoid portions. 
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The more stable association of fatty acids with denatured proteins in 
contrast to natural proteins and the complexes which these acids can 
form with cholesterol supports new conceptions for a mechanism of com¬ 
plement lysis and fixation. 

It has been shown, that where one obtained dipole association without 
any adhesion of the hydrophobic groups of the molecule, no penetration 
or surface pressure change resulted in the film forming substance, but a 
large surface potential change was usually observed. 

Such substances which are adsorbed, but do not penetrate, are macro¬ 
molecules, and the stability of the anchoring is much affected by their 
size. Their units are electronically bound as compared with the smaller 
moleculhr or dispersible miceller units of molecules which penetrate. 
These non-penetrating macromolecular substances agglutinate and sen¬ 
sitize red cells, since they do not penetrate or increase the surface pressure 
of the films on which they are adsorbed; they do not lyse. 

Under this category come tannins, silicic acid, and dyes. 

To show that size of the molecule is as important in adsorption as in 
penetration, the rates of adsorption of gallic and tannic acid were investi¬ 
gated. At concentrations where tannic acid gave immediate and complete 
adsorption, gallic acid took several hours. Moreover, the protein tannic 
acid film could no longer be dispersed by fatty acids, but only penetrated, 
whereas the gallic acid treated film could be dispersed in.the usual way. 
Evidently, a network is formed by the gallic acid units constituting the 
tannic acid on the protein. When they are electronically bound, as in 
tannic acid, dispersion of the protein is prevented. Similar results were 
obtained with silicic acid. If the fatty acid is injected when the silicic 
acid has had a comparatively short period of contact with the protein 
film, dispersion of the film takes place. But when opportunity is given 
for the silicic acid to polymerize, a network is again formed similar to the 
tannated protein film and no displacement but only penetration takes 
place. Sensitizing dyes such as Janus green are adsorbed by protein 
films changing the surface potential, with no significant change of surface 
pressure, except at large concentrations, where also lysis of red cells is 
observed. 

It is hoped to publish the full experimental results incorporated in this 
summary in the near future. 


Mr. O. Gatty —Differences in electrical potential between the inside and 
the outside of the isolated skins of the common frog have been measured, 
and time-potential curves obtained as functions of the composition of the 
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solutions in contact with the skin. Measurements of potential have been 
correlated in a few cases with measurements of electrical resistance and 
with measurements of oxygen uptake. The work to be described was done 
in the sub-department of experimental zoology in the zoological laboratory 
at Cambridge with the collaboration of Mr. Dean and Drs. Francis and 
Schulman. Comparisons with controls were recorded and the levels of 
statistical significance of the mean differences from the controls were cal¬ 
culated at interpolated intervals of time. The results obtained have not 
yet been followed up in sufficient detail to lead to conclusions that are 
definite enough for publication. They throw light both on the chemical 
nature of the surface (or surfaces) producing the potential and on the role 
of oxidation in the maintenance of the potential. 

Tannate at a concentration of 100 mg per litre added to frog’s Ringer 
solution has no effect on the potential of the skin at pf s 8 or 6. This is 
to be contrasted to the big effects on the surface potentials of protein 
films that Schulman* found for solutions containing only 10 mg per litre. 
Permanganate, osmic acid, iodine, and saponin all destroy the potential 
and are all more lethal when applied to the outside of the skin. Iodo- 
acetate, ouabaine, methylene blue, and also in all probability arsenite are 
all, as regards potential, more lethal to the inside than to the outside of 
the skin. The fall of potential due to iodoacetate is delayed but not 
arrested by lactate, pyruvate, acetate, n-butyrate, and wo-butyrate though 
not by succinate. It is also probable that the fall in potential due to iodo¬ 
acetate is delayed but not arrested by propionate though not by formate, 
glycollate, or p-hydroxy-butyrate. Caprylate does not delay the fall 
of potential due to iodoacetate but accelerates it, and it presumably acts 
as a cytolytic agent like saponin. Dextrose, lactate, pyruvate, acetate, 
succinate,f and thyroxine had no effect on the potential at the concentra¬ 
tions used; the same is probably true for acetylcholine. 

Iodoacetate substituted for chloride to a concentration of M/500 in 
Ringer at p u 8 causes a 30% drop in oxygen uptake. The respiration is 
restored by using the iodoacetate in conjunction with M/20 «-butyrate; 
with M/20 acetatef and probably also with M/20 lactate, though definitely 
not by M/40 succinate. Solutions containing 55-5 mg of ouabaine 
added per litre of Ringer solution depress the oxygen uptake by 20%. 
Schulman* found that ouabaine affected neither the surface potential 
nor the surface tension of any of the films that he has investigated. It 
is lethal to the potential, however, when applied to the inside of the 
frog’s skin. 

* This discussion and work to be published shortly. 

t Added in proof. 
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The correlation between electrical potential and oxygen uptake is not 
complete since respiration continues at about 70% of the normal rate in 
M/500 iodoacetate Ringer solution for several hours after the potential 
has fallen to a negligible value. The correlation between electrical 
resistance of the skin and electrical potential also breaks down under 
these same conditions, since the resistance continues to rise for several 
hours after the potential has fallen to a negligible value (less than 2 m- 
volts). 

The use of M/800 permanganate Ringer solution at p u 8 on the inside 
showed a significant difference between the behaviour of male and female 
skins. 

The potential in frog’s Ringer solution shows an optimum value between 
p H 's 8 and 9. On replacing p n 8 by p„ 5, 6, 7, or 10 the potential falls 
reversibly to a lower value. When the p n on the two sides was different 
the effect was approximately the same as that of the mean p a acting on 
both sides. 

Dr. Gorter —It is a great honour and a pleasure for me to take part in 
this discussion on surface films. I should like to give three short com¬ 
munications on some results of our work on the spreading of proteins 
that have not yet been published. 

1—In previous publications we have been able to give examples of the 
difference in spreading behaviour of complex proteins.* When ovalbumin 
is spread on solutions of varying p H , rapid and complete spreading is only 
seen when the />„ of the water in the tray corresponds to the wo-electric 
point of the protein. On a more acid or more alkaline solution the 
spreading becomes less complete and takes much more time. This is 
apparently due to the fact that the ionized protein is too soluble owing to 
the presence of either NH 3 ions or COO ions. If now the same protein 
is spread on water containing a bivalent acid or alkali, spreading is 
favoured. This is apparently due to the formation of a complex protein, 
for if such a complex is prepared and redissolved after precipitation the 
complex behaves in the same way. It has a much greater spreading 
tendency on one side of the wo-electric point. For instance, a tartrazin- 
ovalbumin complex spreads much better on the acid side than the oval¬ 
bumin does. 

Now, it is possible to obtain the reverse effect also. 

If one prepares a complex of germanin (containing six SO s groups) and 
ovalbumin the compound had less tendency to spread than ovalbumin 
itself. 

• Gorter, van Ormondt, and Meijer,' Biochem. J.,’ vol. 29, p. 38 (1935). 
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This is shown in fig. 2, in which even, at a p u 1, no spreading is seen; 
this seems to be due to a too great solubility of this compound. 

2—Some proteins do not spread on ordinary weak buffer solutions 
(1/300 molar), owing to the fact that they are too insoluble. This can 
be demonstrated by adding some proteolytic enzyme to a myosin-solution.* 
Before reaching the point at which too soluble split-products are formed, 
pfotein split-products are obtained, which behave as beautiful spreaders. 
This same phenomenon: no spreading of the pure protein-solution itself, 
and beautiful spreading after adding a trace of trypsin, has now been 
observed with fibrinogen. This is shown in fig. 3, whereas fig. 4 is the 

Area 
Sg M 
per mg 

1 0 


0-8 


0-6 


0-4 


0-2 


0 


spreading at different p a of a mixture of fibrinogen and a trace of trypsin. 
This first split-product behaves as a good spreader. 

3—We have also tried to answer the question whether a surface film of 
a protein consists of “ denatured ” protein. The following experiment 
has been made. 

Immediately under the water surface in a funnel a silk gauze in a copper 
ring is placed, in such a way that by lowering the water surface anything 
that is on the surface can be “ fished ” up with this silk net. That a 
protein film can be filtered off in this way can be proved by transporting 
the film on the net to an ordinary Langmuir tray and by measuring the 
surface on this tray. Only a slight loss is observed. 

* Gorter and van Ormondt, * Biochem. J.,’ vol. 29, p. 48 (1935). 
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We now spread a pepsin or trypsin* on top of the solution in the funnel, 
using a buffer solution of a p a that corresponds to the iso-electric point of 
the protein (for pepsin 2 ■ 85, for trypsin 7-0). Then we let the water come 
down to the level of the silk filter and transport this film with the silk 
into a flat tray containing a buffer solution of a p a that favours the 
solution of the protein. For pepsin we here use a p n of 4-0, for trypsin 
of 5 0. The liquid in the tray containing a pepsin or trypsin solution is 
then transported into a bottle filled up to the mark. The activity of these 
solutions is tested on casein solutions, using turbidity measurements as a 
control of the amount of splitting of the casein. 

Sg M As fig. 5 shows, the loss of activity 


per mg 



Fibrinogen + Trypsin 1/1000 
Fio. 4. 


after spreading is only slight. 

The conclusion is that pepsin and 
trypsin remain active after having been 
spread. If, therefore, a protein is 
denatured on the surface, this denatur- 
ation is reversible. 

Dr. J. F. Danielli —The problem 
of the tension at the surface of living 
cells, after a long history of specula¬ 
tion, has in recent years become an 
experimental field, largely due to the 
work of E. Newton Harvey and K. 
Cole. The tension of the surface of 
the cell is taken to include the sum of 


all the pure interfacial tensions of the cell membrane, together with the 
sum of all the elastic tensions in these membranes. From the measure¬ 


ments of Harvey and Cole on about five different species (marine eggs, 
amoeba, and a slime-mould), it is concluded that the tension at the cell 
surface is of the order of 0 • 1 dynes per sq cm. Cole has also shown that 
the elastic forces which can be called into play on stretching the cell 
surface are of the same order of magnitude. 

This conclusion was of great significance. Assume for the moment 
that the cell surface consists of one simple membrane, and that elastic 
tension may be neglected. Then, since to such a membrane there are 
two interfaces, the pure interfacial tension at each cannot be greater than 
0-05 dynes. The effect of any greater degree of complication of the 
cell surface than that assumed will be to reduce this value still more, i.e., 


* Gorter, * J. gen. Physiol,,’ vol. 18, p. 421 (1935). 
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0-05 dynes is a maximum value for the pure interfacial tension concerned. 
For a time this result could not be interpreted in terms of molecular 
structures; work in other fields makes it apparent that the membrane 
which controls the permeability properties of the cell is composed of 
lipoid (fatty) material, and none of the lipoids likely to be present could 
give interfacial tensions as low as 0-05 dynes at the particular ranges of 


Turbidity 



Time in hours 

Fig. 5.— x Trypsin without spreading. 

Trypsin after spreading. 

p n and salt concentration which exist in biological systems. A solution 
of this problem by direct investigation of the cell surface appeared then, 
and still appears, impossible, but a possible explanation has been derived 
from an investigation of mackerel eggs. 

These eggs contain one large oil-drop. The tension at the interface 
between this oil and the aqueous cell contents is 0-7 dynes in the living 
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egg. When the oil is extracted from the egg its tension against an appro¬ 
priate salt solution is 7-9 dynes. Its tension against the aqueous cell 
contents, obtained by crushing the eggs, is 0-8 dynes. The component 
of the aqueous cell contents responsible foT this decrease of tension from 
7 0 to 0-8 dynes is a globulin-like protein. From this conclusion the 
hypothesis has been formed that the interfaces of the cell are covered 
with an adsorbed layer of protein molecules. Consequently, the simplest 
possible picture which can be formed of the cell surface is that of a hollow 
shell, mainly or entirely consisting of fatty materials, with an adsorbed 
layer of protein at both interfaces. The application of this picture to 
problems of cell permeability is meeting with some success, in spite of the 
fact that it undoubtedly involves great over-simplification. 

A further consequence of these biological investigations has been to 
focus attention on other interfacial phenomena. Why, for example, do 
not the cell proteins denature at the oil-water interfaces within the cell? 
How far are the Donnan equilibria between the interfaces and the bulk 
phases of predominant importance ? These problems have already 
been partially investigated; the results are too complicated to be dis¬ 
cussed here, but the points are mentioned as examples of the physico¬ 
chemical problems arising in this field of contact between chemistry 
and biology. 


Dr. A. Hughes —It has been found possible to obtain unimolecular 
films of chlorophyll (“ a ” and “ b ”), of haemin, and of certain of the 
recently isolated metallic phthalocyanine derivatives. These compounds 
are related in possessing a common porphin type nucleus in the molecule. 

At room temperature on a phosphate buffer at p a 7-7-5 chlorophyll 
“ a ” and “ b ” form readily compressible films of the liquid expanded 
type, the limiting areas at zero compression being 132 sq A and 137 sq A 
respectively. On compression to about 20 dynes per cm solidification of 
the films takes place, at an area of some 90-80 sq A per molecule. This 
compression range and the initial liquid phase of the film may be ascribed 
to the ester nature of the molecules, assuming that the phytol side chains 
tend to lie flat on the surface in the most expanded state of the film. 
Compression will result in expulsion of these chains from the surface, 
possibly accompanied by a tilting of the porphin rings to the vertical. 
The solidity at smaller areas per molecule may be due to the formation of 
a close-packed layer of vertically orientated porphin rings. Evidence of 
this type of packing is available from the study of films of haemin. The 
surface potentials of the films rise during the compression range from 
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300 m-volts to 375 m-volts for chlorophyll “a” and from 250 to 300 m- 
volts for chlorophyll “ b On solutions more acid than p n 6 a sharp 
rise of surface potential of the films occurs, which is probably due to the 
elimination of magnesium from the molecule. Alkali has little effect on 
the properties of the film. 

The films of haemin are much less stable. They are solid and collapse 
readily on compression below the limiting area per molecule of 70 sq A. 
Since the area which would be occupied by close-packed haemin rings 
lying flat could not be less than about 125 sq A, the implication is that the 
molecules are tilted vertically with the two hydrophilic caTboxyl groups 
buried in the solution. Such a packing gives an estimated area per 
molecule of 68 sq A, which is much closer to the observed value. 

The phthalocyanine derivatives examined: magnesium and iron phthalo- 
cyanine, and magnesium naphthalocyanine, contain no polar side chains 
and in consequence the films obtained are very unstable on compression, 
and seldom truly homogeneous. One point of interest is presented, in 
particular by magnesium naphthalocyanine. A film of this compound 
of mean thickness certainly less than 30 A can be seen with the naked eye 
to possess the greenish-blue colour of the original compound. A com¬ 
parative test with an alcoholic solution showed that the remarkably high 
molecular extinction coefficient possessed by this compound is of the 
same order in the unimolecular film as in the bulk solution. 
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The Magnetization Curves of a Supraconducting 
Sphere and Ring 

By D. Shoenberg, Senior Rouse Ball Student, Trinity College, 

Cambridge 

(Communicated by Lord RutherfordO.M. , F.R.S.—Received 6 June, 

1936) 

Introduction 

The discovery by Meissner and Ochsenfeld* that zero permeability 
seems to be as essential a feature of the supraconducting state as infinite 
conductivity, has shown the inadequacy of the assumption that the mag¬ 
netic properties can be completely predicted by application of ordinary 
electrodynamics to the limiting case of high conductivity, and has there¬ 
fore revived interest in a direct experimental study. During the last two 
years a number of such investigations has been publishedf based essenti¬ 
ally on measurements of the disturbance of a uniform magnetic field by 
the presence of the supraconductor, and revealing important new features. 

An alternative method is that of Faraday, in which the magnetic 
moment of a specimen is deduced directly from the force acting on it in an 
inhomogeneous field, and the present paper deals particularly with the 
magnetic properties of a supraconducting pure lead sphere, investigated 
by this method.^ Some experiments with a sphere of impure lead and 
with an anchor ring of pure lead, are also described here, mainly, how¬ 
ever, from the point of view of clearing up various features of the magne¬ 
tization curve of the pure sphere. 

The particular interest of a sphere is that it is the simplest geometrical 
shape which allows a study of the transition between the supraconducting 
and normal states—this region being spread over an interval owing to the 
non-zero demagnetizing coefficient of a sphere. Lead was chosen for 

* ‘ Naturwissenschaften,’ vol. 21, p. 787 (1933). 

t It is only possible to give here a few representative references. Mendelssohn and 
Babbitt, ‘Proc. Roy. Soc.,’ A, vol. 151, p. 316 (1935); Rjabinin and Schubnikow, 
‘ Phys. Z. Sowjet,’ vol. 6, p. 557 (1934); de Haas and Casimir, ‘ Physica,’ vol. 1, 
p. 291 (1935); Tarr and Wilhelm, ‘ Trans. Roy. Soc., Canada,’ vol. 28, III, p. 61 (1934). 

t A preliminary report was presented at the Royal Society discussion on supra- 
conductivity, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 10 (1935). 
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these first experiments, mainly because it is already supraconducting, 
and has a suitably high critical field at 4 ■ 2° K, the normal boiling point 
of helium. Moreover, lead can be obtained extremely pure, which is an 
important consideration in view of the experiments of Keeley and Men¬ 
delssohn . * 


Experimental Technique 

The force was measured with a Sucksmithf balance, which has already 
been discussed in connexion with a research on the magnetic properties 
of bismuth.J In the preliminary experiments, the magnetic field was 
provided by a large solenoid, and the inhomogeneity was in the same 
direction as the field, but the solenoid had the disadvantage that the 
specimen could not be easily centred in the field. This led to a number 
of confusing and irreproducible features in the earlier magnetization 
curves, which were presumably due to the sideways inhomogeneity, and 
for this reason a new solenoid was constructed, made up of two coaxial 
coils separated by a space in which the specimen was suspended and 
could be seen. It should be noted that in this solenoid the direction of 
the inhomogeneity is perpendicular to the field. Provision was made for 
rotating the solenoid about a vertical axis so that the angle between the 
field and a direction fixed in the specimen could be varied, without dis¬ 
turbing the balance. A photograph of the balance as arranged for use 
with liquid helium and set up in the solenoid is shown in fig. 1. As 
already mentioned, purity of the lead is important for this work, and we 
used therefore Hilger H.S. lead (No. 8334) which is stated to contain 
<0-001% metallic impurity. The size of sphere required to give a 
conveniently measurable force is quite small§ (4 mm diameter), and the 
sphere was prepared by pressing in a mould, which had been made by 
pressing a steel ball between two blocks of aluminium or brass. The 
variations of diameter over the surface of the final lead sphere were 
limited to about 1% of the diameter. 

The liquid helium required, was produced by the Kapitza liquefier, 
and its use introduced no complications in the experimental technique; 
without any special insulating precautions, the liquid helium lasted about 
three hours, allowing ample time for the measurements. 

* ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 378 (1936). 

t ‘ Phil. Mag.,’ vol. 8, p. 158 (1929). 

J Shoenberg and Uddin, ‘ Proc. Roy. Soc.,' A (in course of publication). 

§ A small size is also important when the susceptibility varies with field, in order 
that the actual variation of field across the specimen should be small. For a 4-mm 
sphere the variation was about 4%. 
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The Magnetization Curve of a Pure Lead Sphere at 4-2° K 


Either on the old idea of persistent currents induced on the surface of 
the supraconductor by changes of magnetic field, or on the more recent 



Fig. i. 


idea of zero permeability, the sphere should at first behave like a dia¬ 
magnetic body of susceptibility --3/8 n* In fig. 2 we have plotted the 

* If B = 0, then H + (4n — N) I = 0 where N is the demagnetizing coefficient 
For a sphere N «=» 4n/3, so I = — 3H,/87t. 
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negative magnetization (i.e., the negative magnetic moment per unit 
volume) against the field, and the following significant points should be 
noted:— 

(a) The initial rise is linear and has a slope 0-120 which is in good 
agreement with the expected value 3/8n (0 1195), mentioned above. 



Fio. 2—© First increase of field (to + 550 gauss); O first decrease of field (to - 550 
gauss); 4- second increase of field (to zero); □ increase of field after eddy current 
heating (to +550 gauss); x decrease of field (to zero). 


(b) At 350 gauss, which is 0-67 of the critical field, the linear rise ceases 
abruptly and the magnetization curve turns sharply over. This 
again is in good agreement with either of the views mentioned above, 
since the field at the equator of the sphere is 3/2 of the applied 
field, so that it becomes critical when the applied field has 2/3 
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the critical value, and we may expect supraconductivity to begin 
to disappear. 

(c) From 350 to 520 gauss the curve is again linear, the magnetization 
decreasing with field, due presumably to penetration of the field 
into the sphere. This transition is very important from a theo¬ 
retical point of view, and we shall discuss its significance below, 
but we may here point out that on the persisting current idea we 
should expect this part of the curve to be irreversible, since, 
roughly speaking, reduction of the field once the sphere had again 
become supraconducting, would induce persisting currents in a 
sense opposite to that for increase of field. 

(<f) At 520 gauss and beyond, the magnetization is zero and supra¬ 
conductivity has completely disappeared (the susceptibility of non- 
supraconducting lead is 10~ 6 and far too small to produce any 
observable effect here). This critical field is rather lower than the 
540 gauss found by Rjabinin and Schubnikow (loc. cit.) for a long 
rod. The difference is probably due to the higher purity of our 
lead since, as we shall show below, the critical field is increased 
by impurities. 

(i e ) When the field is reduced below 520 gauss, the magnetization curve 
is approximately retraced, corresponding to the Meissner effect, 
and contrary to the prediction of electrodynamics applied to the 
limiting case of infinitely high conductivity (i.e., that as soon as the 
sphere again becomes supraconductive, any change of applied 
field, should induce persisting currents to keep the flux through the 
sphere constant, thus leading to a large magnetization in zero field). 

(/) Actually there is indeed a small hysteresis, and a small magnetiza¬ 
tion (conveniently referred to as the “ frozen-in moment ”) is left 
in zero field.* Also the return curve turns over much less sharply 
than the virgin curve. The small frozen-in moment is about 3% 
of the moment to be expected if all the flux at the critical field were 
frozen in, and this is substantially less than the 15% found by 
Rjabinin and Schubnikow (loc. cit.) and by Keeley and Mendels¬ 
sohn (loc. cit.). This difference may be partly due to the fact that 
we are here concerned with a sphere instead of a long rod, but is 
more probably due to the greater impurity content of the lead 
used by these authors, since Keeley and Mendelssohn have shown 

* No measurement can, of course, be made by our method in zero field, but it will 
be seen from fig. 2, that our statement is a permissible extrapolation of the experi¬ 
mental data. 
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that the frozen-in moment increases very rapidly with impurity 
content. 

(g) The magnetization curve for the reversed field is similar in character 
to the first curve, the same difference in sharpness of turning being 
between the forward and return curves. The hysteresis is naturally 
more marked, since the moment frozen in the negative field is of 
opposite sign to the frozen-in moment in the first magnetization. 

The cycle can be completed by again reversing the field, and a 
complete hysteresis loop obtained (though this was not actually 
done in the particular experiment of fig. 2). 

If the applied field is increased again from zero without reversal 
after the first magnetization, the curve ABC is obtained, and hys¬ 
teresis between the return and outward curves occurs only in the 
neighbourhood of the turning point (no experimental points are 
shown for this cycle, as this result was obtained in the earlier ex¬ 
periments, and not repeated in the experiment of fig. 2). 

(ft) Since after the virgin magnetization a small reproducible frozen-in 
moment always remains in zero field, it is not possible to repeat 
the virgin curve without first warming up the sphere above its 
threshold temperature in zero field. It was desirable to do this in 
order to verify that the difference between the virgin curve and the 
subsequent curves was genuine, and for this purpose a small 
copper block was stuck on to the lead sphere (at its equator) and 
an alternating field of 130 gauss (effective value) was applied. The 
eddy currents induced in the copper were apparently adequate to 
warm up the sphere sufficiently, since, as will be seen from fig. 2, 
the magnetization curve after this treatment is almost coincident 
with the virgin curve. 

To summarize the results of this experiment, we may say that apart 
from complicating features, which we shall show below are probably 
mainly due to slight traces of chemical impurity, the forward (diamagnetic) 
magnetization curve of an ideally pure supraconducting lead sphere is a 
rising straight line of slope 3 /8n up to 2/3 of the critical field, followed by a 
downward straight line of slope —3/47: meeting the field axis at the critical 
field, while for fields higher than the critical field the magnetization 
remains zero. The return magnetization curve for the ideal case coin¬ 
cides exactly with the forward one, thus confirming the Meissner effect. 

To justify this statement it is necessary to consider how the com¬ 
plicating hysteresis features are related to the chemical purity and the 
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crystalline state of the sphere; but we shall first discuss briefly the theo¬ 
retical significance of the ideal magnetization curve. 

Interpretation of the Transition Between Supraconductive 
and Normal States 

The initial linear rise and the turning point at 2/3 of the critical field, 
we have already pointed out, find an immediate interpretation on any 
description of supraconductivity, but the linear falling part of the curve is 
much more difficult to understand. It is obvious that over this part of the 
curve the sphere is going over from the supraconducting to the normal 
state, but the nature of this transition is far from obvious. The interpreta¬ 
tion which first suggests itself, is that the boundary surface of supra- 
eonductivity gradually retreats from the surface of the sphere, leaving an 
outer region in the normal state. Such a boundary surface would have to 
satisfy the conditions that H = H c (or H < H* where the boundary 
coincides with the sphere) on the surface and H > H„ between the 
boundary surface and the surface of the sphere, while B — 0 in the supra¬ 
conductive region and B — H in the normal region. It appears, however, 
difficult, if not impossible,’" to find a single surface which satisfies these 
conditions simultaneously, and Peierlst has recently shown that the 
difficulty may be avoided altogether by postulating an entirely different 
mechanism of transition. 

Peierls supposes, in fact, that besides the supraconductive state character¬ 
ized by B — 0 and infinite conductivity, and the normal state in which 
B = H, a third intermediate state of the metal must exist in which H — H 0 
and O < B < H„, and that this state must always be passed through in a 
transition between the supraconductive and normal states (or vice versa). 
On this basis the magnetization curve in the transition region can be 
quite simply calculated for any ellipsoid (and in particular, a sphere) 
and comes out to be just the straight line found experimentally. 

When the field is reduced below the critical field this transition region 
is gone through again, until at 2/3H c the whole sphere once again becomes 
purely supraconductive, and since at this point B is again just zero, there 
is nothing mysterious about the retracing of the magnetization curve from 
here down to zero field. In a sense, then, Peierls’s theory transfers the 
difficulty of understanding the meaning of zero permeability to the 
difficulty of understanding the “ intermediate ” state. 

* We have not been able to prove impossibility, but a proof can probably be found. 

t See p. 613. [Note added in proof June 12, 1936—Since this was written, a similar 
interpretation has been proposed also by F. London, ‘Physica,’ vol. 3, p. 450 (1936).] 
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Magnetization of a Lead Crystal Sphere 

Since our lead had very high chemical purity, it seemed possible that 
the small frozen-in moment might be due to internal strains rather than 
chemical impurities (although, owing to the softness of lead at room 
temperature, the internal strains must be small), and we therefore next 
examined the magnetization curve of a single crystal lead sphere. 

This was prepared by slowly cooling a lead sphere from above its 
melting point in a spherical mould, the single crystalline nature of the 
resulting specimen being confirmed both by etching and X-ray analysis.* 
Unfortunately lead contracts on solidification, and a slight hollow in the 
specimen was produced—to minimize its influence, the hollow was set to 
be approximately at the “ magnetic pole ” of the sphere.t 

Although the magnetization curve was similar in character to fig. 2, the 
frozen-in moment, instead of being smaller, as might have been expected, 
was actually twice as great. This may be interpreted as due to the slight 
departure from spherical shape,} and so still leaves open the question of 
whether the frozen-in moment is at all sensitive to the crystalline state of 
the specimen. 

Since this result brings out clearly the increase of frozen-in moment 
with even quite small departures from spherical shape, it suggests another 
possible interpretation of the frozen-in moment of fig. 2, namely, that it is 
due to the very slight irregularities of shape in the sphere used in that 
experiment. 

The lead crystal showed an interesting new feature, which again is 
probably due to the departure from spherical shape, but may be due to the 
single crystalline nature. This is a “ relaxation ” effect in the neighbour¬ 
hood of the turning point, such that with a sudden increase of field the 
magnetization at first increases suddenly and then rapidly falls to a final 
steady value in a time which we estimated as ~5 seconds. The reverse 
effect takes place for a sudden reduction of field during the return curve. 
This “ relaxation ” is probably connected with the time-lag effects recently 
described by Mendelssohn and Pontius,§ but further experiments will be 

* The technique of crystallization (apart from the use of a mould) was quite similar 
to that used for bismuth by Shoenbcrg and Uddin (toe. cit.). 

t The direction of the crystal axis in the sphere was not determined, but this direc¬ 
tion probably has no influence, since the magnetization curve proved similar to that 
of the polycrystal sphere, and it is unlikely that this was the accidental result of a 
particular orientation. 

} Peierls (be. cit.) shows that a frozen-in moment may be expected for any shape 
other than ellipsoidal. 

$ • Physica,’ vol. 3, p. 327 (1936). 
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necessary to decide whether our effects are due to departure from spherical 
shape or to the single crystalline nature.* 

Magnetization of an Impure Lead Sphere 

We have already pointed out that a feature of the magnetization curve 
is the gradual turning over of the return curve as compared with the sharp 
turning over of the forward curve, and since it seemed improbable that 
this was an effect characteristic of ideal conditions (uniform field and 
perfect purity), it was important to decide whether it was connected with 
the small frozen-in moment, or some consequence of the inhomogeneity 
of field. The former interpretation seemed likely owing to the fact that 
although in our preliminary experiments a different inhomogeneity was 
used (and, moreover, in the direction of the field instead of perpendicular 
to it, as in the present experiments), this hysteresis feature was not sub¬ 
stantially different. It seemed, however, desirable to investigate directly 
the effect of the “ frozen-in ” moment, and with this in view we measured 
the magnetization curve (fig. 3) of a sphere of lead to which 1 -5% bismuth 
had been alloyed. 

It will be seen that there is now a very large “ frozen-in ” moment and 
the return curve is entirely different from the virgin curve. If, however, 
the field is again increased from zero, in the presence of the frozen-in 
moment, there is still a very considerable hysteresis between the forward 
and return curves (/>., ajiySa in fig. 3) which it seems reasonable to regard 
as an exaggeration of the hysteresis ABCDA in fig. 2, thus confirming our 
conjecture that this feature is connected with the frozen-in moment. 

The magnetization curves of this impure lead sphere show several other 
features of interest, to which we draw attention here, although further 
experiments will be required to provide detailed explanations.f 

(a) Supraconductivity no longer disappears at any definite magnetic 
field, up to the highest field available, but the magnetization 
decreases very slowly with field above 600 gauss—the absence of a 

* These effects cannot be due to the magneto-caloric effect, since other considera¬ 
tions showed that temperature equilibrium between the specimen and the liquid helium 
through the intervening gas and glass walls is attained in a time substantially smaller 
than 5 seconds, the relaxation time observed here. 

t [Note added in proof, June 12, 1936—We have just measured the magnetization 
curve of a lead sphere containing 5 % bismuth, and this shows more markedly the 
main features of fig. 3; the critical field is still further increased and more spread out 
and the frozen-in moment is rather larger. Since the parallelism of # p to the virgin 
curve is again shown, this feature cannot be an accidental property of the particular 
concentration used above.] 
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Fig. 3—© First increase of field (to 690 gauss); Q first decrease of field (to —640 gauss); -f second increase of field 
(to zero); & increase of field from zero with permanent moment present; final decrease of field (to zero). 
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sharp critical field is a feature of impure supraconductors often 
pointed out in the literature. 

(b) If the turning-over point can be regarded as 2/3 of the critical field 
characteristic of most of the sphere, we find a critical field of 615 
gauss, which agrees fairly well with an extrapolation of the sharply 
descending part of the transition curve. We see, then, that the 
critical field is greatly increased by the addition of impurities, 
which supports our interpretation that the higher critical field found 
by Rjabinin and Schubnikow was due to the greater impurity 
content of their lead. 

( c) The slope of the forward magnetization curve afi (with the frozen-in 

moment present) is almost exactly equal that of the virgin curve 
(3/8tt). This is rather surprising, since we should expect that the 
frozen-in moment would alter the shape of the remaining supra- 
conductive regions, and so change the effective demagnetizing 
coefficient (see foot-note, p. 714). 

(d) The slope of the outward curve, when the field is reversed, is sub¬ 
stantially lower than 3/871, which is in accordance with the above 
idea that the supraconductive regions are effectively of different 
shape compared with the original sphere. The mechanism by 
which the slope is different according as the field is increased in the 
same or in the opposite sense to that of the frozen-in moment, is at 
present not at all clear. 

(c) If after the moment has been frozen-in, the magnet is turned through 
a right angle and the field is again increased we should expect the 
frozen-in moment to contribute nothing to the force on the speci¬ 
men so that a magnetization curve through the origin would be 
obtained. Actually, the curve z<f> is obtained (the experimental 
points are omitted to avoid confusion) which is not exactly linear 
and appears to correspond to a small moment in zero field. This 
small moment may be due to the fact that the specimen was sus¬ 
pended with a slight freedom of rotation (a few degrees) and 
possibly it may have turned out of the unstable 90° position. There 
seemed to be some hysteresis effects when the magnet was rotated 
with the field on, but we were not able to investigate these com¬ 
pletely. 

Magnetization Curve of a Pure Lead Anchor Ring 

The purpose of measuring the magnetization curve of an anchor ring 
was twofold; first to investigate a non-ellipsoidal shape, especially as 
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regards the transition region, with a view to learning more about Peierls’s 
“ intermediate state,” and, secondly, in view of Mendelssohn’s sponge 
hypothesis (in which the frozen-in moment is attributed to the formation 
of a “ sponge ” of supraconductive rings), to see how far the magnetiza¬ 
tion curve resembles that of an impure sphere. 

The ring was prepared by melting together the ends of a lead wire of 
1-mm diameter round a cylindrical copper former, and the ratio of the 
mean diameter of the ring to the diameter of the wire was almost exactly 
4:1. The ring was suspended with its plane perpendicular to the field 
direction. 

The magnetization curve is shown in fig. 4, and it should be noted that 
the ordinates in this case represent the magnetic moment divided by the 
volume of a sphere of the same diameter as the central filament of the 
ring. This choice of ordinates is rather arbitrary, but has the advantage 
that the numerical values are comparable with those of figs. 2 and 3. 

The initial part of magnetization curve can be calculated from ele¬ 
mentary considerations of the induced persistent currents round the sur¬ 
face of the ring, assuming, however, that the current strength is the same 
all over the surface and that the formula for the self-inductance, which 
holds for high values of the diametral ratio, holds also for our value 
of 4: 1. This assumption appears to be rather a poor approximation, 
however, as the calculated slope is 0 • 127 while the observed slope is 0 • 157. 
The turning-over point may also be calculated in this way, i.e., the applied 
field for which the combined field at the outer surface, of the induced 
persistent current and the applied field itself, becomes just critical. The 
agreement in this case is rather better, the calculated value being 0-42H c 
and the observed value (Ml H c . 

The transition region beyond this value appears to consist of two 
approximately linear portions PQ and RS, the magnetization becoming 
zero at the normal critical field. On again reducing the field, only the 
second of these linear portions, RS, is retraced, followed by a large 
hysteresis, which leaves the ring with a large frozen-in moment in zero 
field. We may note, however, that this frozen-in moment is only a small 
fraction (about 1/3) of that ordinarily supposed to occur, namely, that 
corresponding to all the flux at the critical field remaining in the hollow 
(as soon as any closed filament of the ring has become supraconductive, 
it is usually supposed that no further change of the flux through the hollow 
is possible). 

Although any explanation of this part of the curve must be regarded 
as speculative until supported by further experiments, we tentatively 
propose the following mechanism for the transition region. When the 
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turning point is passed part of the ring goes over into Peierls’s “ inter¬ 
mediate state ” (see p. 718), so the purely supraconductive cross-section is 
reduced. This effectively increases the self-inductance of the ring and so 
reduces the persistent current (to keep the total flux in the hollow constant) 



gauss); + second increase of field (to •(- 550 gauss); x second decrease of field 
(to zero); A increase of field from zero with permanent moment present; V final 
decrease of field (to zero). 

and consequently reduces also the magnetic moment observed. This 
process, which corresponds to the part PQ of the transition curve, even¬ 
tually ceases when the whole cross-section of the ring is in the intermediate 
state. Further increase of field increases the B value for the body of the 
ring, and roughly speaking we may say that the part RS corresponds to 
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increasing penetration of the field into the body of the ring. It will be 
seen that this hypothesis requires that the “ intermediate state ” should 
not have the pure supraconducting property E = 0, since otherwise the 
whole cross-section would still have E -•= 0, and the self-inductance could 
not increase as supposed above. This is in agreement with the nature of 
the return curve, for if RS corresponds to the intermediate state with E 
not necessarily zero, it can be retraced; as soon, however, as R is reached, 
a dosed purely supraconducting filament is formed and further decrease 
of field induces persistent currents, which keep the flux through the ring 
constant and cause the observed hysteresis.* 

The question of the nature of Peierls’s intermediate state is one of great 
theoretical importance, and the significance of the above discussion is that 
it suggests E =£ 0 for this state.f We must emphasize again, however, 
that this interpretation is speculative and is put forward at present only as 
a convenient working hypothesis. 

The hysteresis features of the anchor ring magnetization curve are 
rather similar to those of the impure lead sphere, and so do indeed lend 
support to the “ sponge ” hypothesis. Especially we may note the 
difference in slope between the curve starting from zero field with a 
frozen-in moment, according as the field is reversed or not, though this 
difference is less pronounced for the ring than for thw impure lead sphere. 

Before leaving the anchor ring, we may mention that here also we 
examined the effect of rotating the magnet (the field being on). As 
expected, the magnetic moment with the field in the plane of the ring was 
much smaller than when the field was perpendicular to the plane of the 
ring, but when the magnet was rotated back to its original position there 
was a very pronounced hysteresis effect, the magnetic moment being quite 
different from its original value. It is clear, in fact, that rotation of the 
field disturbs the frozen-in moment; but the exact mechanism of this dis¬ 
turbance is not at all clear and will require further investigation. 

* [Note added in proof, June 12, 1936—After cutting a small gap in the anchor ring 
described above, its magnetization curve was remeasured. The initial rise is now 
much less steep and corresponds roughly to that to be expected for a straight wire 
for the anchor ring straightened out) in a transverse field; the curve turns over at 
about iH c , and finally follows quite closely and reversibly the course RS of fig. 4. 
The fact that breaking the ring has no appreciable influence on this part of the mag¬ 
netization curve, confirms our interpretation that RS corresponds to the whole body 
of the ring being in the “ intermediate ’’ state with no persistent currents circulating 
round the ring.] 

t This is also suggested, of course, by the return of resistance of a supraconductive 
wire in a transverse field, when this field (see de Haas, Voogd, and Jonker, 

‘ Physica,’ vol. 1, p. 281 (1934)). 
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Summary , 

The (diamagnetic) magnetization curve of a supraconducting pure lead 
sphere has been measured by means of the Faraday method. Apart from 
some slight complicating features, it consists of two straight lines of slope 
3/871 and —3/47: respectively and is reversible in agreement with the 
Meissner effect. The second line corresponds to transition between the 
supraconducting and normal states, and is discussed in connexion with 
the intermediate state recently proposed by Peierls. The magnetization 
curves of a lead crystal sphere and an impure lead sphere were also 
measured, and suggest that the complicating features mentioned above 
are not characteristic of ideal conditions, but are due mainly to slight 
impurities in the lead. Some new hysteresis phenomena are found in the 
case of the impure lead sphere. Finally the magnetization of an anchor 
ring of pure lead is described and an interpretation tentatively proposed, 
which suggests that in the intermediate state proposed by Peierls the 
electric vector E is not necessarily zero. 
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